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ABSTRACT

In this thesis, we demonstrate a detailed proof of Bican, Bachir, and Enochs’s results,
establishing that each module has a flat cover. Historically, the notion of flat mod-
ules was introduced by J.-P. Serre in 1955-1956. A few years later, when injective
envelopes had already been studied, the dual notion of injective envelopes, known as
projective covers, was investigated. H. Bass, in his 1959 thesis, introduced the con-
cept of projective covers and described the appropriate rings in which each module
has a projective cover (left/right perfect rings). Following this result, the question
arose of when a module has a flat cover.

After many years, significant progress was made by J. Xu, who revived interest
in this open problem. The problem was finally solved and presented in Enochs’s
paper, ”All Modules Have Flat Covers”, in which the use of certain lemmas proved
by Eklof—stated in his paper, "How to Make Ext Vanish” played a crucial role.

* In the first chapter, we introduce the notion of extension of modules F (A, B),
we prove some useful lemmas and we present the relation between extension
E(A, B) and the abelian group Exth(4, B).

* In the second chapter, we provide a summary of envelopes (covers), special
envelopes (special covers), and their connections to the concept of cotorsion
theories.

* In Chapter 3, we introduce the concepts of flat modules, pure submodules, and
their relationship. We conclude the chapter with several characterizations of
pure exact sequences. Additionally, we provide an extended review of ordi-
nal numbers, focusing on transfinite induction, which is heavily utilized in the
remaining material of this chapter and in Chapter 5.

* In Chapter 4, we present a detailed discussion of Eklof’s results, which include

5



6 CONTENTS

essential techniques for vanishing the Ext functor. Furthermore, using Eklof’s
Lemma, we prove a core theorem of this thesis: that every cotorsion theory co-
generated by a set of modules is complete. This result is crucial, as we demon-
strate that the flat cotorsion theory is complete. Consequently, the existence of
a flat precover guarantees the existence of a flat cover for any arbitrary module.

* Finally, in Chapter 5, we present Xu’s result, which is pivotal to proving the
desired outcome. We define the concept of flat cotorsion theory and establish
the central theorem of the thesis.

Acknowledgment. I would like to thank my supervisor, loannis Emmanouil, for his
invaluable support, guidance, and patience with my numerous questions during the
preparation of this thesis.

Athens,
March 16, 2025



CHAPTER 1
EXTENSIONS OF MODULES

1.1 Extensions

Let A and B be two R-modules. We aim to consider all R-modules E such that B is
a submodule of F and /B = A.

Definition 1.1. A short exact sequence
0BS5S EL A0 (1.1)

is called an extension of A by B.

Definition 1.2. Two extensions 0 - B -+ F; - A - 0and0 — B — FEy —
A — 0 are called equivalent if there exists a homomorphism £ : £y — FE5 such that
the following diagram is commutative:

B Ey
|l
Es

B

Observation 1.1. From the above diagram, it is evident that £ is an isomorphism, so
it is straightforward to show that equivalence of extensions defines an equivalence
relation on the set of extensions of A by B. We denote this set by E(A, B).
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Observation 1.2. The set E(A, B) contains at least one element, the extension

0= B2 A B ™ A 0.

Any extension of A by B equivalent to the above extension is called a split extension
or trivial extension of A by B. We denote the trivial extension by 0.

Lemma 1.1. An R-module A is projective if and only if E(A, B) = {0} for every
R-module B.

Proof. Assume that A is projective. Let B be an arbitrary module and let
0-BSELA-0

be an extension of A by B. Since A is projective, there exists a homomorphism
o € Hompg(A, E) such that the following diagram commutes:

E—25A—0

o
id

A

Therefore, the above extension splits. Conversely, assume that F(A, B) = {0} for
every module B. Let v : M — N be an epimorphism and ¢ : A — N. We consider
the pullback

P={(z,y) e M@ A| p(x) = o(y)}

of the diagram

This gives the short exact sequence
0> kerp— P A0,

which splits. Thus, there exists a homomorphism o : A — P suchthat w4 o0 = id4.
If 1) is the composition
A% PG M,

then ¢ = p o . O
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Lemma 1.2. The square
Yy % A
5| e (1.2)
B-Yy X

is a pullback diagram if and only if the following sequence is exact:

0y 22 4qp ¥ x

where

{a, 8} (y) = (a(y), B(y)) and (¢, =) (a,b) = p(a) = (b).

Proof. The universal property of the pullback diagram of (¢, 1) is shown to be equiv-
alent to the universal property of the kernel of (¢, —1)). O

Lemma 1.3. If diagram 1.2 is a pullback diagram, then
(a) kera =N ker) via 3,

(b) if ¢ is an epimorphism, then « is also an epimorphism.

Proof.  (a) * Lety € kera. By the commutativity of the diagram, we have
YP(y), i.e., By) € ker1), so Blkera : ker a — ker ) is well-defined.
« Since {, 8} is injective, it follows that ke is @ monomorphism.
« For surjectivity, if b € ker, then (p, —)(0,b) = 0. Therefore, there
exists y € Y such that 5(y) = b and a(y) = 0, which proves the desired
result.

(b) Let a € A. Then there exists b € B such that )(b) = ¢(a), since (a,b) €
ker(p, —1) = Im{a,B}. The desired result follows immediately from the

previous observation.
O

Lemma 1.4. Consider the diagram

LN ANV

B
[
Brts B —"s A

If the rows are exact and the diagram commutes, then the right-hand square is a pull-
back diagram.
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Proof. * Consider the pullback diagram

P —=— A
L
E—» A
By Lemma 1.3, we know that ¢ is an epimorphism and kere = B.

* Therefore, we obtain the extension 0 — B — P — A’ — 0. Showing that the
extensions 0 - B 5 E' % A’and0 - B — P — A’ — 0 are equivalent
implies Y = P, and the desired result follows.

O]

The reader is encouraged to prove the dual results of the above lemmas.

1.2 E(A, B)and Ext'(A, B)

Let A be an arbitrary R - module. We can take P a projective module and a short
exact sequence

0-KS5P5S A0

For every R - module B we can apply then functor Homp(—, B) to the above se-
quence

0 — Homp(A, B) LN Homp(P, B) N Homp (K, B)
We define

~Ext' (A, B) := coker (HomR(P, B) AN Homp (K, B))

Proposition 1.1. The isomophism class of ;Ext' (A, B) is independent from the choice
of 7, for every R - module B. Therefore for simplicity we write Ext' (A, B) for
Extl(A, B).

Theorem 1.1. There is a bijection F(A, B) = Ext!(A, B) preserving 0.

Proof. Let o: K — B. We shall show that this morphism corresponds to an exten-
sion
0—-B—=Q,—A—=0

With the above denotation consider the pushout

Qp = P @ B/{(i(k), —¢(k)) | k € K}
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of diagram

W X

If we define ¢: Q, — A, ¢([p,b]) = 7(p), can be easily seen that the following
sequence

0B 5 Q, %450

if an extension of A by B. Is left to the reader to show that if o, ' € Imi*, then the
induced extensions

O*)BEQSD&A%O and OHBW—B>Q¢/w—>AﬁO
are equivalent. Conversely, let
0BS5S EL A0

be an extension of A by B. By projectivity of P thereare ¢: P — Fandv: K — B
s.t. the following diagram commutes

0 K—‘tsp_-T44 0
llb 3 ¢ lid
0 B—LtysFEF Y5 A 0

Is left to the reader to show that if two extensions are equivalent, then for the induced
maps 1,1’ : K — B is true that ¢ — 1)/ € Imi*.

Finally, it can be easily seen that if ¢: K — B s.t. there if &: P — B and
®|x = P oi = ¢, then the induced extension is the trivial extension. This shows that
the above bijection preserves 0. O

Corollary 1.1. The set E(A, B) has the structure of an abelian group

Proof. See[1] section 7.2.1 for an explicit description of the group structure in terms
of extensions. O
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CHAPTER 2

APPROXIMATIONS OF
MODULES

2.1 Preenvelopes and Envelopes

Definition 2.1. Let M be an R-module, and let € be a class of R-modules that is
closed under isomorphic images and direct sums. A map f € Hom(M, C), where
C € ¢, is called a ¢-preenvelope if, for every f' € Hom(M,C") with C' € €,
there exists ¢ € Hom(C, C”) such that the following diagram commutes:

f

The @-preenvelope f is called a ‘6-envelope of M if g is an automorphism whenever
g € Homg(C,C)and f = gf.

Example 2.1. Let ., be the class of injective R-modules. If M is an R-module
and E (M) is the injective hull of M, then the inclusion map i : M — E(M) isa
€ -envelope.

