Representation Theory

Concise Notes and Solved Exercises

Konstantinos Bizanos

Columbia, Missouri,
June 2, 2026






Contents

1 Summary of the General Theory
1.1 Representations of Finite Groups . . . . . . . . . ... .. L o
1.2 Thegroupring kG . . . . . . . . e e e
1.3 Maschke’s Theorem and Schur’s Lemma . . . . . ... .. ... ... ... ... .....
1.4 Representations of Abelian Groups . . . . . . . . . . . ... ...

1.5 Characters

1.6 Inner Product and Characters . . . . . . . . . . . 0 v v v i e e

2 Exercises in Representation Theory
2.1 Conjugacy Classes and Elements of the Symmetric Group . . . . .. ... ... ... ...

2.2 Exercises

Index

17
17
19

29






Chapter 1

Summary of the General Theory

We note that every time we say group we will mean finite group, and every time we say field we will mean
algebraically closed field.

1.1 Representations of Finite Groups

Question

Let GG be a group and k a field. What do we call a representation of G over k?

Amdvtnon. A representation of G over k is a group homomorphism p: G — GL,, (k). |

Question

Are there some useful properties that I should remember?

Andvrnon. Of course! It holds that
cp(1) =1y
* plgh) = p(g)p(h)

* p(g™) = plg)™

Trivial Representation

For every group G and field & there exists the trivial representation which is given by

pue: G — GL1(k) = k%, pu(g) =1



Sign Representation

Let G = &,,. Then the signed representation is defined as follows :

psign: Sn — GL1(k) = k¥,  psign(0) = sign(o)

Question

When is a representation p called faithful?

Amdvinon. A representation p is called faithful if it is 1-1, that is ker p = {1}. [

1.2 The group ring kG

We will define a new ring kG (k - algebra) and we will see that the modules over this ring essentially coincide
with the representations of GG over k

Question

What do we define as the algebra £G?

Aravenon. Let G be a finite group and k a field. We define as kG the k - vector space

kG = P kg

geG
that is the free k - module with basis G. Essentially, every x € kG is written uniquely in the form
T =Ag1+ -+ Angn

where \; € kand G = {g1,...,9n} [ |

Question

How can we define operations on kG so that it really obtains a structure of k - algebra?

Amacvrnon. + Addition :

Z Agg + Z Hgg = Z()‘g + 11g)g

geG geG geG

* Scalar Multiplication

A Mg | =D (WN)g A€k

geG geqG



* Ring Multiplication

> Ny <Z)\h h> = > (Agun) gh

9eG heG g,heqG

essentially the multiplication is done similarly to the law of the distributive property (but it still needs
attention!).
|

Question

Is it true that every p: G — GL, (k) induces a kG module? If yes, how?

Amdvtnon. Every matrix A € GL,,(k) is a k - linear automorphism defined as follows :
o k" = k" v— A-wv
Let V' = k™. The representation p induces an action of G on V which is defined as

g-v=np(g(v) eV

Therefore, for an arbitrary ) | _~ A\gg € kG we have that

geG

D Ag | v=2 " Agp(9)(v)

geG geG

by extending the action of G to the whole ring kG. It is left as an exercise to show that V' is indeed a kG -
module. u

Question

Is the converse true? That is, does it hold that for every kG module V' (which is a k - vector space
as well) with dimy, V' = n < oo, it induces a representation py : G — GL,(k)? And if yes, in what
way?

Amavnon. Let V be a kG - module and let = {v1,...,v,} be abasis of V. If g € G, observe that a k -
linear map is defined
pg: V=V, vig-v

which is an automorphism, since p,-1 = <p;1. Therefore, if [g] 5 is the matrix of ¢, with respect to the
basis ¢, we observe that it is defined

p: G = GLy(k), p(g) = [9]=

By establishing the notation (V, py/), we mean that py is the induced representation of the kG - module
V. |



The regular kG - module
We consider an action of G on kG in the following way
g- <Z )\hh> = Mngh=Y_ A1
heG heG heH

By extending linearly, kG enherits the structure of a kG module. The £G with the above action of kG

is called the regular kG - module . The induced representation is called the regular representation
of G.

