
Graduate Algebra

Concise Notes

Konstantinos Bizanos

Columbia, Missouri
June 9, 2026



2



Contents

1 Group Theory 7
1.1 Group Actions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7
1.2 Sylow Theorems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11
1.3 Nilpotent Groups . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15
1.4 Solvable Groups . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16
1.5 Problems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18

2 Ring Theory 25
2.1 Factorization in Commutative Rings . . . . . . . . . . . . . . . . . . . . . . . . . 25
2.2 Unique Factorization Domains and P.I.D.’s . . . . . . . . . . . . . . . . . . . . . . 26
2.3 Euclidean Domains . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 28
2.4 Greatest Common Divisors . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29
2.5 Localization . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 30
2.6 Problems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 32

3 Galois Theory 39
3.1 Algebraically Closed/Closures and Separability . . . . . . . . . . . . . . . . . . . 39
3.2 Primitive Element Theorem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 41
3.3 Galois Extensions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 42
3.4 Towards to the Fundamental Theorem . . . . . . . . . . . . . . . . . . . . . . . . 45
3.5 Problems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 46

4 Modules 49
4.1 Direct Sum and Direct Limits . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 49
4.2 Exact sequences . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 49
4.3 Split Exact Sequences . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 51
4.4 Free Modules . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 52
4.5 Invariant Dimension Property . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 54
4.6 Projective Modules . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 56
4.7 Injective modules . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 59
4.8 Divisible Modules . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 61
4.9 Embeddings on Injectives . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 62
4.10 Hom . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 64

3



4.11 Dual Modules . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 68
4.12 Tensor Product . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 68
4.13 Finitely generated modules over a PID . . . . . . . . . . . . . . . . . . . . . . . . 74
4.14 Problems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 77

5 Linear Algebra 87
5.1 Rank - Nullity Theorem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 87
5.2 Row/Column Rank of a matrix . . . . . . . . . . . . . . . . . . . . . . . . . . . . 90
5.3 Eigenvalues and Diagonalization . . . . . . . . . . . . . . . . . . . . . . . . . . . 92
5.4 Minimal Polynomial . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 94
5.5 Cayley–Hamilton Theorem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 94
5.6 Invariant Factors . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 95
5.7 Canonical Forms and Companion Matrices . . . . . . . . . . . . . . . . . . . . . 100
5.8 Simultaneous Diagonalization . . . . . . . . . . . . . . . . . . . . . . . . . . . . 102
5.9 Problems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 104

4



Preface

This set of notes is based on the Graduate Algebra course taught by Professor Dan Edidin during
both the Fall and Spring semesters. The notes follow, to a large extent, the structure of Hungerford’s
book Algebra; however, an important number of sections have been modified.

This set of notes is far from being well written and, at this point, cannot be considered a proper
set of notes for independent study, since it is not even completed yet ( :( ). Some fundamental
definitions and results from group and ring theory, such as the definition of a group and a ring,
normal subgroups and ideals, Lagrange’s Theorem, the First Isomorphism Theorem, etc., have
been omitted from these notes. They can, however, be found in Hungerford’s book.

These notes are still under construction, and it is expected that some important sections con-
cerning polynomial rings, field theory, and the Fundamental Theorem of Galois Theory will be
incorporated in future versions.

For any typos or (vital) mistakes, feel free to contact me at: kbfg6@missouri.edu
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Chapter 1

Group Theory

1.1 Group Actions
Definition 1.1.1 (Action of a group on a set). An action of a group G on a set S is a function
G× S → S (usually denoted by (g, x) 7→ gx) such that for all x ∈ S and g1, g2 ∈ G:

ex = x and (g1g2)x = g1(g2x).

When such an action is given, we say that G acts on the set S.
Since there may be many different actions of a group G on a given set S, the notation gx is

ambiguous. In context, however, this will not cause any difficulty.

In the following examples we are going to demonstrate some actions which are going to be used
multiple times either in the proofs of some theoretical results or exercise.

Example 1.1.1. An action of the symmetric group Sn on the set In = {1, 2, . . . , n} is given by

(σ, x) 7→ σ(x).

Example 1.1.2. Let G be a group and H a subgroup. An action of the group H on the set G is
given by

(h, x) 7→ hx,

where hx is the product in G. The action of h ∈ H on G is called a (left) translation. If K is
another subgroup ofG and S is the set of all left cosets ofK inG, thenH acts on S by translation:

(h, xK) 7→ hxK.

Example 1.1.3. Let H be a subgroup of a group G. An action of H on the set G is given by

(h, x) 7→ hxh−1;

to avoid confusion with the product in G, this action of h ∈ H on G is always denoted by hxh−1

and not hx. This action of h ∈ H onG is called conjugation by h and the element hxh−1 is said to

7



be a conjugate of x.

IfK is any subgroup of G and h ∈ H , then hKh−1 is a subgroup of G isomorphic toK. HenceH
acts on the set S of all subgroups of G by conjugation:

(h,K) 7→ hKh−1.

The group hKh−1 is said to be conjugate toK.

Theorem 1.1.1. Let G be a group that acts on a set S.

a. The relation on S defined by

x ∼ x′ ⇐⇒ gx = x′ for some g ∈ G

is an equivalence relation.

b. For each x ∈ S, Gx = {g ∈ G | gx = x} is a subgroup of G.

Proof. Problem 1.1

The equivalence classes of the equivalence relation of Theorem 1.1.1 are called the orbits of
G on S; the orbit of x ∈ S is denoted O(x). The subgroup Gx is called variously the subgroup
fixing x, the isotropy group of x or the stabilizer of x.

Example 1.1.4. If a group G acts on itself by conjugation, then the orbit

O(x) = {gxg−1 | g ∈ G}

of x ∈ G is called the conjugacy class of x. If a subgroupH acts onG by conjugation the isotropy
group

Hx = {h ∈ H | hxh−1 = x} = {h ∈ H | hx = xh}
is called the centralizer of x in H and is denoted CH(x). If H = G, CG(x) is simply called the
centralizer of x. IfH acts by conjugation on the set S of all subgroups of G, then the subgroup of
H fixingK ∈ S, namely

{h ∈ H | hKh−1 = K},
is called the normalizer of K in H and denoted NH(K). The group NG(K) is simply called the
normalizer ofK. Clearly every subgroupK is normal in NG(K);K is normal in G if and only if
NG(K) = G.

Theorem 1.1.2. If a group G acts on a set S, then

|O(x)| = [G : Gx] (1.1)
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Proof. Let g, h ∈ G. Since

gx = hx ⇐⇒ g−1hx = x ⇐⇒ g−1h ∈ Gx ⇐⇒ hGx = gGx,

it follows that the map given by gGx 7→ gx is a well-defined bijection of the set of cosets of Gx in
G onto the orbit O(x). Hence, |O(x)| = [G : Gx].

Corollary 1.1.1. Let G be a finite group andK a subgroup of G.

a. The number of elements in the conjugacy class of x ∈ G is [G : CG(x)], which divides |G|;

b. if O(x1), . . . ,O(xn) (xi ∈ G) are the distinct conjugacy classes of G, then

|G| =
n∑
i=1

[G : CG(xi)];

c. the number of subgroups of G conjugate toK is [G : NG(K)], which divides |G|.

Proof. Problem 1.2.

The equation

|G| =
n∑
i=1

[G : CG(xi)] (1.2)

as in Corollary 1.1.1 is called the class equation of the finite group G.

Theorem 1.1.3. If a group G acts on a set S, then this action induces a homomorphism
G→ A(S), where A(S) is the group of all permutations of S.