Proof. Let f': M — I be an R-homomorphism, where [ is an injective R-module.
Since [ is injective and ¢ is a monomorphism, there exists g € Homp(FE (M), I) such

13



14 CHAPTER 2. APPROXIMATIONS OF MODULES

that the following diagram commutes:

ii

Now let g: E(M) — E(M) be an R-homomorphism such that i = gi. Since
E(M) is an essential extension of M, it follows that ¢ is a monomorphism. Thus,
there exists ¢’ € Endr(E(M)) such that:

E(M) <2 E(M)

k lg’
E(M)

It is evident that ¢’i = i, and similarly, we conclude that ¢’ € Autr(E(M)). Hence,
this implies that g: F(M) — E(M) is an R-automorphism. O

Observation 2.1. In general, given an R-module M, there may be several different
€ -preenvelopes for M but no € -envelopes. However, the next lemma shows that if
a ¥-envelope exists, it is the minimal %’-preenvelope in the following sense:

Lemma 2.1. Let f : M — C be a @-envelope, and let f' : M — C’ be a €-
preenvelope. Then:

(@) C"=D & D',Imf’" C D, and the map f’': M — D is a ¢-envelope of M.

(b) The map f’ is a €-envelope if and only if it has no proper direct summand
contained in Imf”.

Proof.  (a) Since f and f’ are ¢ -preenvelopes, there exist maps g : C' — C’ and
" C" — Csuchthat gf = f'and ¢'f’ = f. Therefore, the following
commutative diagram arises:

b

Since f is a ¢-envelope, ¢’g is an automorphism. Thus, g is a monomorphism,
and ¢’ is an epimorphism. Let D = Img = C and observe that Imf’ C D. If

D' =C'/Img
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then the short exact sequence
0—-D—=C' —-D =0
splits, since ¢’g is an automorphism, implying that C' = D & D’.

(b) The desired result follows directly from (a).

2.2 Precovers and Covers

Definition 2.2. Let 4 C Mod-R be a class of modules closed under isomorphic im-
ages and direct summands. Let M € Mod-R. A map f € Hompg(C, M), where C' €
%, is called a €-precover of M if, for each C’ € ¢ and for each f' € Homp(C’, M),
there exists g € Homp(C’, C) such that the following diagram commutes:

c M
k Tf’
Cl

A @-precover f € Homp(C, M) is called a €-cover of M if fg = fandg €
Endg(C) implies that g € Autg(C).

Observation 2.2. By the preceding definition, it is evident that f € Hompg(C, M) is
a ¢ -precover if and only if f induces a surjective abelian group homomorphism:

Hompg(C’, C) ELN Hompg(C’, M).

Example 2.2. Let &7 be the category of projective R-modules. Then every M €
Mod — R has a Zy-precover. Many questions arise here: Is it true that every module
has a y-cover? Moreover, if we generalize this, is it true that every module has a
flat cover? To answer this question, we need to take a different approach.

Lemma 2.2. Let f: C — M be a €-cover of M, and let f': C' — M be any
€ -precover of M. Then:

(a) C" =D @ D', where D C ker f’, and the restriction f'|ps is a €-cover of M.

(b) f’is a €-cover of M if and only if C’ has no nonzero direct summands con-
tained in ker f’.

Proof. This follows dually from the proof of Lemma 2.1. O
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2.3 Cotorsion Theories

Definition 2.3. Let ¥ C Mod — R. Define
= {N € Mod — R | Extj(C,N) =0 forall C € €}
and

1% = {N € Mod — R | Exti(N,C) =0 forall C € €} .

Definition 2.4. Let M € Mod — R. A %€ -preenvelope f: M — C'is called special
if the following sequence is exact:

0o-ML = C — cokerf — 0,

and cokerf € €. Dually, a €-precover f: C — M is called special if the following
sequence is exact:

0—>kerf<—>Ci>M—>0,
and ker f € €.

Lemma 2.3. Let M € Mod-R and let ¥ C Mod-R be closed under extensions.
(a) If £y CFand f: M — C'is a G-envelope, then f is special.
(b) If Py CFand f: C — M is a €-cover, then f is special.

Proof.  (a) We want to show that f is injective and that cokerf €+ €.

* To prove injectivity, consider the injective hull M “E (M). Then there
exists k: C'— E(M) such that the following diagram commutes:

M-I e

\l

Since ¢ is injective and ¢ = k o f, it follows that f is injective.
+ Now we show that D = cokerf € %. Let C" € ¢. Showing that

Exty, (D, ') =
is equivalent to proving that every short exact sequence

0=-C' XM Do
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splits. We consider the following pullback diagram:

p-_2.x

¥ h
c 24D

From Lemma 1.3, we have the following commutative diagram:

0 0
C/ C/

0 M-_—2,p_F . x 0
T :

0 M-—tsc_9,p 0
0 0

— Since ¥ is closed under extensions and C,C’ € ¢, then P € €.
— Since f is a ¥-envelope, there exists 6: C' — P suchthata = df.
Then we have

f=na=~if
implying that +¢ is an automorphism of C'.
— Define¢: D — X by

i(g(c)) = B(8) " ()

The map ¢ is well-defined via the above commutative diagram. It is
straightforward that hi = idp, and thus the sequence splits.

O]

Definition 2.5. A pair (<7, &) of module classes is called a cotorsion theory if:
o =+ B and B=o"

If € = (o7, AB) is a cotorsion theory, then the class #z = o7 N A is called the kernel
of €.
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Example 2.3. Let € be any class of modules. Then the pair

Gy = (lcg, (L%)L>

is a cotorsion theory, called the cotorsion theory generated by the class €.

Proof. For any class of modules .27, it is evident that &/ C* (;z% l); therefore,
Ly L <(ch)l)
For the converse relation, suppose M €= ((L% )L) . This implies that
Exth(M,X) =0 whenever Exth(B,X)=0 VBet%.

Since Exth (M, X) = 0 for every X € €, it follows that M €1 %. O

Example 2.4. Let € be any class of modules. Then the pair

o= (-(#4)."

is, similarly to the above example, a cotorsion theory, called the cotorsion theory
cogenerated by the class %.

Example 2.5. By Lemma 1.1, it is easy to see that
GMode = (MOd — R, jo) and Q:Mode = (f@(), Mod — R) s

where %) and & are the classes of injective and projective R-modules, respectively.
These cotorsion theories are called trivial cotorsion theories .

The main reason for introducing and studying %’-special preenvelopes and %-
special precovers is their close relation to cotorsion theories.

Definition 2.6. A cotorsion theory (o7, #) is said to have enough injectives (resp.
enough projectives ) if every module M has a special Z-preenvelope (or a special
o -precover, respectively).

Although these two concepts appear to be different, we will prove that if a cotor-
sion theory satisfies one, then it satisfies the other and vice versa. In this case, the
cotorsion theory is called complete.
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Lemma 2.4. Let R be aring, and let € = (o7, %) be a cotorsion theory of modules.
Then the following statements are equivalent:

(a) Every module has a special .o/ -precover.

(b) Every module has a special Z-preenvelope.

Proof. Assume that every module has a special .<7-precover. Let M € Mod-R. We
will establish the existence of a #-preenvelope of M.
There exists a short exact sequence

0-M-—>ISF—0,
where [ is an injective module. Thus, there is a special <7 -precover
0B AL F 0, Acd, Be .
Consider the pullback diagram of 7 and p:

P——1

ool

AL F

From Lemma 1.3, we obtain the following commutative diagram:

0 0
M:M

0 B P I 0
|- -

0 B AL F 0
0 0

Since B, I € % and 4 is closed under extensions (by an easy application of the
long exact sequence), it follows that P € . Thus, the short exact sequence

0-M-—=PL A0

is a special Z-preenvelope. O
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CHAPTER 3
FLAT MODULES AND PURITY

3.1 Flat Modules

Definition 3.1. A right module P is called flat if the functor P ®p — is exact on
R-Mod. Equivalently, whenever A — B is injective in R-Mod, the induced map

P®RA—>P®RB

is also injective in the category of abelian groups.

Proposition 3.1. Let ¢: R — S be a ring homomorphism, whereby S can be viewed
as a left R-module. If Pg is R-flat, then the right S-module

P/::P®RS

is S-flat.

Proof. Let A % Bbean injective homomorphism in S-Mod. We want to show that
P osA % PogB
is injective.
Since A, B can be viewed as left R-modules via ¢, it follows that P @ A —
P ®pg B is injective. We can identify
SRA=ZA and S®RgB=B

as left R-modules. Combining these observations implies the desired result. O

21
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Proposition 3.2. If
P =D P € Mod-R
icl
then P is flat if and only if each P; is flat.

Proof. The key observation to prove this proposition is that — ® g A is the left adjoint
functor of Hompg(A, —). Thus, — ®p A preserves colimits. Therefore, there exists
an abelian group isomorphism

(@H) or A= (PiorA).
el el

Hence, the desired result follows immediately. O
Corollary 3.1. Any projective (right) R-module is flat.