Permutation Module

We consider G = &,, and V' a k - vector space of dimension n and Z = {vy,...,v,}. An action of
G on 4 is defined as follows:

O - Ui 1= Ug(g)

and it is extended to all of V.

Example 1.2.1. Let G = &3 and V be a k - vector space of dimension 3 and & = {v;,v2,v3}. Then, if
o = (12) € &3, we notice that

g-V1 =02 O0-V2 =7V1 O+ V3 =7U3

In the corresponding induced representation it follows that

plo) =

O = O
O O =
_= o O

Question

Let V be a kG - module. When is it called irreducible?

Aravenon. The V is called an irreducible £G - module if there is no W # 0 nonzero subspace such that it
is invariant under the action of G (that is glW C W, for every ¢ € (G). Equivalently, it has no nontrivial,
proper kG - submodule. |

Question

Let V, W be two kG - modules and ¢: V' — W a k - linear map. When is ¢ called kG - linear?



Amnavinon. The  is called kG - linear if for every g € GG and v € V it holds that

p(g-v) =g p()

Essentially ¢ is a homomorphism of kG - modules in the usual way from module theory. |

Question

Let V,W be two kG - modules and ¢: V — W a kG - linear map. Do we know some basic
submodules of V, W that are induced by ?

Ancvrnon. Yes! It holds that ker o < V and Imp < W are kG - submodules of V' and W respectively. Also
it holds that

V=kerpadU
where U < V is a kG - submodule where U = Im¢p (isomorphic £G - modules). |

Question

Let (V, p) be a kG - module and (Ui, p1), (Uz, p2) two kG - submodules such that V' = U; @ Us.
What can we say about the corresponding representation of V'?

Ancvinon. Let %1, Bo be bases for Uy, Us respectively. Then, it holds that B = %1 U A is a basis of V.
Then, for every g € G observe that

p(g)=[g]%=<[g]0ﬁ1 0 ): <P1(g) 0 >

(9], 0 pa9)

Many times we also denote it by p = p; @ p2 direct sum of representations. |

1.3 Maschke’s Theorem and Schur’s Lemma
Question

What does Maschke’s theorem say?

Aravenon. Let V be a kG - module and U < V' a kG - submodule. Then, there exists W < V a kG -
submodule such that

V=UaeoW

In other words, the group ring kG is a semi-simple algebra. |
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Question

Can a kG - module V' be decomposed into a direct sum of irreducibles?

Andvrnon. Of course! From Maschke’s Theorem it follows that every one decomposes into a direct sum of
irreducibles

V=Ui®---aU,
Grouping the pairwise isomorphic factors then we have that
V=Ulo --oU»
It turns out that \; = dimy, U;, consequently we have that

vV =Ulimb g ... g ydm U

Application
Applying the above formula for the regular kG - module and passing to degrees we have that

|G| = dimy U2 + - - - 4+ dimy, U2

Question

What does Schur’s lemma say?

Ancvyon. If V, W are two irreducible kG - modules and ¢: V' — W is a homomorphism of £G - modules,
then ¢ = 0 or ¢ is an isomorphism. An important corollary of this lemma is the following. If V is an
irreducible kG - module and ¢: V' — V is a homomorphism of £G - modules, then there exists A € &k such
that

p=A-Idy

1.4 Representations of Abelian Groups

In representation theory the irreducible representations are like the Lego pieces of a more general construction
(representation), as the above corollary of Maschke’s theorem indicates. We will try to explain techniques
which quite often are quite useful for finding the irreducible representations of a group. From now on we
will consider that k = C.

10



Question

We assume that GG is abelian. Which are the irreducible representations of G?

Amdvtnon. From Schur’s lemma (exercise) it follows that a representation (V) p) is irreducible if and only
if dimg V' = 1, thus the irreducible representations of an abelian group are all one dimensional. |

Question

Let GG be abelian. How can we find its one-dimensional representations?

Andvinon. We know, from the abelian groups structure theorem that
G:Cnl@...@cnk

where C,,, = (a;) is cyclic of order n;. If we find all the representations p;: C,;, — C* Then, the desired
representations will be the

k
p: G = C*, p(miay + - +mpag) = [ pilai)™
%

Question

How do I find the irreducible representations of a cyclic group C = (a) of order n?