Proof. Problem 1.3.

Corollary 1.1.2 (Cayley). IfG is a group, then there is a monomorphismG→ A(G). Hence, every
group is isomorphic to a group of permutations. In particular, every finite group is isomorphic to a
subgroup of Sn with n = |G|.

Proof. Let G act on itself by left translation and apply Theorem 1.1.3 to obtain a homomorphism
τ : G → A(G). So that this homomorphism is injective. To prove the last statement note if
|G| = n, then A(G) ∼= Sn.

Corollary 1.1.3. Let G be a group.
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a. For each g ∈ G, conjugation by g induces an automorphism of G.

b. There is a homomorphism G→ AutG whose kernel is

C(G) = {g ∈ G | gx = xg for all x ∈ G}.

Proof. Consider the action ofG inG by conjugation and the corresponding group homomorphism

τ : G→ A(G), g 7→ τg
[
τg(x) = gxg−1

]
Show that τg is an automorphism, for all g ∈ G, and that ker τ = C(G).

Remark 1.1.1. The automorphism τg of 1.1.3 is called the inner automorphism induced by g.
The normal subgroup C(G) = ker τ is called the center of G. An element is in the center if and
only if it commutes with all elements in G, i.e., its orbit under the conjugacy action is a singleton.
Consequently, the class equation of G may be written

|G| = |C(G)|+
m∑
i=1

[G : CG(xi)], (1.3)

where O(x1), . . . ,O(xm) are distinct conjugacy classes of G and each [G : CG(xi)] > 1.

Remark 1.1.2. Inner automorphisms do not exhaust the group of automorphisms over a fixed
group G. For example, over Z, the map n 7→ −n is an automorphism, nevertheless it is not inner.
However, there are some important groups such asSn, where all automorphisms are inner (Problem
1.17). In Problem 1.16 one can show that the group of inner automorphisms Inn(G) is a normal
subgroup of Aut(G). The quotient Aut(G)/ Inn(G) is called the group of outer automorphisms
of G. .

Proposition 1.1.1. LetH be a subgroup of a groupG and letG act on the set S of all left cosets of
H inG by left translation. Then the kernel of the induced homomorphismG→ A(S) is contained
in H .

Proof. Show that the kernel of the corresponding homomorphism G → A (G/H) is the normal
subgroup K =

⋂
x∈G xHx

−1, which is obviously contained in H .

Corollary 1.1.4. IfH is a subgroup of index n in a group G and no nontrivial normal subgroup of
G is contained in H , then G is isomorphic to a subgroup of Sn.
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Proof. Apply Proposition 1.1.1, and use the fact that the kernel of the induced homomorphism is
a normal subgroup which is contained in H .

Corollary 1.1.5. If H is a subgroup of a finite group G of index p, where p is the smallest prime
dividing the order of G, then H is normal in G.

Proof. Let S = G/H be the set of all left cosets of H in G. Then A(S) ∼= Sp, since [G : H] = p.
If K is the kernel of the homomorphism G → A(S) of Proposition 1.1.1, then K is normal in G
and contained inH . Furthermore, G/K is isomorphic to a subgroup ofSp. Hence, by Lagrange’s
theorem

|G : K| | |Sp| = p!

But every divisor of |G/K| = [G : K]must divide |G|, so no number smaller than p (except 1) can
divide |G| 1, and we must have |G/K| = p or 1. However

|G/K| = [G : K] = [G : H][H : K] = p[H : K] ≥ p.

Therefore |G/K| = p and [H : K] = 1, whence H = K. But K is normal in G.

1.2 Sylow Theorems

Lemma 1.2.1. If a group H of order pn (p prime) acts on a finite set S and if

S0 = {x ∈ S | hx = x for all h ∈ H},

then
|S| ≡ |S0| (mod p).

Proof. Since |O(x)| = [H : Hx], then

O(x) = {x} ⇐⇒ H = Hx ⇐⇒ x ∈ S0

Hence S can be written as a disjoint union

S = S0 ∪ O(x1) ∪ · · · ∪ O(xk),

with |O(xi)| > 1 for all i. Hence

|S| = |S0|+ |O(x1)|+ · · ·+ |O(xk)|.
1Check it in the case where |G| = 75 and p = 3. What does it mean that [G : K] | 3!? If you have convinced

yourself, feel free to move to the general case.

11



Now p | |O(xi)| for each i since

|O(xi)| = [H : Hxi ]| |H|

and |H| = pn. Therefore |S| ≡ |S0| (mod p). 2

Theorem 1.2.1 (Cauchy). If G is a finite group whose order is divisible by a prime p, then
G contains an element of order p.

Proof. Let S be the set of p-tuples of group elements

S = {(a1, . . . , ap) | ai ∈ G and a1a2 · · · ap = e}.

Since ap is uniquely determined by (a1 · · · ap−1)
−1, it follows that |S| = np−1, where |G| = n.

Since p | n, |S| ≡ 0 (mod p).

Let Zp act on S by cyclic permutation:

k · (a1, . . . , ap) = (ak+1, . . . , ap, a1, . . . , ak).

This defines a group action. Now (a1, . . . , ap) ∈ S0 if and only if a1 = · · · = ap. Since (e, . . . , e) ∈
S0, we have |S0| 6= 0. By Lemma 1.2.1,

0 ≡ |S| ≡ |S0| (mod p).

Hence there are at least p elements in S0, so there exists a 6= e such that (a, . . . , a) ∈ S0, and hence
ap = e. Since p is prime, |a| = p.

Corollary 1.2.1. The center C(G) of a nontrivial finite p-groupG contains more than one element.

Proof. Problem 1.4.

Lemma 1.2.2. If H is a p-subgroup of a finite group G, then

[NG(H) : H] ≡ [G : H] (mod p).

2This is an interesting fact because the set S0 or Fix(G) appears frequently in the group theory. For example if
G acts with conjugacy in G, then Z(G) = Fix(G). If H acts with left multiplication to the left coset G/H , then
Fix(G) = NG(H)/H .
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Proof. Let S be the set of left cosets of H in G. Then |S| = [G : H]. Let H act on S by left
translation. Then

xH ∈ S0 ⇐⇒ hxH = xH, for all h ∈ H ⇐⇒ x−1hx ∈ H, for all h ∈ H ⇐⇒ x ∈ NG(H).

Thus |S0| = [NG(H) : H]. By Lemma 1.2.1,

[NG(H) : H] ≡ [G : H] (mod p).

Corollary 1.2.2. IfH is a p-subgroup of a finite group G such that p | [G : H], then NG(H) 6= H .

Proof.
0 ≡ [G : H] ≡ [NG(H) : H] (mod p).

Hence [NG(H) : H] > 1 and so NG(H) 6= H .

Theorem 1.2.2 (First Sylow Theorem). Let G be a group of order pnm, with p prime and
(p,m) = 1.

Then G contains a subgroup of order pi for each 0 ≤ i ≤ n, and every subgroup of order pi
is normal in some subgroup of order pi+1.

A subgroup P of G is called a Sylow p-subgroup if it is maximal among p-subgroups.

Corollary 1.2.3. Let G be a group of order pnm with (p,m) = 1 and H a p-subgroup.

a. H is Sylow if and only if |H| = pn.

b. Conjugates of Sylow subgroups are Sylow.

c. If there is a unique Sylow subgroup, it is normal.

Proof. Problem 1.5

Theorem 1.2.3 (Second Sylow Theorem). If H is a p-subgroup of G and P is a Sylow
p-subgroup, then there exists x ∈ G such that

H ⊆ xPx−1.