Proof. Let R be a ring. It is easy to see that the free (right) R-module R is flat.
Therefore, every free module is flat, as it is a direct sum of copies of R. Since every
projective module is a direct summand of a free module, the result follows from the
preceding proposition. O

Proposition 3.3. Let {P; | i € I} be a direct system of right modules over any ring
R, where [ is a directed set. If each P; (i € I) is flat, then the direct limit module
P :=1limP,
e

1s also flat.

Proof. Let A 7y Bbean injection in R-Mod. For each ¢ € I, the map
P,orA— P,®r B
is injective. By the construction of direct limits, it follows easily that
lim(P; @p A) — lim(P; @ B)
is injective. Since — ®p A and — ®p B preserve direct limits, it follows that
P®rA— P®rB

is injective, as desired. O
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Observation 3.1. Every module is the direct limit of its finitely generated submod-
ules.

Proof. Let M be an R-module, and let & = {N < M | N is finitely generated}.
Then (7, C) is a direct system, whose direct limit is given by

@N:U%:M

Corollary 3.2. Let P € Mod-R be a module whose every finitely generated sub-
module is flat. Then P is flat.

Proof. The result follows immediately from Proposition 3.3 and Observation 3.1. [

3.2 Pure Exact Sequences
Definition 3.2. A (short) exact sequence
£:0-A5BC—0
in Mod-R is said to be pure exact if & ® p C’ is exact for every C' € R-Mod. In this

case, we say that o(A) is a pure submodule of B.

Example 3.1. Let&: 0 — A % B—C—0bea split short exact sequence. Then
& is pure.

Proof. Let C" € R-Mod. Since & splits, there exists 1) € Hompg(B, A) such that

Yo =idy
0+4-"2+B C 0
v
P

Applying the functor — ® p C” to the above sequence, the injectivity of p @ C”
follows immediately. O

Example 3.2. The direct sum of pure exact sequences is pure exact.



24 CHAPTER 3. FLAT MODULES AND PURITY

Proof. Let B; < A; be pure submodules for each i € I. We shall show that

B::@Bi

il

A::@Ai

iel

is a pure submodule of

Equivalently, for any C' € R-Mod, if B Iy A'is the inclusion map, then
J®rC

Br(C —— A®rC
is injective. Since each square in the following diagram commutes:
L ORC
B @ C 2k A @R C
@i ji@RC

Dicr (Bi 91 C) ——= Dy, (Ai®r C)
it follows that @ie 1 Ji ®g C is injective. Since — ®p C preserves direct sums, it is
evident that § ®r C' is injective. U

Example 3.3. More generally, similar to the above example, since — ® g C' preserves
direct limits, the direct limit of any system of pure short exact sequences is also pure
exact.

Example 3.4. For any family of right R-modules {B;},.;, the direct sum @, ; B;

is a pure submodule of the product [ [,.; B

Proof. Let C € R-Mod. Consider the inclusion map ,.; B i> [Lic; Bi- Define
the map:

£: <HBZ> ®@rC — H(Bi ®rCO), &({bi}ic; ®rc) = {bi @R }ics -

el i€l

Then the following diagram commutes:

(@1 Bi) 9r C —2" s ([I,e; B)) ®r C

1%
o

@Dic; (Bi ®r C) ——— [lic; (Bi®r C)
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It is easily seen that € o j ® g C'is injective, and therefore j ® C' is injective. [

Example 3.5. Let A C B C C be right R-modules. If A C C'is a pure submodule,
then A C B is also a pure submodule. Conversely, if A C Bispure and B C C'is
pure, then A C C'is pure.

Example 3.6. Let ¢: R — S be a ring homomorphism. Then S can be viewed as a
left R-module via ¢. If & is a pure exact sequence in Mod-R, then & ®p S is pure in
Mod-S.

Observation 3.2. Let C' € Mod-R and consider the projective resolution:
E:0K5 P C—0.

Let X € R-Mod. Then & ®pr X is exact if and only if

Torf(C, X) = ker (¢ ®r X: K ®r X — P®g X) = 0.

Theorem 3.1 (Characterization of Flat Modules). A right R-module C' is flat if and
only if every short exact sequence

:0A—-B—-C—=0
in Mod-R is pure.
Proof. First, assume that C is flat. Therefore, Torf(C, X) = 0 for all n € N and

X € R-Mod. By the long exact sequence in homology, it follows that every short
exact sequence &: 0 - A - B — C — 0 is pure.

0 CoX B®X ARX «
[ f
T Torf"(C,X) =0 «— Tor{%(B,X) — Tor{%(A,X) -
51 .
— TOI‘?(C, X) ............
The converse follows immediately from Observation 3.2. O

Corollary 3.3. Let&£: 0 - A — B — C' — 0 be an exact sequence in Mod-R.



26 CHAPTER 3. FLAT MODULES AND PURITY

(a) If B is flat, then & is pure if and only if C'is flat.
(b) If C' is flat, then B is flat if and only if A is flat.

Proof.  (a) Let X € R-Mod. Applying the long exact sequence in homology to the
short exact sequence &: 0 - A - B — C' — 0, we obtain:

0 C®X B® X A®X «

oA AR =
777:/0()
51 -
[
— Tor?(C, X)

From the diagram, it follows immediately that & is pure if and only if
Torf(C,X) =0
for each X € R-Mod, which is equivalent to C' being flat.

(b) If C is flat, then Tor’*(C, X) = 0 for all n € Nand X € R-Mod. By the long
exact sequence in homology:

"~ Torf{(C, X) = 0 +—— Torf(B, X) ~—— Torf{(4,X) .__
o
T Torl(C,X) =0

From the diagram, we obtain
Tor?(B, X) = Torf (A, X)

for each X € R-Mod. Thus, B is flat if and only if A is flat.
O

Definition 3.3. A module Pg is said to be finitely presented (f.p.) if there exists a
short exact sequence
0+K—=F—-P—0

in Mod-R, where K is finitely generated (f.g.) and F' is a free module of finite rank.
Equivalently, there exists an exact sequence in Mod-R of the form:

R - R" - P —0.
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Theorem 3.2 (Characterization of Pure Exact Sequences). For any short exact se-
quence &: 0 - A — B — C' — 0 in Mod-R, the following are equivalent:

(a) & is pure exact.
(b) & ®pr C' is exact for any finitely presented (f.p.) left R-module C’.

(c) Ifai,...,an € A, b1,...,bpy, € Byand s;; € R(1 <i<m,1<j<n)are
given such that
aj =Y bisij,
i
then there exist a, ..., al, € A such that

aj; = E a;8j-
i

(d) Given any commutative diagram in Mod-R:

R" — 7 R™

A— B

there exists ¥ € Homp (R™, A) such that Yo = a.

R —2 s Rm™
.
P
///
N .
9 g

A— B

Proof. * (a) — (b) The desired result implied immediately from definition of
pure exact sequence.

* (b) — (c) We consider the submodule of R" = @?:1 Re;

m
K:< Zsijej\lgigm >

Jj=1

Thus the left R - module R"/K is f.p. and therefore A @ (R"/K) % B ®g
(R™/K) is injective. Since the sequence is exact

AR K - A® (R") > A® (R"/K) =0
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we can identify
AR (R"/K)=A® (R") /Im(A®g K)
Similarly, we can identify
B® (R"/K)=B® (R")/Im(B ®g K)
Then
P Zaj@)ej :ZZ[bisij®ej]:Z b; ® Zsijej =0
J j o1 i J

Since p is injective, then ), a; ® e; € Im(A ®g K). Equivalenlty, there are
!/ /
ay,...,a,, € Ast

Zaj X e; = Za; (039 Zsijej = Z (Z agsij) X €;
J { J J i

Since A ® r — preserves direct sums, then A Qg R" = @?:1 A® Re;j. There-
fore, for each j € {1,...,n}, we have that

a; = E a;Sij
i

(¢) = (d) We denote R" = ’_; Rej and R™ = ], 1¢;. Then, for each
1 <i<mandl < j < nweseta; = a(e;) and b; = [(é;). Since
o(e;j) € R™, then there are s;; € R s.t.

i) = Z €iSij
i

Then
a; = a(ej) = Bo(ey) Zb Sij

By (c), there are af, ..., a], € As.t.
a; = Z CL;SZ']'
i

We define ¥ € Homp (R™, A), where ¥(¢;) = a}. Then Yo = «, as desired.
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* (d) — (e) Let M in Mod-R a f.p. module Then exists exact sequence
R"S R 5 M —0
We will show that exactness of Homp, (M, &), showing that
Yy Homg(M, B) — Homp (M, C)

is surjective. Lety € Hompg(M, C'). By freeness of R™, exists 5 € Homp (R™, B)
s.t. the following diagram commutes

R T M 0
b
B—Y,¢C 0
‘We notice that
YBo =~vy1o =0

and therefore Im(50) C keriyp = A. We set « = [o. Then the following
diagram commutes

R 25 R T M 0
[
A < B C 0

By (d), there exists ¥ € Homp (R™, A) s.t.
a="00= po="v0=(f—-19)c=0

From the above relation, since (M, 7) is the cokernel of o, then exists A €
Homp, (M, B) s.t. the following diagram commutes

Therefore
YAT = (B =) =yB — ) =7

Since 7 is right invertible then ¥\ = ~, as we desire.