Amavrnon. Let p: C — C* be an irreducible representation. It is enough to determine the value of p(a). We
have that

pla)" = p(a") = p(1) =1
Therefore, p(a) is an n—th root of unity. Consequently, if w is a primitive n—th root of unity, we have that all
the 1-dimensional representations of C are the

pi: C—C*,  pila) =w'
|

Example 1.4.1.  a. We will find the 1-dimensional representations of Zy. If p: Zy — C* is a represen-
tation, we saw that

p(1) e {-1,1}
Consequently, there are two irreducible representations of Zs, namely

p(I)=1 and p(I)=-1

11



b. We will find the 1-dimensional representations of Zs. If p: Zs — C* is a representation, we saw that
p(1) € {1,w,w2}
where w is a third root of unity. Consequently, there are three irreducible representations of Zs.

c. We find the irreducible representations of G = Zs & Zs3. From the above examples we have seen that
the irreducible representations of Zo and Zs are the

mn(T2) =1, (I2) = -1, p1 (I3) = 1, p2 (I3) = w, p3 (I3) = w?

Therefore, G has 6 one-dimensional representations give from the following formula :

pij([nla + [ml3) = mi([n]2) - p;([m]3) = (=1)"" - w!™

1.5 Characters

Question

What is the character of a representation p: G — GL,(C) ?

Ancvinon. We define as the character of p the map

x:G—C, x(g)=Tr(p(g))

Obviously, the character of a CG - module is defined to be the character of the corresponding induced
representation. (The character is independent of the choice of basis). |

Example 1.5.1. Let G = &3 and V be a C - vector space of dimension 3 and # = {vy,va,v3}. Then, if
o = (12) € G3 we observe that

g-V1 =02 O0-V2 =7V1 O V3 ="U3

In the corresponding induced representation it follows that

plo) =

S = O
O O =
_— o O

Therefore, we have that y (o) = 1.

Question

Does the character have some noteworthy properties?

12



Amévtnon. Let p: G — GL,,(C) be a representation.

I

il.

iil.

1v.

Vi.

If (V, p) is a representation, then x (1) = dim¢ V.

Let g, h € G. Then we have that p (k= gh) = p(h)~*p(g)p(h). Since similar matrices have the same
traces, then y (ff1 gh) = x(g). Therefore, characters are constant on conjugacy classes

Cl(g) = {h'gh | h e G}

IfVisaCG-moduleand V = U; @ - - - @ U, a decomposition of it into CG - modules, then it holds
that

Xv =Xxu, XU,
If V = U are isomorphic CG—modules, then xy = xp.

Let g € G be an element of order m. Then, x(g) is a sum of m—th roots of unity (use that every matrix
over C is triangularizable).

x (971 = x(9).

Character of the Regular CG - Module

We saw that CG is a CG—module with basis =G = {g1 = 1,...,g,}. If g # 1 in G we observe
that g-g; # ¢, therefore the corresponding element in position (i, 7) of the matrix [g]  is 0. Therefore,
we have that xeg(g) = 0. Therefore, we have that

Xeglg) = 107 9=1
=9 =g, g1

Character of the Permutation Module

We consider V' a C—vector space with basis {v1, ..., v,}. We showed that G,, defines an action

0 - Vi = Ug(s)

If o € &,,, we observe that in the corresponding matrix p(g), in position (,4), it has 1 if o(i) = 1,
while 0 if (i) # 0. Taking Tr on p(g) we count the units on the diagonal, then units as many as the
i for which o (i) = 4. Therefore, we have that

xv(o) = |Fix(o)|, Fix(o)={ie {l,...,n}|o(i) =1}

13



1.6 Inner Product and Characters
Question

We consider the C—vector space .# (G, C) of the functions from G to C. Can we define an inner
product on .7 (G, C)?

Amévenon. We can, yes! If f, g € % (G, C), then we define

1 -
mmiamew>

geG

Question

What holds in the special case where f, g are characters of G?