In particular, any two Sylow p-subgroups are conjugate.
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Proof. Let S be the set of left cosets of P . Let H act by left translation. Observe that xP ∈ S0 if
and only if H ⊆ xPx−1. Hence, it suffices to show that |S0| > 1. Now, since H is a p - group by
Lemma 1.2.1 we get

|S0| ≡ |S| ≡ |G/P | (mod p).

But p ∤ |G : P | since P is a Sylow p - subgroup ofG, therefore |S0| > 1. Hence there exists x such
that H ⊆ xPx−1.

Theorem 1.2.4 (Third Sylow Theorem). IfG is a finite group and p a prime, then the number
of Sylow p-subgroups divides |G| and is of the form kp+1. In particular, if np is the number
of Sylow p - subgroups then

np ≡ 1 (mod p) (1.4)

Proof. By the second Sylow theorem, the number of Sylow p-subgroups is the number np of con-
jugates of any one of them, say P . But this number is [G : NG(P )], a divisor of |G|. By Corollary
1.2.2 :

[NG(P ) : P ] ≡ [G : P ] (mod p)

Hence, [NG(P ) : P ] = [G : P ] + kp. Therefore, using the equality :

[G : P ] = [G : NG(P )] · [NG(P ) : P ]

we obtain
[G : P ] = np · ([G : P ] + kp) ⇐⇒ [G : P ] · (1− np) = kp

Using the fact that p ∤ [G : P ], since P is a Sylow p - subgroup, we conclude that p|1− np, and in
particular

np ≡ 1 (mod p)

Theorem 1.2.5. If P is a Sylow p-subgroup of a finite group G, then

NG(NG(P )) = NG(P ).

Proof. Since P is normal in NG(P ), it is the unique Sylow p-subgroup of NG(P ). Now, for all
x ∈ NG (NG(P )) we get :

P ⊆ NG(P )⇒ xPx−1 ⊆ xNG(P )x
−1 = NG(P ).

Since xPx−1 is a Sylow p - subgroup of NG(P ), from the uniqueness part that we mentioned above
we get xPx−1 = P . Therefore, NG(NG(P )) ⊆ NG(P ). The converse inclusion is obvious, thus
we obtain the desired result.
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1.3 Nilpotent Groups
We already know that the center C(G) of a group G is a normal subgroup. Define C0(G) = 〈e〉,
and Ci(G) the inverse image of C(G/Ci−1(G)) under the canonical projection G→ G/Ci−1(G),
for i = 1, 2, . . .. There is the ascending central series of G:

C0(G) = 〈e〉 ≤ C1(G) = C(G) ≤ C2(G) ≤ · · · .
In general, if Ci ≤ Ci+1 ≤ G, and Ci / G, and in addition

Ci+1 /Ci / G/Ci then Ci+1 / G.

In particular, the last result follows from the subgroups correspondence between the normal sub-
groups of G and G/Ci. Therefore, Ci(G) / G for all i = 1, 2, . . . ,, by induction. Also, for
i = 1, 2, . . .,

Ci(G) = {x ∈ G | xyx−1y−1 ∈ Ci−1(G) for all y ∈ G}.
Definition 1.3.1. A group G is nilpotent if Cn(G) = G for some n ∈ N.

Example 1.3.1. i. Every abelian group G is nilpotent since C1(G) = C(G) = G.

ii. Every subgroup or homomorphic image of a nilpotent group is nilpotent. For the first claim,
given a subgroup H of a nilpotent group G, intersect the ascending central series of G with
H and the desired result follows immediately. For the second claim, check the Problem 1.30.

Theorem 1.3.1. Every finite p-group G is nilpotent.

Proof. We assume that |G| = pn. IfG is an abelian group, then we are done. Now, every nontrivial
quotient group of G is a finite p-group. In particular, from Corollary 1.2.1 we get that G/C(G) is
a non trivial p - group, and |G/C(G)| = pk < pn. Continuing the process inductively, ifG/Ci(G)
is nontrivial, then C(G/Ci(G)) is nontrivial, so that Ci(G) ⫋ Ci+1(G). Hence Cn(G) = G for
some n ∈ N.

Theorem 1.3.2. IfG = G1×· · ·×Gk, thenG is nilpotent if and only if allGj are nilpotent.

Proof. Problem 1.29.

Lemma 1.3.1. Assume G is nilpotent. If H ≨ G, then H ≨ NG(H).

Proof. Let n be the largest integer such that Cn(G) ≤ H . Choose a ∈ Cn+1(G) \ H . This 3 and
then for h ∈ H ,

aha−1h−1 ∈ Cn(G) ≤ H.

Thus aha−1 ∈ H . Hence a ∈ NG(H) \H .

3Such n there exists becauseH ⫋ G and there ism such that Cm(G) = G, since G is nilpotent,
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Theorem 1.3.3. A finite group G is nilpotent if and only if it is the direct product of its
Sylow subgroups.

Proof. If G is a direct product of Sylow subgroups, then G is nilpotent by Theorems 1.3.1 and
1.3.2. Conversely, suppose G is nilpotent. For every Sylow subgroup P of G, by Theorem 1.2.5
we obtain :

NG(NG(P )) = NG(P ).

Therefore, by the previous lemma, NG(P ) = G. Hence P is normal in G. Suppose that |G| has
distinct prime factors p1, p2, . . . , pk. For each pi, there is a unique Sylow pi-subgroup Pi /G. Then

〈P1, P2, . . . , Pk〉 = P1P2 · · ·Pk.

Moreover,
Pi ∩ (P1P2 · · ·Pi−1Pi+1 · · ·Pk) = {e}

by investigating the possible orders of its elements. Therefore,

P1P2 · · ·Pk = P1 × P2 × · · · × Pk.

Thus, G = P1 × P2 × · · · × Pk by comparing their orders.

Corollary 1.3.1. If G is a finite nilpotent group, then G contains a subgroup of order n for any
factor n of |G|.

1.4 Solvable Groups
Definition 1.4.1. Let G be a group. For a, b ∈ G, the element aba−1b−1 is called a commutator .
The subgroup of G generated by all commutators:

G′ := 〈aba−1b−1 | a, b ∈ G〉

is called the commutator subgroup of G.

Theorem 1.4.1. a. The commutator group G′ is a characteristic subgroup of G, i.e. for
all ∈ Aut(G), then ϕ(G′) ⊆ G′. In particular, G′ is a normal subgroup of G.

b. Moreover, G′ is the smallest normal subgroup such that G/G′ is abelian. Precisely, if
N ⊆ G is a normal subgroup, then G/N is abelian if and only if G′ ≤ N ≤ G.

Proof. Problem 1.32.
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Definition 1.4.2. For a group G, let G(0) := G and G(k) :=
(
G(k−1)

)′, for i = 1, 2, . . .. Then

G(0) = G ≥ G(1) = G′ ≥ G(2) ≥ · · · ,

where G(k) is called the k-th derived subgroup of G. It can be shown that G(k) / G for all k.
(Problem 1.33).

Definition 1.4.3. A group G is said to be solvable if G(n) = 〈e〉, for some n ∈ N.

Proposition 1.4.1. Every nilpotent group is solvable.

Proof. Since Ci(G)/Ci−1(G) is abelian, from Theorem 1.4.1 we have Ci(G)′ ≤ Ci−1(G). If
Cn(G) = G, then

G(n) = (Cn(G))(n) ≤ (Cn−1(G))
(n−1) ≤ · · · ≤ C0(G) = 〈e〉.