* () — (f) It’s true that every module is direct limit of f.p. modules. For the
proof of this statement we refer the reader to [2] (Lazard, Govorov Theorem).
Therefore C'is the direct limit of some direct system (Cj,;);c;, Where C;’s
are f.p. modules.
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— We consider the pullback diagram of ;, ¢

Wi

B, C, 0
lﬁi Yi
B-—Y,C 0

where B; = {(z,y) € C; ® B | 7i(z) = ¢(y)} and ¢ = m1, f; = ma.
— By Lemma 1.3,the induced following diagram commutes

& 0 A B Y ¢ 0
T
& 0 A—— B e 0

— By (e), there exists \; € HOI’HR<CZ', B) st. YA, = ;. Let p;: C; — B;
defined by p;(z) = (x, A\i(z)). Then it’s obvious that ¢);p; = id¢, and
therefore &; splits. I can be easily seen that & = 1i_r>n &;.

* (f) — (a) The result implied immediately by Example 3.3.
O]

Corollary 3.4. Let M be an R-module and S C M a submodule. Then S is pure if
and only if for every m > 1, for every finitely generated submodule 7' C R™, and
for every h: T' — S, whenever h can be extended to h: R™ — M , it can also be
extended to a): R™ — .5, so that the following diagram commutes:

T —— R™

hl lﬁ
PRy

Sl:—>M

Proof. We assume that S is pure. Since 7T is f.g., there exists an epimorphism, for

some n € N,
™

R" = T.

We consider a morphism h: T — S such that it can be extended to h: R™ — T.
Therefore, the following diagram commutes:

T —*y Rm

| i

Scj—,>M
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The existence of the morphism 7 implies the following commuting diagram:

R™ i R™

| i

and from Theorem 3.2, there exists ¢: R™ — S such that the following diagram

commutes:

Thus,
Yim = hr = 9% = h,

so v is the desired extension.
Conversely, consider a commutative diagram:

R —L Rm

| i

and we will show that there exists ¢#: R™ — S such that the following diagram

commutes:
rr —L ., pm

hJ/ lf}
R

K

If T =1Imf C R™, then T is f.g., and there is a commutative diagram:

i, pm

b b

By our assumptions, there exists ©: R" — S such that the following diagram com-

mutes:
Rl iy pm

b i |
K Y

S:Scj—,>M

From the above diagram, it is easily seen that ¥ f = h.
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Corollary 3.5. Let S C M be a submodule. Let

P—@Rm and U—@T

(T,R™) (T,R™)

summed over the set of all (7', R™) where m > 1 and T is finitely generated (f.g.).
Then S is pure if and only if for any homomorphism h: U — S, which can be
extended to a homomorphism h: P — M, it can also be extended to a homomor-
phism
h:P— S

Proof. Use Corollary 3.4. O



CHAPTER 4
VANISHING OF Ext FUNCTOR

4.1 A Review of Ordinal Numbers

Consider the class WO of all well-ordered sets. If we denote by = the relation “’being
isomorphic to” between ordered structures, then 22 defines an equivalence relation on
WO. An ordinal can be thought of as an equivalence class of WO under the relation
2. More precisely, the class Ord of all ordinals satisfies the property that, for any
well-ordered set A, there exists exactly one ordinal isomorphic to A.

Observation 4.1. If A and B are ordered sets, A — B means that A is embeddable
into B, i.e., there exists an order-preserving injective map from A to B.

Theorem 4.1 (Transfinite Induction). Let (A, <) be a well-ordered set and P(z) a
property defined on A satisfying:

Va e A, [(Vb<aP(b)) = P(a)]

Then P(a) is true for every a € A.

Proof. * Consider B := {a € A| P(a) is not true}. For the sake of contradic-
tion, we assume that B # ().

+ Since A is well-ordered, we can consider a = min(B). Then P(b) is true for
every b < a, but P(a) is false, which contradicts the hypothesis of the theorem.
Thus, B = 0.

O

33
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Definition 4.1 (Initial Segment). Let (A, <) be awell-ordered setand a € A. The ini-
tial segment of A determined by a is the subset of A of the form A, = {b€ A | b < a}.

Proposition 4.1. Let (A, <) be a well-ordered set. If B is a proper initial segment of
A, then there is no embedding f: A — B. In particular, A and B are not isomorphic.

Proof. For the sake of contradiction, we assume that there is an embedding f: A —
B.

» We shall prove by induction on A that for all x € A, it holds that f(z) > x.
Let a € A and assume that for all b < a, f(b) > b. Let b € A such that
b < a. Since f preserves the order, we have f(b) < f(a), and by the induction
hypothesis, we also have b < f(b) > b, hence b < f(a). The latter relation
implies that f(a) > b for all b < a, hence f(a) > a.

« Since B is a proper subset of A, there exists a € A\ B, and since B is an
initial segment of A, we then have a > b for all b € B. In particular, we have
a > f(a), hence a contradiction.

O

Definition 4.2. A set A is called transitive if every element of A is also a subset of
A. Equivalently, A is transitive if and only if for each ¢ € A and x € a, then x € A.

Lemma 4.1. Let A be a transitive set. Then € is a transitive relation on A if and only
if for every a € A, a is a transitive set.

Proof. * First, we assume that € is transitive. Let a € A. We want to prove that
a is a transitive set. Let y € a and z € y. We want to show that x € a. Since
€ is a transitive relation, it suffices to show that z,y € A. Since a € A and A
is transitive, then y € A and therefore y C A. Thus, x € A, and we’re done.

* Conversely, assume that a is a transitive set for all a € A. Let a, b, c € A such
that a € b € c. Since c is a transitive set, this relation implies a € c.
O

Lemma 4.2. A union of transitive sets is a transitive set.
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Proof. Let {A;},; be a family of transitive sets and set A := | J,.; A;. We want to
show that A is transitive. Let a € A and x € a. There exists 7 € I such that a € A;.
Since A; is a transitive set, the relation z € a € A; impliesz € A;,hencex € A. O

Definition 4.3. A set « is called an ordinal if it is transitive and the pair (o, €) is a
well-ordered set.

Remark 1. ¢ The class Ord of all ordinals is not a set in the sense of axiomatic
set theory.

* The definition above implies, in particular, that € is a well-order on a, so it is
a transitive relation. According to Lemma 4.1, this means that any element of
o is a transitive set.

Example 4.1. Each natural number n + 1 = {0,...,n — 1} U {n} is an ordinal. In
addition, w = J,,cy 7 is an ordinal.

Definition 4.4. Let % be a relation on a set S. Then & is a strict ordering (on .5) if
and only if Z satisfies the strict ordering axioms:

(a) Asymmetry:
Va,b e S : (a#b) = —(bZa)

(b) Transitivity:
Va,b,c € S : (aZ#b) N\ (b%c) = aZc

Proposition 4.2. The binary relation € defines a strict order on Ord.

Proof. » cistransitive: Let o € 8 € ~, all in Ord. Since ~y is a transitive set, we
have a € 7.

* € is antisymmetric: Assume there exist o, 5 € Ord such that 8 € a € .

« Since [ is a transitive set, we have 5 € (3, and since (3, €) is well-ordered, this
is a contradiction.
O

Remark 2. The order we consider on Ord will always be the one given by &; thus, if
«, (8 are ordinals, o < 8 means « € 3.
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Proposition 4.3. Let o be an ordinal. Then

a ={pB| Bisanordinal and 8 < o}

Proof. Let 3 € a, we shall show that 3 is an ordinal.
* By Remark 1, we know that (5 is a transitive set.

+ Since « is a transitive set, we have 8 C «, so the relation € defined on S is
the restriction of the relation € defined on «. Since («, €) is well-ordered, this
implies that (3, €) is well-ordered. Thus, /3 is an ordinal.

O]

Corollary 4.1. Let o, 5 € Ord. Then
(a) a C Gifandonlyifforall§ € Ord: § < a = § < .
(b) a=pifandonlyifforalld € Ord: d < @ < § < 8.

Corollary 4.2. Let o, § € Ord such that &« < 5. Then « is a proper initial segment

of 5.

Lemma 4.3. Let a, 3 be ordinals such that § £ «. Then v = min(5 \ «) exists and
is included in «. If moreover « ;Cé B, then v = a, and so « € 5.