Anavrnon. If x, 1 are characters of G we saw that they stay constant on the corresponding conjugacy classes,
therefore if {g1, ..., g} is a set of representatives of the conjugacy classes of GG, then we have that

k

() = 17 2 ICl@lx(s0) - o)

Question

How are characters connected with the irreducible representations of G?

Aravenon. If V, W are two distinct irreducible representations of (7 it holds that

(xv,xw)=0 and (xv,xv)=1

The converse holds as well. If for a representation V' it holds that (xy, xy) = 1, then V is an irreducible
CG - module. It turns out that V., W are isomorphic CG— modules if and only if xy = xw. |

Example 1.6.1. Let G = G3 and V' be the usual permutation module with basis {v;, v2, v3}. We have seen
that the subspace U = (v; + v + v3) is a CS&3 - submodule and we consider the C&3—module W = V /U
with basis 77, U3 and

U3 = —U1 — V2

Show that W is an irreducible representation. We note that this particular result holds for every n > 1.

14



Amdvnon. 1t suffices to show that (xy, xw) = 1. First, we observe that :

pw(1):<(1) ?) pw(12):<(1) (1)) PW<123):<(1) j)

Therefore, we have that
xw(l)=2 xw(12)=0 xw(123)=-1
Therefore, it holds that

(xwsxw) =

é(!CI(l)\ xw (1) - xw (1) + [CIA2)[ - xw (12) - xw (12) + [CI(123)[ - xw (123) - xw (123)) = 1

as we desire. [ |

Question

How many irreducible representations does a group G have?

Andvrnon. It is proved using character theory that the number of irreducible representations of a group is
equal to the number of its conjugacy classes. |

Example 1.6.2. We will find the character table of G3. The &3 has three conjugacy classes, with corre-
sponding representatives 1, (12), (123), therefore it has 3 irreducible representations.

Ss | (1) (12) | (123)
Xtr 1 1 1
Xsign 1 -1 1
Xw | 2 0 -1

where W is the quotient representation W = C3 /U, where U = (e + ea + e3). We will compute various
inner products for reasons of practice.

(Xtr, Xw) = é (xe(1) - xw (1) - 14+ xe(12) - xw (12) - 3 + X (123) - xw (123) - 2) = 0

and

(xwsxw) = é Oow (1) - xw (1) - T+ xw(12) - xw(12) - 3 + xw(123) - xw(123) - 2) = 1.

Thus, using the given character table and the inner product formula one can show that py, psgn and pyy are
the non—isomorphic irreducible representations of Ss.

15
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Chapter 2

Exercises in Representation Theory

2.1 Conjugacy Classes and Elements of the Symmetric Group

Question

Let o = (a1 ---ax) € &, be a cycle of length k, and let 7 € &,,. Can we explictly express 707!
in terms of o and 77

Andvinon. We have that
ror 1 = (t(ar)---7(ag))

Therefore, every conjugate of a cycle of length k is also a cycle of length k. Conversely, if c1, ¢y are cycles
of length k in G,,, then they are conjugate. Indeed, if

clz(al-'-ak) and ng(bl"'bk)

then, by considering a 7 € &,, such that 7(a;) = b;, the above observation gives the desired result. [ |
Question

What holds for the conjugacy class of an arbitrary o € G,,?

Aravrnon. We know that every o can be written as a product of pairwise disjoint cycles. If, in this expression,
we also include cycles of length 1, then o can be written as 0 = ¢; - - - ¢g, where ¢; is a cycle of length n; and

4
E niy=mn
i=1
Then, if 7 € G,,, we have that
l
ToT = 1Tep - CZT—I = 1_[7'01-7_1 = c’l e c}
1=1

17



where ¢} is a cycle of length n;. The converse also holds; that is, any two permutations o1, o2 which can be
written as products of disjoint cycles of the same lengths are conjugate to each other. |

Example 2.1.1 (Conjugacy Classes of G3). Every permutation in
S3 is written either as a cycle of length 2 or as a cycle of length 3. Therefore, a set of representatives of the
conjugacy classes of
Sg 1S
Cl(1) = {1} C1(12) ={(12),(13),(23)} CI(123) = {(123),(132)}

Example 2.1.2 (Conjugacy Classes of G4). Every permutation in &4 can be written as a product of disjoint
cycles

* either as a cycle of length 1, that is, as 1,

* either as a cycle of length 2,

« either as a cycle of length 3,

* either as a cycle of length 4,

* or as a product of disjoint cycles of length 2.