Theorem 1.4.2. The following hold:

a. Every subgroup or homomorphic image of a solvable group is solvable.

b. If N is a normal subgroup of G, and N and G/N are solvable, then G is solvable. In
other words, solvability is closed under extensions.

Proof. a. Suppose that G is solvable. If H is a subgroup of G, then H(k) ≤ G(k). One can
check this for k = 1, since every commutator of H is a commutator of G. The result then
follows immediately by induction on k. Hence, H is solvable.

If f : G→ H is a group homomorphism, then it is left as an exercise to show that f
(
G(k)

)
=

f(G)(k), for all k ∈ N. Hence, f(G) is solvable.

b. Assume that N is a normal subgroup of G, and N and G/N are solvable. Then

N = N (0) > N (1) > · · · > N (s) = 〈e〉

and
G/N = (G/N)(0) > (G/N)(1) > · · · > (G/N)(t) = {N}

for some s, t ∈ N. Show that G(k)N/N = (G/N)(k), so that G(t) = N . Therefore, consider
the series :

G = G(0) ⊇ G(1) ⊇ · · · ⊇ G(t) = N ⊇ G(t+1) = N (1) ⊇ · · · ⊆ G(t+s) = N (s) = 〈e〉.

Hence, G is a solvable group.
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Corollary 1.4.1. The symmetric group Sn for n ≥ 5 is not solvable.

A generalization of the Sylow theorems for finite solvable groups is below.

Proposition 1.4.2 (P. Hall). Let G be a finite solvable group of order mn, with gcd(m,n) = 1.
Then:

1. G contains a subgroup of order m; conversely, if G is a finite group such that whenever
|G| = mn with gcd(m,n) = 1, G has a subgroup of orderm, then G is solvable.

2. Any two subgroups of G of orderm are conjugate.

3. Any subgroup of G of order k, where k | m, is contained in a subgroup of orderm.

The proof is skipped. P. Hall also showed that ifG is a finite group having a p-complement for
every prime factor p of |G|, then G is solvable.

1.5 Problems
Problem 1.1. Prove Theorem 1.1.1.

Problem 1.2. Prove Corollary 1.1.1

Problem 1.3. Prove 1.1.3.

Problem 1.4. Prove Corollary 1.2.1.

Problem 1.5. Prove Corollary 1.2.3.

Problem 1.6. a. Let p be a fixed prime. LetRp be the set of rational numbers whose denomina-
tor is relatively prime to p. Likewise letRp be the set of rational numbers whose denominator
is a non-negative power of p.
Prove that Rp and Rp are both subgroups of the additive group (Q,+).

b. Show that
Z(p∞) =

{a
b
∈ Q/Z

∣∣∣ a, b ∈ Z and b = pn, n ≥ 0
}

is a subgroup under addition.
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Problem 1.7. a. Prove that if
a2 = e, for all a ∈ G

then G is abelian.

b. Prove that any group of order four is abelian. Show that there are exactly two such groups.

Problem 1.8. a. Write down 8 matrices that represent the dihedral group d4 as a subgroup of
GL2(R).

b. Prove that the subgroup of GL2(C) generated by the matrices

A =

(
0 1
−1 0

)
, B =

(
0 i
i 0

)
is a non-abelian group of order 8 which is not isomorphic to the dihedral group d4. This
group is called the quaternion group Q8.

Problem 1.9. Show that the matrix
a =

(
0 −1
1 0

)
has order 4 and the matrix

b =

(
0 1
−1 −1

)
has order 3, but the product ab has infinite order.

Problem 1.10. Let Zn be a cyclic group of order n (written multiplicatively) and for each integer
a let

σa : Zn → Zn, σa(x) = xa, ∀x ∈ Zn.

a. Prove that σa ∈ Aut(Zn) if and only if (a, n) = 1.

b. Prove that σa = σb if and only if a ≡ b (mod n).

c. Prove that every automorphism of Zn is equal to σa for some integer a.

d. Prove that σa ◦σb = σab. Deduce that the map a 7→ σa is an isomorphism from ((Z/nZ)×, ·)
to Aut(Zn).

Problem 1.11. Show that if G is a finite group of even order, then G contains an element a 6= e
such that a2 = e.
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Problem 1.12. List all subgroups of Z2 ⊕ Z2.

Problem 1.13. Compute the automorphism groups of Z6, Z12 and Z27. Are any of them cyclic?

Problem 1.14. Let a, b, c be elements of a group G. Show that

|a| = |a−1|, |ab| = |ba|, |cac−1| = |a|.

Problem 1.15. a. If H andK are subgroups of a group G, then

[H ∨K : H] ≥ [K : H ∩K].

b. Suppose q < p are primes. Use the inequality of the first part to prove that a group of order
pq has at most one subgroup of order p.

Problem 1.16. Let G be a group. Define a map Φ : G → Aut(G) by setting Φ(g) : G → G to be
the automorphism of G given by conjugation with g, i.e.

x 7→ gxg−1.

a. Prove that Φ is a homomorphism and that Φ is a monomorphism if and only if the center
Z(G) is trivial.

The image subgroupΦ(G) is denoted Inn(G) and called the group of inner automorphisms.

b. Prove that Inn(G) is a normal subgroup of Aut(G).

The quotient Aut(G)/ Inn(G) is called the group of outer automorphisms.

Problem 1.17. The goal of this set of exercises is to show that if n > 6 then

Aut(Sn) = Inn(Sn) ' Sn.

1. Prove that if n > 2, Φ : Sn → Aut(Sn) is a monomorphism.

2. Prove that for any group, if f ∈ Aut(G) and Ψ ⊂ G is a conjugacy class in G, then f(Ψ) is
also a conjugacy class in G with necessarily the same number of elements.

3. Use the fact that if n > 2 and n 6= 6 then the conjugacy class of a transposition is the unique
conjugacy class with

(
n
2

)
elements of order two to conclude that Aut(Sn) = Inn(Sn) = Sn.
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Problem 1.18. (a) Prove that if G is a subgroup of Sn and An ∩ G = {e} then |G| = 2. Give
an example to show that this occurs.

(b) Use the first part to prove that if n ≥ 5 then An is the unique normal subgroup of Sn.

Problem 1.19. (a) Show that a group of order 12 has a normal Sylow subgroup.

(b) Exhibit all 2-Sylow subgroups of the 12 element group D6.

Problem 1.20. Prove that if a group contains a proper subgroup of finite index then it also contains
a proper normal subgroup of finite index.

Problem 1.21. Let G be a group. A subgroup P < G is characteristic if for every ϕ ∈ Aut(G),
φ(P ) = P .

(a) Show that any characteristic subgroup is normal and give an example of a normal subgroup
which is not characteristic.

(b) Prove that a p-Sylow subgroup is normal if and only if it is characteristic.

Problem 1.22. Prove that every group of order p2 is abelian and prove that ifG is non-abelian and
|G| = p3 then

Z(G) = [G,G]

where [G,G] is the subgroup generated by the set of commutators

{aba−1b−1 | a, b ∈ G}.

Problem 1.23. a. Prove that a finitely generated abelian group where 0 is the only element of
finite order is necessarily free abelian.

b. Determine with proof how many subgroups of order p2 does the abelian group Zp3 ⊕ Zp2
contain?

Problem 1.24. Let g1, . . . , gr be representatives of the conjugacy classes of a finite group G and
assume that these elements pairwise commute. Prove that G is abelian.