Proof. * The existence of 7 follows from the fact that 5 \ o # () and that £ is
well-ordered.

* Note that since v € 3, -y is an ordinal and v < (. Let d be an ordinal such that
d < 7. Since v < 3, we have § € 5. However, since § < -y, by the minimality
of v, we have § € «. This proves that v C «.

* Now assume that « C S and let § < «; we also have § € 5. If § > ~, we
would have o > ~, i.e.,, 7 € «, which by the definition of ~ is impossible.
Since 6,7 € (B and S is totally ordered, this implies 6 < ~. This proves that
a C 7, hence v = a.

O

Lemma 4.4. Let o, 5 be ordinals. Then a < g ifand only if & C .
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Proof. * If a = S, there is nothing to prove. If @ < [, the fact that 5 is a
transitive set implies o C [3.

* We assume that o C . In that case, Lemma 4.3 implies that o € 3, and we’re
done.
O

Proposition 4.4. The order < (which is also €) is a total order on Ord.

Proof. * Let o, 8 be ordinals such that § £ «. By Lemma 4.4, we have 8 Z «,
which by Lemma 4.3 implies v = min(§ \ o) C a.

* By Lemma 4.4, we have v < «. However, by the definition of , we cannot
have v € «, hence v = «, which implies a € .
O

Proposition 4.5. If o # (3, then o and ( are not isomorphic.

Proof. Since < is a total order, we can assume o« < . Then « is a proper initial
segment of 3, which, by Proposition 4.1, implies that « and 3 are not isomorphic. [

Proposition 4.6. The pair (Ord, <) is well-ordered.

Proof. Since the order is total, we only need to show that there is no strictly decreasing
infinite sequence of ordinals:

apg > Q1 > Q9 > > Qpy >

If such a sequence existed, then o, € o for every n > 0, s0 (@, )n>0 would be an
infinite decreasing sequence of elements of cy, which would contradict the fact that
oy is well-ordered. ]

Proposition 4.7.  (a) If « is an ordinal, then so is « U {a}. The ordinal o + 1 :=
a U {a} is called the successor of .

(b) If A is a set of ordinals, then sup(A) = |J A is an ordinal.
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Proof. For the second part: Set § = |J A. Then 9 is a union of transitive sets, so by
Lemma 4.2, it is a transitive set. To show that § is well-ordered, note that § C Ord
and that Ord is well-ordered. We will show that § is the supremum of A. Clearly,
a < d forany o € A. Lety € Ord be such that v > « forall « € A. Let 8 € 4; then
there exists & € A such that § € o < -, hence 5 € «y. This proves that § C ~, hence
0 <. O

Remark 3. e The definition of the successor of an ordinal is consistent with the
usual definition of the successor of an integer: indeed, if n € w, thenn 4+ 1 =
{0,1,...,n} =nU{n}.

* « + 1 is the smallest ordinal strictly greater than c.

* sup(A) is not necessarily a maximum: take A := {2n | n € w}, thensup(A) =
w, but A has no maximum.

« However, if we take A = {0, 1, 3}, then sup(A4) = max(A) = 3.

* If v is an ordinal, then, in particular, it is a set of ordinals, and in that case, we
have sup a = a.

Definition 4.5. An ordinal that is neither a successor nor 0 is called a limit ordinal .

Example 4.2. w is a limit ordinal (it is actually the smallest one).

Corollary 4.3. * Thus, we can say that there are three kinds of ordinals: 0, suc-
cessor ordinals, and limit ordinals.

* The distinction between limit and successor ordinals is an important one since
they have different properties. For example, a successor ordinal has a maxi-
mum, but a limit ordinal does not. We will also see that we usually separate
the cases of successor and limit ordinals when making a proof by induction on
ordinals.

* Proposition 4.7 gives us the tools to inductively construct ordinals. Remember
that natural numbers are constructed by starting with 0 and then repeatedly
applying the successor map: we define 1 as the successor of 0, 2 as the successor
of 1, and so on. Ordinals are constructed by alternately applying these two
operations:

— Taking the successor of the last ordinal defined.
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— Once the successor operation has been repeated w times, take the supre-
mum of all the already defined ordinals.

— More precisely, we start by defining 0, then apply the successor operation
w times to construct the set of natural numbers. We then define w as the
supremum of all natural numbers. We then repeat the same process: after
w comes its successor w+1 := wU{w}, thenw+2 := (w+1)U{w+1},
and so on. After applying the successor operation w times, we arrive at
w~+w = sup{n € wHw +n).

— By repeating this process indefinitely, we construct the class of ordinals.

w

We conclude our review of ordinal numbers with the most important result. This is a
generalization of ordinary induction and is a very useful tool for applying induction
to continuous chains of sets in which the index set is a set of ordinals.

Theorem 4.2 (Transfinite induction on Ord). Let &?(x) be a property defined on
ordinals such that:
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« Z(0) is true.
o If Z(«) is true, then Z(« + 1) is true.
¢ If v is a limit ordinal and & () is true for every 8 < «, then £ («) is true.

Then & («) is true for every a € Ord.

Theorem 4.3 (Transfinite induction on an ordinal). Let & € Ord and let &?(x) be a
property defined on « such that:

o Z(0) is true.
« If 5+ 1 < aand Z(p) is true, then Z(f + 1) is true.

« If § < « is a limit ordinal and Z(7) is true for every v < (3, then Z([3) is
true.

Then () is true for every 5 < c.

4.2 Vanishing of Ext Functor

Lemma 4.5. Let N be a module. Let { M, | o < k} be a continuous chain of mod-
ules. Put M = ,_,. M,. We assume that:

a<K
* Exth(Mp, N) =0, and
* Exth (Ma41/Ma, N) = 0 whenever a + 1 < k.

Then Ext}, (M, N) = 0.

Proof. Put M = M. By Theorem 4.3, we will prove the desired result using induc-
tion on a < k, that is, Exth(Ma, N) = 0 for each a < k.

(a) Zero Case. By assumption, it is true that Exth(M,, N) = 0 for a = 0.

(b) Successor Case. Let « = 8+ 1 < k. We assume that Ext}% (Mg,N) = 0. If
we apply the functor Ext},(—, N) to the short exact sequence

0— Mg — My — My/Mg — 0,
then we obtain

0 = Extp(Ma/ Mg, N) — Exty(May, N) — Extp (Mg, N) = 0.
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(c) Limit Case. Let o < k be a limit ordinal. We consider the short exact sequence
0—+N-—=IZDLI/N,

where I is injective. We want to show that Exth (M, N) = 0, so it suffices to
show that
7« Hom(My, I) — Hom(M,,I/N)

is surjective. Let ¢ € Hom(M,, I/N). We seek ¢ € Hom(M,,, I) such that
T =

* We construct a continuous chain of homomorphisms {¢g: Mg — I},_,
such that

¥ rMBZ ng and 1/}6 rM—y: 1/)77 Vf)/ < /B < .
Then, if we set ) := U6<a g, we obtain i) € Hom(M,, I) and ¢ = m).
* We construct this chain by induction on 8 < «:

— We assume that 13 is already defined. Since I is injective, there
exists 7 € Hom(Mpg. 1, I) that extends vg:

Mps —— My
Y3

1

—- If6 = ¢ [y, —mn € Hom(Mpg, 1, I/N), it can be easily seen that

d m,= 0. Hence, there exists 5: Mpg1/Mg — I/N such that the
following diagram commutes:

Mgy —>— I/N
pr e

Mpgi1/Mg

Since Ext}, (Mp41/Mp, N) = 0, there exists £: Mpgy1/Mg — I
such that 7é = 4. We set € = € o pr. Notice that & [Mﬁ: 0:

5
Mssy — 5 I/N
//\[
pr Jdl m
b

Mpi1/Mp ———F—— 1
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— Thus, me = 0 = ¢ [n,,, —mn. Therefore, if we set 5,1 = € + 1,
then 15,1 satisfies the desired properties.
— For a limit ordinal 5 < o, we put ¢g = U'y<5 ).

4.3 Sets of Modules and Complete Cotorsion Theories

Remark 4. In general, given a class of modules ., we do not have specific criteria
for testing whether the cotorsion theory cogenerated by . is complete or not. A
useful application of the preceding lemma is that whenever .7 is a set of modules,
the cotorsion theory cogenerated by . is complete.

Lemma 4.6. Let . be a set of modules. If X = @g ., S, then X+ = S+,

Proof. « Let P € .7, We consider an injective resolution of P:
05P5LT5T/P—0.
We want to show that Extk, (X, P) = 0, equivalently, we want to show that
£+ Hom(X,I) — Hom(X,I/P)

is surjective. Let p: X — I/P. If we denote by ig the embedding of S into
X, then for each S € .7, there exists /g € Hom(.S, I') such that the following
diagram commutes:

S— s x—*% /P

1

By the universal property of direct sums, there is a unique ¢): X — I such that
s = 1 o1g. It can be easily seen that ¢ = 7 0 2.