Therefore, a set of representatives of the conjugacy classes of G4 is
1,(12), (123), (1234), (12)(34)

with
ICI(1)| =1, |CI(12)] =6, |C1(123)] = 8, |C1(1234)] = 6, |C1((12)(34))| =3
Abelianization of G,

We saw that, in order to compute the 1-dimensional representations of a group, we must reduce to the
corresponding 1-dimensional representations of its abelianization, that is, of the group

Ga = G/[G,G]

where [G, G] is the corresponding commutator subgroup. What is the abelianization of &,,?

Amavtnon. We know that if H < G is normal and G/H is abelian, then [G,G] C H. In the case of
&, we know that for n > 5 the group A, is simple; therefore, by the above observation, we have that
[6n, S,] = Ay, hence

(Gn)ab = 6n/An = Zo

Similarly, for n = 2,...,4 it is proved that [S,,,S,,] = A,. Therefore, for every n > 2 we have that
(Gn)ab = Z?-
|
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2.2 Exercises

Exercise 1

We consider a group (G, a one-dimensional representation of G with corresponding homomorphism
o: G — C*,and a CG - module V, with corresponding homomorphism p: G — GL¢(V).

(a) Show that the map g — o (g)p(g), g € G gives the C - vector space V' the structure of a CG -
module V.

(b) Show that the CG - module V' is simple if and only if the CG - module V7 is simple.

Andvinon.

(a) It is enough to show that o(g)p(g) € GL¢(V'), which is immediate since o(g) # 0 and
p(g) € GLc(V), and that op is a group homomorphism. Let g, h € G. Then,

ap(gh) = a(gh)p(gh) = a(g)a(h)p(g) o p(h) = [0(g)p(g)] o [c(h)p(h)] .

(b) Let V bea CG - module and let U be a C - vector subspace of V. The subspace U is a CG - submodule
of V ifand only if p(¢)(U) C U, for every g € G. Since U is a C - subspace and o (g) # 0, this holds
ifand only if 0(¢g)p(g)(U) C U. Therefore, U is a CG - submodule of V7. The converse is shown in

the same way, and this gives the desired result.
[ |

Exercise 2

We consider the group Gg of permutations on 6 symbols.

(a) How many pairwise non-isomorphic irreducible representations does the group G¢ have over
the field C?

(b) How many pairwise non-isomorphic one-dimensional representations does the group G¢ have
over the field C?

(c) The group G acts on the vector space V = C5 = @?:1 Ce; through the linear maps which
permute the vectors eq,...,eg. We consider the invariant subspace U = Ce, where e =
21'6:1 e;, and the quotient C&4 - module W = V' /U. Compute the character yyy and conclude
that the CSg - module W is simple.

(d) Show that there exists at least one irreducible 5-dimensional representation of Sg over the field
C which is not isomorphic to the representation W from part (c) above.

Andvrnon. First, we record the conjugacy classes of the group Gg, together with their sizes:

(1) #CI(1) = 1 2) #C1(12) = 15 (3)  #CI(123) = 40
(4)  #CI(1234) =90 | (5) #CI(12345) = 144 | (6) #CI(123456) = 120
(7)  #Cl(12)(34) =45 | (8) #CI(12)(34)(56) = 15 | (9) #CI(12)(3456) = 90
(10) #CI(123)(456) = 40 | (11) #C1(12)(345) = 120
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(a) We know that the number of irreducible representations of G¢ over C is equal to the number of con-
jugacy classes of Gg. Therefore, the number of irreducible representations is 11.

(b) We know that the number of 1-dimensional representations of G is equal to [(Sg)an| = |G/ As| =
2, since D&g = Ag. In fact, these two representations are the trivial representation and the sign
representation o.