Problem 1.25. (a) Prove that a group of order 105 has a normal 5-Sylow subgroup and a normal
7-Sylow group.

(b) Classify all groups of order 105 that have a normal 3-Sylow subgroup.
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Problem 1.26. Let G = GLn(Fq), the group of invertible n × n matrices over the finite field Fq
with q = pr, p a prime. Let U = Un(Fq) be the subgroup of G of upper triangular matrices with
1’s on the diagonal.

(a) Find |G| and |U |. Conclude that U is a p-Sylow subgroup of G.

(b) Show that g ∈ G has order a power of p if and only if g = In +N with N an n× n matrix
such that Nn = 0. [Hint: Use part (a).]

Problem 1.27. Determine up to isomorphism all abelian groups of order 64 and 96 respectively.

Problem 1.28. Show that if G is a group which contains an element x with |x| > 2 (possibly
infinity) then G has a non-trivial automorphism.

Problem 1.29. Prove Theorem 1.3.2.

Problem 1.30. Prove that homomorphic image of a nilpotent groups is nilpotent.

Problem 1.31. (a) Prove that if G is a finite group and P is Sylow-p subgroup andM contains
NG(P ) then NG(M) =M .

(b) If every maximal proper subgroup of a finite group is normal then G is nilpotent.

Problem 1.32. Prove Theorem 1.4.1.

Problem 1.33. Show that G(k) / G, for all k ∈ N.

Problem 1.34. Prove or give a counter-example (Most, but not all, of these are false).

1. If every proper subgroup of a group G is abelian then G is abelian.

2. If K is a normal subgroup of G then any subgroup ofK is normal in G.

3. If G is a group then any subgroup of the center C(G) is normal in G.

4. If G is an infinite group then G has an element of infinite order.

5. A group with a finite number of subgroups must be finite.

6. If x ∈ G and y ∈ G have finite order then xy has finite order.

7. Any subgroup of a finitely generated group is finitely generated.
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8. Every solvable group is finite.

9. The automorphism group of an abelian group is abelian.

10. If p, q are distinct primes then every nilpotent group of order pq is abelian.

11. The center of a group is a normal subgroup.

12. Give an example of a non-abelian nilpotent group.

13. Give an example of a solvable group which is not nilpotent.

14. IfG is a group and x, y ∈ G are elements of finite order that commute then |xy| = lcm(|x|, |y|).

15. Let H < G be a subgroup. If π ⊆ G is a conjugacy class in G then π ∩ H is a conjugacy
class in H .

Problem 1.35. Find the maximum order of an element ofS7.

Problem 1.36. Prove, just using the definition of group, that every group of order 4 is abelian.

Problem 1.37. List all abelian groups of order 180.

Problem 1.38. Prove that if H < G is a subgroup such that [G : H] = 2 then H is normal in G.

Problem 1.39. Prove that if G/C(G) is cyclic then G is abelian.

Problem 1.40. If |G| = pnq with p > q prime then G contains a unique normal subgroup of index
q.

Problem 1.41. Prove that if |G| = pnq with p > q prime, then G is solvable.

Problem 1.42. Prove that if G contains a subgroup H of finite index then it contains a normal
subgroup of finite index.

Problem 1.43. Prove that if G is a finite abelian p-group then it is generated by its elements of
maximum order.

Problem 1.44. How many elements of order 7 are there in a simple group of order 168?
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Problem 1.45. How many subgroups isomorphic to Z4 does

G = Z8 ⊕ Z16

have? (Hint: First count how many elements of order 4 there are in G.)

Problem 1.46. Prove that a group of order pn contains normal subgroups of order pk for k =
0, . . . , n. (Hint: use induction and Corollary II5.4.)

Problem 1.47. Prove that if G is finite and 2 does not divide |G| then there are no non-trivial
homomorphisms

G→ {±1}.

Problem 1.48. Prove that sgn is the only non-trivial homomorphism

Sn → {±1}.

Problem 1.49. Prove that if ϕ : G → H is a homomorphism with H abelian, then ϕ is constant
on conjugacy classes.

Problem 1.50. Use the previous problem to prove thatAn is the unique subgroup of index 2 inSn.

Problem 1.51. Let H < G be a maximal proper subgroup which is normal. Prove that [G : H] is
prime. Do not assume that G is finite.

Problem 1.52. Prove that every automorphism ofS3 is inner.
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Chapter 2

Ring Theory

2.1 Factorization in Commutative Rings
Definition 2.1.1. A nonzero element a of a commutative ringR is said to divide an element b ∈ R
(notation: a | b) if there exists x ∈ R such that ax = b. Elements a, b ofR are said to be associates
if a | b and b | a.

Virtually all statements about divisibility may be phrased in terms of principal ideals as we now
see.

Theorem 2.1.1. Let a, b and u be elements of a commutative ring R with identity.

a. a | b if and only if (b) ⊆ (a).

b. a and b are associates if and only if (a) = (b).

c. u is a unit if and only if u | r for all r ∈ R.

d. u is a unit if and only if (u) = R.

e. The relation “a is an associate of b” is an equivalence relation on R.

f. If a = br with r ∈ R a unit, then a and b are associates. If R is an integral domain, the
converse is true.

Proof. Problem ??

Definition 2.1.2. Let R be a commutative ring with identity. An element c of R is irreducible
provided that:

i. c is a nonzero nonunit;

ii. c = ab =⇒ a or b is a unit.
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An element p of R is prime provided that:

i. p is a nonzero nonunit;

ii. p | ab =⇒ p | a or p | b.

Example 2.1.1. a. If p is an ordinary prime integer, then both p and −p are irreducible and
prime in Z.

b. In the ring Z6, the element 2 is easily seen to be a prime. However, 2 ∈ Z6 is not irreducible
since 2 = 2 · 4 and neither 2 nor 4 are units in Z6.

Theorem 2.1.2. Let p and c be nonzero elements in an integral domain R.

a. p is prime if and only if (p) is a nonzero prime ideal;

b. c is irreducible if and only if (c) is maximal in the set S of all proper principal ideals of R.

c. Every prime element of R is irreducible.

d. If R is a principal ideal domain, then p is prime if and only if p is irreducible.

e. Every associate of an irreducible [resp. prime] element is irreducible [resp. prime].

f. The only divisors of an irreducible element of R are its associates and the units of R.

Proof. Problem ??

We have now developed the analogues in an arbitrary integral domain of the concepts of di-
visibility and prime integers in the ring Z. Recall that every element in Z is a product of a finite
number of irreducible elements (prime integers or their negatives) according to the Fundamental
Theorem of Arithmetic. Furthermore this factorization is essentially unique (except for the order
of the irreducible factors). Consequently, Z is an example of:

2.2 Unique Factorization Domains and P.I.D.’s
Definition 2.2.1. An integral domain R is a unique factorization domain (U.F.D.) provided that:

a. every nonzero nonunit element a of R can be written a = c1c2 · · · cn, with c1, . . . , cn irre-
ducible;

b. if a = c1c2 · · · cn = d1d2 · · · dm, where ci, di are irreducible, then n = m and for some
permutation σ of {1, 2, . . . , n}, ci and dσ(i) are associates for every i.
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Remark 2.2.1. Every irreducible element in a unique factorization domain is necessarily prime by
(b). Consequently, irreducible and prime elements coincide by Theorem 2.1.2.

Lemma 2.2.1. If R is a principal ideal ring and

(a1) ⊆ (a2) ⊆ · · ·

is a chain of ideals inR, then for some positive integer n, (aj) = (an) for all j ≥ n. In other words,
every P.I.D. satisfies the ascending chain condition.