S—b s x % /P
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* The converse relation follows immediately from the projection map 7g: X —
S.
O

Theorem 4.4. Let .¥ be a set of modules. Let M be a module. There exists a short
exact sequence

0—>M—P—N—0,

where P € .7+, N €+ (1), and P is the union of a continuous chain of submod-
ules such that:

» Py =M, and

* P,4+1/P, is isomorphic to a direct sum of copies of elements of .# for each
a+1<A

In particular, M < P is a special .#*-preenvelope of M.

Proof. By Lemma 4.6, w.l.o.g., we can assume that . consists of a single element
S.

e Let0 - K % F — S — 0 be a short exact sequence with I’ being a free
module. Let A be an infinite cardinal such that K is < A-generated.

» We shall inductively construct a continuous chain of modules {P, | & < A}
that satisfies the assumptions of the theorem. We set Py = M.

* If o +1 < A, we assume that we have already constructed P for each 3 < o
If X, = Hom(K, P,), we define

Mo = @M € Hom (K(Xa)7F(Xa)> :
Xa

that is, i, is the direct sum of X-copies of u. From the definition of p,, it is
obvious that the following short exact sequence is implied:

0 — KWXa) Hoy pXa) 4 g(Xa) 4,

Therefore, p,, is @ monomorphism, and coker p,, is isomorphic to a direct sum
of copies of S.
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* Let ¢, € Hom(KX«), P,) be the canonical morphism, where

Pa ({knptnex,) = Z n(ky).

T]EXO(
For each n € X, we denote by v/, and 1/,’7 the canonical embeddings:
vy K = KX and v): F — FE),

Some trivial but at the same time important remarks are that n = ¢, o v, and

Upr O [L = [l © Vy.
We consider the pushout diagram of i, and ¢4:
K&Xa) __He | p(Xa)
Pal Ya
P,—t s P

By the dual result of Lemma 1.3, we have that i is a monomorphismand P, 1 /P,
is isomorphic to a direct sum of copies of S.

If @ < Ais a limit ordinal, we define P, = Uy, Ps. Weset P =, Pa-
First, we will prove that P € S+. Equivalently, it suffices to show that
" : Hom(F, P) — Hom(K, P)

is surjective. Let ¢ € Hom(K, P). Since K is < A-generated, there exists
a < Aandn € X, such that (k) = p(k) for each k € K.

If we combine the above relations, it follows that
an;],U/ = %MaVn = i@aun =n.

If we define ¢): F' — P such that ¢(f) = Yav,(f) for each f € F, then
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p=1pu.
K K F
n
i77 Pa wa’/;,

[

¢ ¥
Pa+1
P

« It remains to show that N = P/M €+ (.%*). Since N = P/M, we see that
N is the union of the continuous chain {/NV, | @ < A}, where N, = P, /M.
Let X € S+

— Since Py = M, we have Ny = 0. Thus, it is obvious that Ext}z(]\fo, X)=
0.

— Ifa+1 < A\, we have shown that P, /P, is isomorphic to a direct sum
of copies of S, and since X € S, it follows that Ext}% (Pot1/Pa, X) =
0.

By Lemma 4.5, we have that Extj, (N, X) = 0, and therefore N € (S+).

O]

Corollary 4.4. Let .# be a set of modules. Then the cotorsion theory
r o (-(#).7)

is complete.
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CHAPTER 5

ALL MODULES HAVE FLAT
COVERS

5.1 Existence of Special Precovers Implies Cover’s Existence

We aim to prove that each module has a flat cover. A key point in proving this result
is to show that the existence of a special flat precover induces the existence of a
flat cover. If we combine this result with the main result of Chapter 5 (that the flat
cotorsion theory is complete), we will have proved the desired result.

Theorem 5.1. Let R be a ring and M be a module. Let % be a class of modules
closed under extensions and arbitrary direct limits. Assume that M has a special
€ *-preenvelope ¢, with cokerp € €. Then M has a € envelope.

Definition 5.1. With the above assumptions, an exact sequence
0O—-M—-F—-C—0, Ce¥%

is called an Ext-generator if for each exact sequence
0-M-—=>F —-C' =0, C'e¥

47
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there exist f € Homp(F’, F) and g € Hompg(C’, C') such that the following diagram
commutes:

0 M F’ c’ 0
f g
0 M F C 0

Lemma 5.1. With the assumptions of Theorem 5.1, assume that 0 — M — F —
C — 0 is an Ext-generator. Then there exists an Ext-generator 0 — M — F' —
C’ — 0 and a commutative diagram:

0 M F c 0
f g
0 M F’ c’ 0

such thatker f = ker f’ f in any commutative diagram whose rows are Ext-generators:

0 M F C 0
! g

0 M F’ c’ 0
f q

0 M F” c’ 0

Proof. We assume, for the sake of contradiction, that the above result is not true.
Then, for any Ext-generator 0 -+ M — F’ — C’ — 0 and a commutative diagram:

0 M F C 0
f g
0 M F’ C’ 0
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there exists a commutative diagram whose rows are Ext-generators:

0 M F C 0
! g

0 M F’ c’ 0
f q

0 M F” c’ 0

such that ker f & ker(f’f). By induction, we will construct for each ordinal « a
strictly increasing chain of submodules of F', {ker fos | 8 < a}, which leads to a
contradiction.

e Zero Case. Weset F/ = Fy =F,C' = Cy = C,and f = idp, g = idc. Then
there exist | = F” and Cy = C” € € with a pair of morphisms fo; = f/,
go1 = ¢’ such that the following diagram commutes:

0 M F C 0
f g

0 M F’ c’ 0
f g

0 M F" c” 0

its rows are Ext-generators, and 0 = ker f ; ker fo1.
* Successor Case. We assume that the Ext-generator
O—-M—F,—C,—0

is defined together with fg, € Hom(Fj, F,) and gg, € Hom(Cp, Cy) such
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that for any 5 < a, the following diagram commutes:

0 M F C 0
fop 9o

0 M Fg Cs 0
f8a 9Ba

0 M F, Co 0

and ker(fog) G ker(fopr) for each 3 < ' < . Then there exists an Ext-
generator 0 = M — Fi,41 — Coy1 — 0and fq o1 and go o+1 such that the
following diagram commutes:

0 M F C 0
foa 9o

0 M F, Ca 0
Ja,at1 Ja,at1

0 M Fop1 —— Cop1 —— 0

its rows are Ext-generators, and ker foo G ker foa i1, where fg a41 = fa,at1/3a
and 98,a+1 = Go,a+19Bas for all 5 < a.

» Limit Case. We assume that « is a limit ordinal and that
0—=M—=Fz—Cg—0

is defined for each § < « together with fg 3 € Homp(Fj3, Fjgr) and gg 3 €
Hompg(Cs,Cps), whenever 3 < ' < a. Then the “triad”:

(0 — M — Fg — Cg — 0, (fﬁﬁ’agﬂﬁ’)ﬂgﬂ’<a>5<a

is a directed system. Let

(0 — M — Fa — Ca — 07f5017g,304)ﬁ<o¢
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be the direct limit of the above system, where I, = lim Fjgand C, = lim Cj €
— —

%, since ¥ is closed under arbitrary direct limits. Then it can be easily seen
that

O—-M—F,—-C,—0

is an Ext-generator and that ker(fog) & ker( foa), forall 8 < a.

Lemma 5.2. With the assumptions of Theorem 5.1, assume that 0 - M — F —
C — 0 is an Ext-generator. Then there exists an Ext-generator 0 — M — F' —
C’ — 0 and a commutative diagram

0 M F c 0
f g
0 M F’ C’ 0

such that ker(f”) = 0 in any commutative diagram whose rows are Ext-generators:

0 M F’ c’ 0
, ,
0 M F” c” 0

Proof. We will inductively construct a countable system ID of Ext-generators using
Lemma 5.1, and we shall show that the direct limit of this system satisfies the desired
property.

» Zero Case. Weset) - M — F — C — 0 as the 0-th term of D. By
Lemma 5.1, there exists an Ext-generator 0 - M — F; — C7 — O and a
commutative diagram

0 M F C 0




52 CHAPTER 5. ALL MODULES HAVE FLAT COVERS

such that for any commutative diagram

0 M F C 0
H | |at

0 M A Cy 0
| b

0 M P cr 0

whose rows are Ext-generators, then ker ( 1 f&) = ker f&.

* Inductive Step. We assume that for some m € N, we have constructed a
directed system D,,, of Ext-generators:

0—-M—F,—C;—0)",

(fij € Hom(F;, Fj), gij € Hom(Cy, C5)) ey

where ff“ and gZZ»Jr1 are defined as in the zero case, and for each ¢ < j, we

define
J _ £ i+1 J_ J i+1
fi=Ffi_jo---0of and g =gj_1°°:0g; .