(c) Let p be the corresponding representation of the CSg - module W. From the following table, the
character table of the representation p is:

Xw (1) (12) (123)
5 3 2
(1234) (12345) | (123456)
1 0 ~1
(12)(34) | (12)(34)(56) | (12)(3456)
1 ~1 ~1
(123)(456) | (12)(345)
~1 0

We know that the inverse of each of the above representatives of the conjugacy classes is conjugate to
the representative itself. Therefore, from the above table it follows that

Xw (0_1) xw (o) %X%/V(U)
<XW;XW> = Z !66! = Z T =1.
0€B¢ [0]€€(G6)

Here ~, is the size of the corresponding conjugacy class. From the last relation we conclude that W

20



is a simple C&g - module.

01000
10 00O
p(l) =15 p(12)=10 0 1 0 O
0 0010
0 0001
00100 00010
10 0 00 10 000
p(123) =10 1 0 0 O p(1234)=10 1 0 0 O
0 00T1O0 0 01 00
0 0001 0 0001
0 0001 0000 -1
1 00 0O 100 0 -1
p(12345)=10 1 0 0 O p(123456) = |0 1 0 0 -1
001 0O 0 01 0 -1
0 0010 0001 -1
01000 0100 -1
100 00 100 0 -1
12)34)={0 0 0 1 o |pa2)BHGe)=|0 0 0 1 -1
00100 0010 -1
00001 0 00 0 -1
0100 -1 0010 -1
1 00 0 -1 1 00 0 -1
p(12)(3456) = [0 0 0 1 —1|| p(123)456)= |0 1 0 0 —1
0010 -1 0000 -1
0000 -1 0 001 -1
01 000
10 0 00
p(12)(345)= |0 0 0 0 1
00100
0 0010

(d) Using Exercise 1 and the sign representation o, we define the CSg - module W, which is simple by
part (c). To show that W and W are not isomorphic, it is enough to show that they have different
characters. This holds because x,(12) = 3, whereas x,,(12) = —3, since 0(12)p(12) = —p(12).

Exercise 3

We consider the vector space V' with basis # = {v;; | 1 <4,j < 3} and the action of &3 on &
given by

0 Vi,j = Yo(i),0(j)

Express xy as a linear combination of the irreducible characters of G3. Is it true that V' contains a
C&j3 - submodule isomorphic to the regular module of CS3?

21



Amavrnyon. First, we compute the character of 1. We have that the action of ¢ € G35 gives a 1 on the diagonal
in the column corresponding to (i, j) if and only if 0(¢) = i and o(j) = j. Therefore,

* Clearly, xyy (1) =dimV =9.
* Under the action of (12), the only basis element that remains fixed is v(3 3, hence v (12) = 1.
* Under the action of (123), no basis element remains fixed, hence xy(123) = 0.

The character table of &3 is

& [(1](12) ][ (123)
Xer | 1 1 1
Xsign 1 -1 1
xw | 2 0 -1
We have
XV = aXxiy + bXsign + exw
where

a=(xv,xu) =2 b={Xv,Xsigm) =1 ¢={xv,xw)=3

(a) Find the 1-dimensional representations of Ay.

(b) Construct the character table of A,.

Andvtnon.  (a) The group A4 has the following presentation
Ay = {a,b | a® %, (ba)?)
where a = (123) and b = (12)(34). The abelianization of Ay is
(Ag)ap = <a,b | a3, b2, (ba)Q,aba_lb_1> = <a | a3> =73
Therefore, if w is a primitive root of unity, A4 has 3 one-dimensional representations, namely
pi(a) =1 p1(b) =1

the representation

and



(b) A set of representatives for the conjugacy classes of Ay is
{ 1,b,a,at }

where b = (12)(34) and a = (123), with a=! = (132). Since we have found 3 irreducible repre-
sentations and there are 4 in total, we are still looking for one more irreducible representation p4. Its
dimension is given by the relation

4
12 = [Ay| =) " dim p} = 3 + dim pj = dimp, =3
i=1
It is left to the reader to show that the desired irreducible representation is W = V /U, where V is
the permutation module and U = (), v;), by showing that (xw, xw) = 1. Therefore, the desired
character table is

Ag | (1) | (12)(34) | (123) | 132
x1| 1 1 1 1
x2 | 1 1 w w?
x3 | 1 1 w? w
X4 | 3 -1 0 0

Exercise 5

Is it true that

(a) for every irreducible character x different from the trivial character, we have

> x(g) =0

geG

(b) for every irreducible character different from the sign character, we have

Z sign(o) - x(o) =0

oeG,

Amcvrnon. The result follows immediately from the fact that distinct irreducible characters, corresponding
to non-isomorphic irreducible modules, are orthogonal. |

Exercise 6

Show that if there exists g € G such that

k

G
> Ixilg)]? > ’2‘
=1

where x1, ..., Xk are the irreducible characters of G, then g € Z(G).