Proof. Let
A =

⋃
i≥1

(ai).

Is left as an exercise to show that A is an ideal. By hypothesis A is principal, say A = (a). Since
a ∈ A =

⋃
(ai), a ∈ (an) for some n. Hence, (a) ⊆ (an). Therefore, for every k ≥ n,

A = (a) ⊆ (an) ⊆ (aj) ⊆ A,

whence (ak) = (an).

Theorem 2.2.1. Every principal ideal domain R is a unique factorization domain.

Remark 2.2.2. The converse of Theorem 3.7 is false. For example the polynomial ring Z[x] can
be shown to be a unique factorization domain, but Z[x] is not a principal ideal domain.

Proof. Let S be the set of all nonzero nonunit elements of R which cannot be factored as a finite
product of irreducible elements. We shall first show thatS is empty, whence every nonzero nonunit
element of R has at least one factorization as a finite product of irreducible elements.

Suppose S is not empty and a ∈ S . Then (a) is a proper ideal, hence is contained in a
maximal ideal (c). The element c is irreducible by Theorem 2.1.1. Since (a) ⊆ (c), c divides
a, i.e. there is xa ∈ R such that a = xac. If xa is a unit, then a is associating to an irreducible
element, so it is irreducible, hence a /∈ S and that is a contradiction. So xa ∈ A and (a) ⫋ (xa).
Continuing the same process as before we can construct a strictly ascending chain of ideal, and this
is a contradiction by Theorem 2.2.1. Finally if

c1c2 · · · cn = a = d1d2 · · · dm

with ci, di irreducible, then c1 divides some dj , since in a P.I.D. every irreducible is prime. Since c1
is a nonunit, it must be an associate of dj . The proof of uniqueness is now completed by a routine
inductive argument.
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2.3 Euclidean Domains
Definition 2.3.1. Let R be a commutative ring. R is a Euclidean ring if there is a function ϕ :
R \ {0} → N such that:

a. if a, b ∈ R and ab 6= 0, then ϕ(a) ≤ ϕ(ab);

b. if a, b ∈ R and b 6= 0, then there exist q, r ∈ R :

a = qb+ r, with r = 0, or r 6= 0 and ϕ(r) < ϕ(b).

A Euclidean ring which is an integral domain is called a Euclidean domain.

Example 2.3.1. a. The ring Z of integers with ϕ(x) = |x| is a Euclidean domain.

b. If F is a field, let ϕ(x) = 1 for all x ∈ F , x 6= 0. Then F is a Euclidean domain.

c. If F is a field, then the ring of polynomials in one variable F [x] is a Euclidean domain with
ϕ(f) = deg f .

d. Let Z[i] be the following subset of the complex numbers

Z[i] = {a+ bi | a, b ∈ Z}.

Z[i] is an integral domain called the domain of Gaussian integers. Define

ϕ(a+ bi) = a2 + b2.

Clearly ϕ(a+bi) 6= 0 if a+bi 6= 0; it is also easy to show that condition (a) of the Definition
is satisfied. The proof that ϕ satisfies condition (b) is left to the reader.

Theorem 2.3.1. Every Euclidean ringR is a principal ideal ring with identity. Consequently every
Euclidean domain is a unique factorization domain.

Proof. If I is a nonzero ideal in R, choose a ∈ I such that ϕ(a) is the least integer in the set of
nonnegative integers

{ϕ(x) | x 6= 0, x ∈ I}.

If b ∈ I , then b = qa + r with r = 0 or r 6= 0 and ϕ(r) < ϕ(a). Since b ∈ I and qa ∈ I , r is
necessarily in I . Since ϕ(r) < ϕ(a)would contradict the choice of a, we must have r = 0, whence
b = qa. Consequently, I = (a) and, in particular, I is the principle.
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2.4 Greatest Common Divisors
Definition 2.4.1. Let X be a nonempty subset of a commutative ring R. An element d ∈ R is a
greatest common divisor (g.c.d.) of X provided:

a. d | a, for all a ∈ X;

b. c | a for all a ∈ X =⇒ c | d.

Greatest common divisors do not always exist. For example, in the ring E of even integers
2 has no divisors at all, whence 2 and 4 have no greatest common divisor. Even when a greatest
common divisor of a1, . . . , an exists, it need not be unique. However, any two greatest common
divisors ofX are clearly associates by (b). Furthermore any associate of a greatest common divisor
of X is easily seen to be a greatest common divisor of X . If R has an identity and a1, a2, . . . , an
have 1R as a greatest common divisor, then a1, a2, . . . , an are said to be relatively prime.

Theorem 2.4.1. Let a1, . . . , an be elements of a commutative ring R with identity.

a. d ∈ R is a greatest common divisor of {a1, . . . , an} such that

d = r1a1 + · · ·+ rnan

for some ri ∈ R if and only if

(d) = (a1) + (a2) + · · ·+ (an).

b. If R is a principal ideal ring, then a greatest common divisor of a1, . . . , an exists and every
one is of the form

r1a1 + · · ·+ rnan

with ri ∈ R.

c. IfR is a unique factorization domain, then there exists a greatest common divisor of a1, . . . , an.

Sketch of proof. Part (a) and (b) is left as an exercise. For (c), each ai has a factorization

ai = cmi1
1 cmi2

2 · · · cmit
t ,

with c1, . . . , ct distinct irreducible elements and eachmij ≥ 0. Show that

d = ck11 c
k2
2 · · · cktt

is a greatest common divisor of a1, . . . , an, where

kj = min{m1j,m2j,m3j, . . . ,mnj}.
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2.5 Localization
Definition 2.5.1. Let R be a ring and let S ⊆ R. We say that S is multiplicative if:

(a) 1R ∈ S, and

(b) for every a, b ∈ S, we have a · b ∈ S.

Let R be a ring and let S ⊆ R be multiplicative. On the set R× S, we define a relation ∼ by

(r, s) ∼ (r′, s′)⇐⇒ ∃u ∈ S : u(rs′ − r′s) = 0. (2.1)

It is easily verified that the above relation is an equivalence relation, and the corresponding equiv-
alence class of (r, s) will be denoted by r

s
. The quotient set

S−1R = (R× S)/ ∼

obtains a ring structure with operations:

• (+):
r

s
+
r′

s′
=
rs′ + r′s

ss′
,

• (•) : r
s
• r

′

s′
=
rr′

ss′
.

Remark 2.5.1. We have the ring homomorphism

R→ S−1R, r 7→ r

1
,

which is called the natural homomorphism.

Example 2.5.1 (Field of Fractions). One important example of localization arises in the case of R
be an integral domain. If we consider the set S = R \ {0} one can show that is multiplicative. The
set S−1R is called the field of fractions of R and is denoted by Frac(R). Explicitly,

Frac(R) =
{a
b
| a ∈ R, b ∈ R \ {0}

}
.

Example 2.5.2 (Localization at a prime ideal). Let R be a ring and let p be a prime ideal of R.
Then the set S = R \ p is multiplicative, and we denote

S−1R = Rp =
{r
s
| r ∈ R, s ∈ R \ p

}
.
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Example 2.5.3 (Localization over the powers of an element). If R is a commutative ring and r ∈
R, we consider the set S = {1, r, r2, r3, . . . }. Then S is multiplicative and the corresponding
localization S−1R is denoted by R(r). Explicitly,

R(r) =
{ a
rn
| a ∈ R, n ∈ Z≥0

}
.