By Lemma 5.1, there exists an Ext-generator 0 - M — F,11 — Cpq11 — 0
and a commutative diagram:

H lfﬁ“ lgﬁ“
0 M Fn+1 — Cn_|_1 — 0

such that for any commutative diagram:

0 M F, Ch 0
H fatt lglf“

0 M Foyp —— Chy1 —— 0
| b

0 M I c” 0

So we have constructed a countable direct system D of Ext-generators:

0—=M—=F, = Cy,—0),cx

(fij c Hom(Fi,Fj), Gij c Hom(Ci,Cj))iSj
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with the above properties. We consider the direct limit of ID:
(0= M —= F = C" = 0,(n, ¥n)pen)

so that F/ = li_n}Fn and ¢/ = li_n}C’n € ¥. We will show that this direct limit

satisfies the desired property.
We consider a commutative diagram:

0 M F’ C’ 0
H lfl lg,
0 M F” c’ 0

whose rows are Ext-generators. We assume, for the sake of contradiction, that there
exists [z] € ker(f’) and [z] # [0]. There is an n € N such that x € F,,. Since
on(z) = [x] # 0, it follows that for each m > n, we have f"*(x) # 0, therefore
x ¢ ker (f}™"). By construction of the direct system, the following diagram commutes:

e e
0 M Fn+1 CnJrl 0
H J/f/‘PnJrl lg/SDn«H
0 M " c” 0
Then,
ker (f'on fiT) = ker(f'¢n) = ker (f11),
which leads to a contradiction. O

T

Lemma 5.3. With the assumptions of Theorem 5.1, let0 — M 2 F' 5 ¢’ — 0 be
the Ext-generator constructed in Lemma 5.2. Then ¢: M — F’ is a €-envelope of
M.

Proof. * Firstly, we will show that for any commutative diagram:
0 M F’ c’ 0
[ |
0 M F’ c’ 0
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then f’ is an automorphism. Since f’ is injective by the previous lemma, it
suffices to show that f’ is surjective. We assume that this is not true. We set:

O0—-M-—-F—C—0) = (0->M-=F —C —0)

= 0>M—-F—C—=0)

and fo1 = f’. Then there is a commutative diagram:

0 M Fy Co 0
| ]
0 M Fy Cy 0

Again, we set:
0—-M-—>F,—-0,—-0=0—>M-—F—C-—0)

Then there is a commutative diagram:

0 M A e 0
|
0 M P Cy 0

where f12 is injective but not surjective. If foo = f12 01, then Im foo g Imfo;.

In general, for each n € N, there exist
O0—-M—F,—C,—0) and f,_1,¢€Hom(F,_1,F),)
where f,,_1 5 is injective but not surjective, such that
Imfon, GImfr, G- SImfy 1, G F'.

Therefore, we have that card (F’) > n, for all n € N, so card (F') > w. We
shall show that card (F’) > §3, for all ordinals (3, and that leads to a contradic-
tion.

Let /3 be an arbitrary ordinal. We assume that there exist
0—-M-—->F—-C\—0)=0—-M-—->F—-C—=0), VA<
and for each A < 3, we have
(gr: Fx—= Fxp) = (f- F' = F'),
and foreachk < A < v < 63,

fﬁal’ = f)\,ufn,)\-
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— If 8 = v+ 1, then we set
0=>M-—=F3—=C3—=0=0—-M-=F—=C=0)

and f, 3 = f’. Then we set fy3 = fysfr~. Then there is a strictly
increasing chain of submodules of F’:

{Imf)\ﬁ ‘ A< B}
thus, card (F') > g.
— If 8 is a limit ordinal, we take the direct limit of the above direct system:

(0—>M—>Fé—>(};3—>0):(O—>M—>li_n>1F,\—>li_r)nC,\—>O)

and we set gy g to be the canonical induced maps, for all A < 3. Since
the sequence (0 - M — F’ — C’ — 0) is an Ext-generator, there exist
a pair of morphisms (h, p) and a commutative diagram:

!/ !
0 M Fﬁ CB 0
h g
0 M F’ c’ 0
and we set

0—->M—=F3—C3—0)=(0—->M—=F —C —0)

and

From the above relations, it can be easily shown that

{Imf)\ﬂ ‘ A< ,8}

is a strictly increasing chain consisting of submodules of F’, therefore,
card(F') > S.

« Secondly, we will show that I/ € €+. Let C € ¥. We will show that
Exty, (C, F') = 0. We consider an extension:

oFLEToo
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and it suffices to show that the above sequence splits. By the following pushout
diagram:

and Lemma 1.3 (pushout version), we have the following diagram:

0 0

0 M F’ c’ 0
RN

0 M E P 0
6 | e— 6
0 0

Since ¥ is closed under extension, by the fourth column of the above diagram,
we have that P € €. Since 0 -+ M — F' — C’ — 0 is an Ext-generator,
there exist linear maps h, ¢ making the following diagram commutative.

0 0

0 M F’ '’ 0
| s

0 M F P 0
6:6
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Then we have the following diagram:

0 M F’ C’ 0
hf tg
0 M F’ c’ 0

and from the above part, it follows that & f and £g are automorphisms. Then, it
is clear that the middle column of the above diagram:

0-F LEST =0
splits, and we are done.
* Finally, we shall show that
0-M3HF -C' =0

is a ¢*-preenvelope, and combined with the first part, we obtain the desired
result. Let F” € €+ and M 2> F". Since

0sME5FcSo0

is a special €+ -preenvelope, there exists a linear map ¢ such that the following
diagram commutes:

M2 .F
5 )
F/l

Since 0 — M ﬁ> F — C' — 0 is an Ext-generator, there is a commutative

diagram:
0 M —>— F c’ 0
¢
0 M—2 5 F C 0
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The above observations imply the following commutative diagram:

M —%— F'
v op
F//

and we are done.
O

We have demonstrated that, in a module class ¥ closed under extensions and
direct limits, the existence of a special preenvelope leads to the existence of a € -
envelope. Can the dual result also hold? In other words, does the existence of a
ZL-precover imply the existence of a .Z-cover?

The answer is yes! The proof of this result can be established by making slight modi-
fications to the preceding lemmas and their proofs. For this reason, we will only state
the necessary lemmas required for the proof of the theorem.

Theorem 5.2 (Xu). Assume % is closed under direct limits. If M has a -
precover, then M has a €-cover L. — M. Furthermore, if ¥ is closed under
extensions, then ker(L — M) € €+,

Lemma 5.4. Assume % is closed under direct limits. If L — M is a € -precover of
M, then there exists a precover L — M and a commutative diagram:

L — M

L— M

such that for any precover L* — M and any commutative diagram:

L—M

g

LY — M
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it follows that ker(¢gf) = ker(f).

Lemma 5.5. Assume % is closed under direct limits. If L — M is a € -precover of
M, then there exists a precover L — M and a commutative diagram:

|

L — M

— M

such that for any precover L* — M and any commutative diagram:

L— M

g

L — M
it follows that ker(g) = 0.
Lemma 5.6. Assume % is closed under direct limits, and let L — M be a €’ -precover

of M. If L — M is the precover defined in the previous lemma, then L — M is an
Z-cover.

5.2 Flat Cotorsion Theory
Definition 5.2. Let M € R-Mod. The character module of ) is defined as
DM = Homy (M, Q/Z).
It is straightforward to verify that DM € Mod-R with the right action given by
(f-r)(x) = f(rz), Yz eM,reR.

In the case where M is a right R-module, DM is defined analogously and can be
endowed with a left R-module structure as follows:

(r-f)(z)= f(zr), Vexe M, K VreR.

Proposition 5.1. (a) DM = 0 ifand only if M = 0.
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(b) If X, € Ch(R), then X, is acyclic! if and only if D (X,) is acyclic.

(c) For each M € R-Mod and N € Mod-R, there is a natural isomorphism of

abelian groups:
D (N ®r M) = Homp (M,DN).

Similarly, there is a natural isomorphism of abelian groups:
D (N ®r M) = Homp (N,DM).

(d) For each M € R-Mod and N € Mod-R, there is a natural isomorphism of

abelian groups:
D (Tor}(N, M)) = Ext};(M,DN).

Similarly, there is a natural isomorphism of abelian groups:

D (Tor (N, M)) = Extjy(N,DM).

Proof.  (a) Itis obvious that if M = 0, then DM = 0. Conversely, we assume that
DM = 0, and for the sake of contradiction, we assume that M # 0. Then there
exists © € M such that  # 0. Therefore, there is a nontrivial Z-morphism:

p: (z) = Q/Z.
Since (x) < M and Q/Z is a divisible abelian group, ¢ can be extended to
f: M —Q/Z#0

which is a contradiction.