23



Amcvryon. From the known orthogonality relations, we have

6l el

Therefore, |Cl(g)| < 2, so [Cl(g)| = 1. Hence, we obtain the desired result. [

Show that a group G is abelian if and only if every irreducible representation of GG is 1-dimensional.

Amdvtnon. First, assume that G is abelian. Let (V| p) be an irreducible representation of G and let U < V
be a subspace. For every g € G, since G is abelian, the map

p(g): V=V, v g-v
is a homomorphism of CG modules. By Schur’s Lemma, we have p(g) = Aidy. Therefore,
g-U=p@)U)=A-U<U

Hence, we have shown that every subspace of V' is GG - invariant, and since V is irreducible, we conclude
that dimV = 1.

Conversely, assume that every irreducible representation of G is irreducible. We know that the number
of conjugacy classes / is equal to the number of irreducible representations p1, . . ., po. However, we have

l
Gl = dimp; =¢
=1

and therefore, from the above relation, we conclude that there are |G| conjugacy classes. Hence, each one
must contain exactly one element, and so G is abelian. |

Exercise 8

Let x be a character of G, where x(g) = 0 for every g # 1. Show that x = Mmeg, Where Xreg is the
character of the regular representation of G.

Amévrnon. ITmmediate. u

Show that the only one-dimensional representations of &,, are the trivial representation and the sign
representation.
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Amcvryon. We know that the 1-dimensional representations of a group G are in one-to-one and onto corre-
spondence with the 1-dimensional representations of Gop = G,,/[S,,, &,,]. It is proved that

[6n7 Gn} = An

Therefore, G, = Zs, and this gives the desired result. |

Let V be a CG - module and let W < V be a CG - subspace. Show that

VEWeV/W

Amdvtnon. We consider the map ¢: V' — V /W, which is an epimorphism of CG modules with ker 7 = W
and Imyp = V /W, where V /W is a CG module. By a known theorem from Linear Algebra, we obtain the
desired result. |

Let p: G — GL(V) be an irreducible representation.

(a) If dim¢c V > 2 and v € V, show that Z gv = 0.
geG

(b) If g € C(G), show that p(g) = ¢ - Idy,, where ( is a root of unity.

Amcvtyon.  (a) Since p is irreducible and not isomorphic to the trivial representation, use the fact that
<Xtra Xp> = 0

(b) Since g € C(G), it can be shown that p(g) is a homomorphism of CG modules. Therefore, by Schur’s
Lemma, we have p(g) = A - Idy with A # 0. If o(g) = m, then observe that

(p(g)™ = A" - 1

I, =p(1) =p(g™)

hence A is an m - th root of unity.

We consider a representation p: G — GL(V') of dimension d with character x. Show that x(¢) = d,
for every g € G, if and only if p(g) is the identity automorphism of V, for every g € G.
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Amavinon. 1If p(g) is the identity automorphism of V, for every g € G, then one direction is immediate.

First, we can show that x(g) = d - (4, where (; is a root of unity. Indeed, since x(g) = d, it follows that
if Mg, ..., Agq are the eigenvalues of p(g), then

Aig = Cg

Since p(g)°9) = I, we have that p(g) is diagonalizable, and in fact p(g) = Cg - I4. Since (g = 1 (x(9) =
d = d(g4), we obtain the desired result. n

(a) Classify, up to isomorphism, all semisimple C - algebras of dimension 10. Can each of them
arise as a group algebra CG of a group G of order 10?

(b) Does there exist a finite group G = Z1 such that CG = CZ1¢?