Proposition 2.5.1. Let R be a ring and let p / R be a prime ideal of R. Then:

(a) The following equality holds :

U(Rp) =
{r
s
∈ Rp | r /∈ p

}
,

where U(Rp) denotes the invertible elements of Rp.

(b) The ring Rp is local, with maximal ideal

m =
{r
s
∈ Rp | r ∈ p

}
.

Proof. (a) If r
s
∈ U(Rp), then there exist r′ ∈ R and s′ /∈ p such that

r

s
· r

′

s′
=
rr′

ss′
= 1.

Therefore, there exists u /∈ p such that

u(rr′ − ss′) = 0⇒ urr′ = uss′.

If r ∈ p, then uss′ ∈ p, which is impossible since u, s, s′ /∈ p. Conversely, if r /∈ p, then
s
r
∈ Rp, and hence

r

s
· s
r
= 1.

(b) From part (a), it follows that the non-invertible elements of the ring Rp form the set

m =
{r
s
∈ Rp | r ∈ p

}
.

It is easily verified that m is an ideal of Rp and a proper subset of Rp, which contains every
maximal ideal ofRp.1 Since we also know thatm is contained in a maximal ideal, the desired
result follows.

1We know the existence of at least one maximal ideal of Rp, which is proved using Zorn’s lemma.
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Definition 2.5.2. Let ϕ : R→ R′ be a ring homomorphism, with I / R and J / R′.

(a) The contraction of J through ϕ is the ideal of R

J c = ϕ−1(J) = {r ∈ R | ϕ(r) ∈ J} .

(b) The extension of I through ϕ is the ideal Ie of R′ generated by the set ϕ(I).

Theorem 2.5.1. Let S be a multiplicative subset of R. The following correspondences are inverse
to each other, hence they are one-to-one and onto:

{p ∈ SpecR : p ∩ S = ∅} Spec (S−1R)

p 7→ pe

qc ← q

via the natural homomorphism R→ S−1R, r 7→ r
1
.

where with Spec we denote the set of the prime ideals of a ring.

2.6 Problems
Problem 2.1. (a) Show that if R is a commutative ring then the set of nilpotent elements is an

ideal. This ideal is called the nilradical.

(b) Given an example to show that this is false if R is not commutative.

(c) Show that ifR is a commutative ring then the nilradical is the intersection of all prime ideals
of R.

Problem 2.2. Let R be a commutative ring and let S be the ring of n× n matrices with entries in
R.

a. Prove that J ⊂ S is a two-sided ideal if and only if J is the set of n×nmatrices with entries
in an ideal I of R.

b. Show that if n > 1 and R is an integral domain then 0 is a prime ideal of S but there exists
a, b 6= 0 such that ab = 0.

Problem 2.3. Let f : R→ S be a homomorphism of (unital) rings.

a. Prove that if f(1R) = 0 then f = 0.
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b. Prove that if f : R → S is a non-zero homomorphism of commutative rings and S has no
zero divisor then f(1R) = 1S .

c. Given an example of a non-zero homomorphism of commutative rings f : R→ S such that
f(1R) 6= 1S .

Problem 2.4. Let f : R→ S be a homomorphism of commutative rings.

a. Prove that if I ⊆ S is an ideal then f−1(I) is an ideal of R.

b. What hypothesis is required on f to ensure that f(J) is an ideal of S for every ideal J ⊆ R?

c. Prove that if q ⊂ R is prime then f−1(q) is prime.

Problem 2.5. Prove that if R is a domain then there are no non-zero rings R1, R2 such that R '
R1 ×R2.

Problem 2.6. An element e in a ring R is idempotent if e2 = e. Two idempotents e1, e2 are
orthogonal if e1e2 = 0.

a. Let R be the ring of 2 × 2 matrices with coefficients in C. Describe all idempotents in R,
and give an example of a pair of orthogonal idempotents.

b. Show that if e1, . . . , en are central (i.e. they commute with all elements of R) orthogonal
idempotents with e1 + · · ·+ en = 1R then R ' R1 × · · · × Rn where Ri = eiR.

c. Conversely if R ' R1 × · · · × Rn then there are central orthogonal idempotents e1, . . . , en
such that e1 + · · ·+ en = 1R and Ri = eiR.

d. Show if R is the ring of 2 × 2 matrices with coefficients in C then R is not isomorphic to a
product R1 ×R2 with R1, R2 both non-zero.

Problem 2.7. a. Prove that the Gaussian integersZ[i]withϕ(a+bi) = a2+b2 form a Euclidean
domain.

b. Prove that a positive integer p is prime in Z[i] if and only if p is a prime integer and p ≡ 3
(mod 4).

Problem 2.8. a. Show that if I is primary then
√
I = {a ∈ R | an ∈ I for some n > 0} is

prime. The ideal
√
I is called the radical of I .

b. Show that ifR is a PID then every primary ideal is of the form I = (pf ) for some irreducible
p ∈ R.
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c. Show that in a PID every ideal I can be written as a product I = P1 · · ·Pr with Pi primary
ideals such that Pi + Pj = R for i 6= j.

Problem 2.9. Determine the complete ring of fractions of Zn for n ≥ 2.

Problem 2.10. Let R be an integral domain. If p is a prime ideal then we can view the localization
Rp as a subring of the quotient field F . Likewise, we can view R as a subring of F . Prove that⋂

m maximal

Rm = R

as subrings of F .

Problem 2.11. Give an example of a non-zero commutative ring with a unique prime ideal which
is not a field.

Problem 2.12. A ring R is called semi-local if it has a finite number of maximal ideals.

a. Show that R = Q[x]/(x3 − 1) is a semi-local ring and determine the maximal ideals.

b. Show that Rm is a field for every maximal ideal m of R.

Problem 2.13. a. Let F be a field. Show that if f(x) is any non-zero polynomial then R =
F [x]/(f(x)) is a semi-local ring.

b. What condition on f(x) ensures that Rm is a field for every maximal ideal m?

c. Show that if R = F [x]/(f(x)) has maximal ideals m1, . . . ,mn then the natural map

R→ Rm1 × · · · × Rmn

is an isomorphism.

d. Show that if R = C[x]/(x3 − 1) then there is a natural isomorphism

R ' C× C× C

and determine the images of the elements 1, x, x2 respectively under this isomorphism.

Problem 2.14. Recall that a ring is Noetherian if every ideal is finitely generated. Show that a
Noetherian local domain whose maximal ideal is principal is a PID.
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Problem 2.15. Let R = C[x, y]/(y2 − x3).

a. Describe the maximal ideals of R.

b. Show that if M = (x − a, y − b) is a maximal ideal of R with (a, b) 6= (0, 0), then RM is
a PID by showing that the maximal ideal of RM is principal. What is a generator for this
maximal ideal?

c. Show that ifM = (x, y) then the maximal ideal of RM is not principal, so RM is not a PID.

Problem 2.16. 1. If F is a field, then every nonzero element of F [[x]] is of the form xku, with
u ∈ F [[x]] a unit.

2. F [[x]] is a principal ideal domain whose only ideals are 0, F [[x]] = (1F ) = (x0), and (xk)
for each k ≥ 1.

Problem 2.17. 1. If D is an integral domain and c is an irreducible element in D, then D[x] is
not a principal ideal domain. Hint: Consider the ideal (x, c) generated by x and c.

2. Z[x] is not a principal ideal domain.

3. If F is a field and n ≥ 2, then F [x1, . . . , xn] is not a principal ideal domain. Hint: Show
that x1 is irreducible in F [x1, . . . , xn−1].