(b) We assume that X, is acyclic. Then,
H% (D (X.)) =D (HE(X,)) =D(0) =0, VneN.
Conversely, we assume that D (X,) is acyclic. Similarly, we have that
H} (D (X.)) = D (HE(X.)) = 0.

By (a), we conclude that H?(X,) = 0 forall n € N,

(c) We consider the mapping:
¢: Homz (N ®p M,Q/Z) — Hompg (M, Homgz, (N, Q/Z))

defined by:
p(f)(m)(n) = f(n®@m) € Q/Z.

'A chain complex X, is acyclic if HY (X.) = 0 forall n € N.
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(d) Let P, — M be a projective resolution of M. Then:
D (Tor}(N,M)) = D (HE(N®gP,))

= H} (D(N @rP,))

1%

H}, (Hom (P., DN))

where:
Ext% (M,DN) = H% (Hom (P,,DN)).

Definition 5.3. For a class (right resp. left) of R modules € we put
¢" = {N € R-Mod | Tor{'(C, N) = 0 forall C € €}

¢ = {N € R-Mod | Torf(N,C) =0 forall C € €}

Definition 5.4. Let o7, 2 C Mod-R. The pair (<, %) is called a Tor - torsion
theory if
o ="% and B=o".

Example 5.1. Using Chapter 3 it can be easily seen that the pair (.# .2 (R), R-Mod),
where .7 £ (R) is the class of flat R - modules, is a Tor - torsion theory.

Lemma5.7. Let Rbe aring and (.o, %) be a Tor - torsion theory. Then = (42%, %L)
is a cotorsion theory.

Proof. We want to show that &/ =+ (/). The relation & C+ (&) is obvious.
Conversely, let M €t (d L) and we want to show that M € &/ =" . Let B € &
and by Proposition 5.1 there is a canonical isomorphism

D (Tor{!(M, B)) = Extj (M,DB)

By Proposition 5.1 (a), it suffices to show that DB € o7 Similarly, if A € o7 then

Exth (A,DB) =D | Torl{(4,B) | =0
0
and we are done. O

Definition 5.5. By previous lemma it can be easily seen that (.#.Z(R), R-Mod) is
a Tor - torsion pair, therefore the pair (.2 (R),&(R)) is a cotorsion pair, where
&(R) = .FZ(R)" is called the class of all Enochs cotorsion modules .
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5.3 The Class of Flat Modules is a Cover Class

Lemma 5.8. Let R be aring and M € R-Mod. Let x be an infinite cardinal such
that | R| < x (for example, £ = max {|R|,Ro}). If X C M such that | X| < &, then
there is a pure submodule NV C M such that

XCN and |N|<k.

Proof. Ifweset N = (X)) = 3 _ Rz, then it is easy to see that

N=> Rz= |J ( > Rx) :
zeX X/'CX,|X/|<o0 \zEX'
Since |R| < k, then

ZRCE

zeX’

< ‘R'Xl“ =|R| <k, forall X’ C X such that ]X’| < 00,

and since | X| < k, we have that |[N| < k. By the definition of NV, it is not clear
whether NV is pure. According to Theorem 3.2, N is pure if and only if for every
commutative diagram

R* —%*— R™

f g
N—"—s M
there is a linear map ¢: R™ — N such that the following diagram commutes:

R" —*— R™

g .
N———u M

Based on this requirement, and since we cannot ensure that N is pure, we proceed
with the following construction for any submodule N of M where |N| < k. First, let

2 ={f: R" — N | f is an R-homomorphism, n € N} .
For each f € 2, we define:

Ir={a:R"=>R"| 3g: R" - M : ga=if, meN}.
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Since each f € 2" is determined by the image of n generators, it is easy to see that

2 = |_|Nn:>‘%|§N0-I€:Ii.

n=1

In addition, it is a straightforward verification that | _#¢| < x, forall f € 2. We set

In={f,a) | feZ, ac Ff}.

From the above remarks, we have |Zy| < k. For each (f,a) € Zy, we choose a
g: R™ — M such that g = i f. We then consider the following diagram:

® rR"—2— @ R"

(fva)EZN (f7OC)EZN
F G
N . M

where F' o V(fa) = fand G o P(fa) = 9(f.0) if
Yy R D R and pya: R" = P OR"
(f,)€ZNn (f,)€Zn

are the canonical embeddings.
We define

N =N+ImG) =N+ Y g R™
(f’a)GZN

We can make the following observations.
* Since |g(f,0) (R™)| < |R™| < k,|ZN| < K, and
N=N+ > gpao@®)=N+ |J D 9 (B™)
(f)eZn 2'CZ, |Z'|<oo \(f0)€Z’
then we have that |[N'| < k.
* For every commutative diagram

R" —* 4 R™

N—M
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there is a commutative diagram

R* — % R™

N — % N

Based on the previous construction, we inductively define a sequence of submodules
of M as follows: let Ny = (X), and for each n € N, define N,,11 := (N,) as
described above. From the construction, it follows that |N,,| < « for all n € N. We
then define

oo
N={]JN,
n=0
and proceed to show that NV satisfies the desired properties.
* By the definition of N, we have that X C N and |N| < k.

* We will now show that IV is pure. Consider the following commutative dia-
gram:

R* —%*— R™

N—"—— M
Since R" is finitely generated, there exists a k& € N such that f(R") C Nj.
If we identify f with fi: R™ — Ny, then it holds that f = 73 fx, where

Tk : N < N is the inclusion map. Consequently, there exists a g;.: R™ —
N1 such that the following diagram commutes:

R —2% 4 R™
fr 9k

Ny, —— Nyt

If we set ¢ := 711 0 gr: R™ — N, then the following diagram commutes:

R —<% L+ Rm
f v g
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Thus, the proof is complete.

Proposition 5.2. Let M be an R-module and s be an infinite cardinal such that
|R| < k. Then there exists an ordinal A and a continuous increasing family of pure
submodules {M,, | & < A} such that:

s My =0,

« M=M= My,

a<<

o |[Mot1/My| <k, foralla+1 < A

Proof. We enumerate M as M = {x, | & < A}, where | M| = A\. We will define a
family {M, | o < A} that satisfies the desired properties using induction.

» Base Case. My = 0.

* Successor Case. Let o = v + 1. We assume that Mg has been defined for
every 8 < « such that:

|Mpgy1/Mp| <k, forevery B+1 < a,

and M3 = J g<3 Mp, whenever f3 is a limit ordinal.

If M, = M, then the procedure stops, and we are done. Otherwise, let x €
M \ M., therefore
0# Rz C M/M,.

Since |RZ| < |R| < k, then by Lemma 5.8, there exists a pure submodule
N C M/M,suchthat R-Z C N and |[N| < k.

Then, there exists a submodule M, 1 € M such that M., C M, and

N = Myy1/My = [Myp1/My| = |[N| < k.

Finally, we will show that M., 1 is pure, which follows immediately since
N=My/M,CM/M, and M,C M
are pure.

* Limit Case. If « is a limit ordinal, then we define M, = |J B<a Mg, and M,,
is pure.
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O

Corollary 5.1. If M € . % (R) and & is an infinite cardinal such that |R| < k, then
there exists a continuous, increasing family of flat submodules satisfying:

® MO =0
* Mot1/M, is flatand | Myy1/My| < K

* M=U, M,

Proof. We consider a pure family { M/, }, as in the previous proposition. Since M, C
M is pure and M is flat, by Corollary 3.3, it follows that M, is flat.
Since M, C M, is pure, we consider the following pure exact sequence:

0— My — Myt1 — Mayy1/My — 0

By Corollary 3.3, the quotient M1 /M, is flat. O

Theorem 5.3. The flat cotorsion theory (% .Z(R),&(R)) is complete. Since
F £ (R) is closed under direct limits, it follows from Theorem 5.2 that % 2 (R)
is a cover class.

Proof. We consider the set
S ={Misflat | | M| < k}.

We will show that the flat cotorsion theory (. .Z(R), & (R)) is cogenerated by .7,
which is equivalent to
ER) = (FZL(R))*: =7~

The first relation is obvious since

S CFZZL(R)= ER) = (FL(R))" C.7t.

Let C € .+, We shall show that

Ext!(F,C) =0, forall F e .Z7.Z(R).
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Let F' € . Z(R) and {F,, | o < A} be a flat family of submodules with the proper-
ties of the above corollary. Then,

Foi1/Fy € FZL(R) and  |Foq1/Fu| <k,
therefore, Fi,+1/F, € .. Since
Ext'(Fy,C) =0 and Ext'(F,.1/F,, C) =0, foralla+1< ),
by Lemma 4.5, we deduce that

Ext!(F,C) = Ext! (U F,, 0) =0.

a<
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