(c) From now on, we consider the dihedral group
Dig = (r,s |r° =s* = (sr)? =1)
which is the symmetry group of the regular pentagon. The conjugacy classes of Dy are:
{1}, {s, sr, sr2, sr, 37“4} , {r, r4} , {7“2,7‘3}

i. Show that the map

cos?y —sindd cos?d  sind
p: D1 — GLo(C),  p(r) = <sim9 cos > pls) = (sinﬁ —cos19>

where ¥ = 27/5, is a representation of Dyg.
ii. Show that the above representation is irreducible.
1. Construct the character table of Dq.
iv. Using the character table of D1, find the normal subgroups of D1.

v. Let x be the character of a representation of Dy over C. Show that if x(s) = 0, then
x(1) is even.

vi. Is Dqg solvable?

Amcvtyon.  (a) If R is a semisimple C - algebra, then by the Wedderburn-Artin Theorem we have
R =M, (C) x -+ x M,,(C)

Therefore,
ni4--+n2=10

Hence, we have
n1:-~:n10:1 or nlan:Qandn3:n4:1 or n1:3andn2:1
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(b)

(c)

Thus, there are three semisimple C - algebras up to isomorphism. Now, the only groups of order 10,
up to isomorphism, are
ZIO and D1()

The first case is isomorphic to the algebra CZ;q. Since D1 has 4 conjugacy classes, the algebra CD1
has 4 irreducible representations, two of dimension 1 and two of dimension 2 (this will be shown in
the questions below). Therefore, the second case is isomorphic to CD.

In order for CG = CZq to hold, every irreducible representation of CG would have to be 1-dimensional;
equivalently, G would have to be abelian. The only abelian group of order 10 is Z1(, and therefore
there is no G with the desired properties.

1. Immediate.

ii. First, we find the 1-dimensional representations of Dyy. Thus, we reduce to the 1-dimensional
representations of

(Dio)ap = (r,s |1 =8> = (sr)> =1, sr=7rs) = (s | s> = 1) = Zy
Hence, we conclude that the 1-dimensional representations of Dy are
p(r)=1 and pi(s) =1
and
pa(r) =1 and pa(s) = -1
For p, we initially have
Xp(1) =2, X,(r) = 2cos 9, x,(s) =0, x, (r?) = 2cos® ¥ — 2sin* ¥
If p were not irreducible, then it would be of the form
p=piDp;
with ¢, 5 = 1, 2. Then we would have
Xp = Xp1 T Xpo

Combining the above, we arrive at a contradiction.

iii. The group D¢ has 4 conjugacy classes, hence 4 irreducible representations. Since we know 3
of them, we can construct the character table of D¢ using the orthogonality relations. First, we
have

4
10 = |Dyo| =) _dim p} = 6 + dim pj = dim p; = 2

i=1
D1[) 1 r 7”2
X1 1] 1 1 1
X2 1] -1 1
—1+5 | —1-+/5
X3=Xp|2] 0 ?ﬁ 2\[
X4 2| a b c




From the relations (x4, x;) = 0 for i = 1, 2, 3, we obtain the following system:

a+2b+2c=-2
—a+2b+2c= -2

2 (—Hﬁ> o (4—%5) L
2 2

From this it follows that

-1-+5 —1++5
a=0 b= c= ——
2 2
Hence, the desired character table is
D1[) 1 T 7”2
X1 1] 1 1 1
Y2 | 1]-1] 1 1
X3 =Xp | 2 %f 12f
—1-/5 | =1+/5
X4 210 > o

iv. If N; = ker x;, then we have
Ny =Dig, No = (r), N3 = Ny= {1}

Every normal subgroup of Djq is an intersection of the above subgroups. Therefore, the only
normal subgroups of D are the above.

v. The character y can be written as a linear combination of x1, . . ., x4, hence

X = ni1X1 + n2Xx2 + n3xs + nax4

We have
X(s)=0&n—ne=0&n=ng=n

Therefore,
4
x(1) = ZniXi(l) =2n + 2n3 + 2ny
i=1

and so we obtain the desired result.

vi. Since |Djg| = 2 - 5, by Burnside’s Theorem it is solvable.
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