Problem 2.18. Let R be a commutative ring with identity and

f =
n∑
i=0

aix
i ∈ R[x].

Then f is a unit in R[x] if and only if a0 is a unit in R and a1, . . . , an are nilpotent elements of R.

Hint: If f is a unit, then is a unit on R/p[x], for every prime ideal of R. What are units on R/p[x]
? For the converse implication, note that if a1, . . . , an nilpotent, then h(x) = a1x+ · · ·+ anx

n so
is.

Problem 2.19. If
f =

∑
aix

i ∈ Z[x]

and p is prime, let
f =

∑
aix

i ∈ Zp[x],

where ai is the image of ai under the canonical epimorphism Z→ Zp.

a. If f is monic and f is irreducible in Zp[x] for some prime p, then f is irreducible in Z[x].

b. Give an example to show that (a) may be false if f is not monic.

35



c. Extend (a) to polynomials over a unique factorization domain.

Problem 2.20. a. Let D be an integral domain and c ∈ D. Let f(x) =
∑n

i=0 aix
i ∈ D[x] and

f(x− c) =
n∑
i=0

ai(x− c)i ∈ D[x].

Then f(x) is irreducible in D[x] if and only if f(x− c) is irreducible.

b. For each prime p, the cyclotomic polynomial f = xp−1 + xp−2 + · · · + x + 1 is irreducible
in Z[x].

Problem 2.21. Let R be a commutative ring with identity and c, b ∈ R, with c a unit.

1. Show that the assignment
x 7→ cx+ b

induces a unique automorphism of R[x] that is the identity of R. What is its inverse?

2. If D is an integral domain, then show that every automorphism of D[x] that is the identity
on D is of the type described in (a).

Problem 2.22. Prove or give a counter–example.

i. If R is a domain and (f) is prime, then f is irreducible.

ii. If R is a domain and f ∈ R is irreducible, then f is prime.

iii. If R and S are domains, then R× S is a domain.

iv. Every maximal ideal is prime.

v. Every prime ideal is maximal.

vi. Let f : R → S be a ring homomorphism. If P is a prime ideal in R, then f(P ) is a prime
ideal in S.

vii. Let f : R→ S be a ring homomorphism. If Q is a prime ideal in S, then f−1(Q) is a prime
ideal in R.

viii. Let f ∈ Z[x] be a primitive polynomial. If prime is prime, let fp be the image of f under the
map Z[x] → Zp[x]. Then f is irreducible if and only if fp is irreducible in Zp[x] for some
prime p.

ix. Every Euclidean domain is a Principal Ideal Domain.

x. Every Unique Factorization Domain is a Principal Ideal Domain.
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xi. If S ⊂ R is a multiplicatively closed subset, then the natural map

R→ S−1R

is injective.

xii. The set of nilpotent elements in a ring forms an ideal.

xiii. The set of zero-divisors in a ring forms an ideal.

37



38



Chapter 3

Galois Theory

3.1 Algebraically Closed/Closures and Separability
Definition 3.1.1. Let K be a field and let f ∈ K[x] be a non-constant polynomial. An extension
K ⊆ F is called a splitting field of f if

i. f splits into linear factors in F [x], i.e.

f(x) = c(x− α1) · · · (x− αm)

ii. F = K(α1, . . . , αm).

Theorem 3.1.1. Let K be a field and f(x) ∈ K[x] with deg f = m ≥ 1. Then there exists a
splitting field F of f overK such that [F : K] ≤ m!.

Corollary 3.1.1. Let f ∈ K[x] and let F, F ′ be two splitting fields of f overK. Then there exists
a field isomorphism σ : F → F ′ such that σ(c) = c for all c ∈ K.

Example 3.1.1. There are cases where two splitting fields are isomorphic but not equal. Let

f(x) = x2 − 2 ∈ Q[x].

Then L1 = Q
(√

2
)
is a splitting field of f . Also consider L2 = Q[x]/(x2 − 2). If α = x ∈

Q[x]/〈x2 − 2〉 then f(α) = 0, so Q(α) is also a splitting field of f and [Q(α) : Q] = 2. Hence

L1

∼=−→ L2,
√
2 7→ α,

but L1 6= L2.
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Corollary 3.1.2. By induction, if S is a set of polynomials in K[x], then there exists a splitting
field for S, unique up to isomorphism.

Theorem 3.1.2. The following are equivalent : F is a field :

a. Every non-constant polynomial f in F [x], has a root in F .

b. Every non constant polynomial splits into linear factors.

c. Every irreducible polynomial in F [x] is linear.

d. F has no non-trivial algebraic extensions.

e. There exists K ⊆ F such that F is algebraic overK and every f(x) ∈ K[x] splits in F .

Definition 3.1.2. F is algebraically closed if it satisfies any of the previous theorem’s condition.

Theorem 3.1.3. LetK be a field andK ⊆ F . The following are equivalent:

a. F is algebraically closed.

b. F is a splitting field of all irreducible polynomials inK[x].

Given a field K, a field F satisfying the equivalences of Theorem 3.1.3, then D is called an alge-
braic closure of F .

Theorem 3.1.4. Every fieldK has an algebraic closure. Also, any two algebraic closures ofK are
isomorphic. IfK is a field, we will sometimes writeK for the algebraic closure.

Example 3.1.2. By the Fundamental theorem of Algebra we get R = C, and

C ⊃ R and [R : R] = [C : R] = 2.

In general,
[L : K] =∞ for algebraic closures.

For example [Q : Q] =∞.

Definition 3.1.3. A polynomial f ∈ K[x] is separable if it factors into distinct linear factors in a
splitting field. In particular, if f is irreducible then

f is separable ⇐⇒ (f, f ′) = 1.

In particular, if f is irreducible, then f is separable ⇐⇒ f 6= 0.

Definition 3.1.4. An algebraic extension K ⊆ F is called separable if for any α ∈ F , the poly-
nomial Irr(α,K) is separable.
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3.2 Primitive Element Theorem
Theorem 3.2.1 (Primitive Element Theorem). If K ⊆ F is a finite (hence algebraic) separable
extension with |K| =∞, then F = K(α), for some α ∈ F , i.e. F has a primitive element.

Proof. By hypothesis F = K(α1, . . . , αt). By induction on the generators we may assume that

K(α1, . . . , αt−1) = K(β)

for some primitive element β. Thus it suffices to show that K(α, β) has a primitive element. We
will show that for all but finitely many c ∈ K, the element γ = α + cβ is a primitive element, i.e.

K(γ) = K(α, β)

If we show that α ∈ K(γ), then obviously β = γ − α/c ∈ K(γ). Since K ⊆ K(α, β) separable,
thenK(γ) ⊆ K(α, β) is separable, thus

f(x) = Irr(α,K(γ)) and g(x) = Irr(β,K(γ))

are separable. Now, let L ⊇ K(β) be a field such that f and g split into linear factors. Let

f(x) = (x− α) · · · (x− αn), g(x) = (x− β) · · · (x− βm).
where α1, . . . , αn and β1, . . . , βm are distinct. Now since

γ = α + cβ ⇒ β =
γ − α
c

if we set
h(x) = g

(
γ − x
c

)
∈ K(γ)[x]

then h(α) = g(β) = 0. Hence α is a common root of f and h. The other roots of h are γ − cβj . If
x− α | gcd(f, h)

then α is a root of gcd(f, h). To compute gcd(f, h) in L[x] write

f(x) = (x− α1) · · · (x− αn) and h(x) = (x− α)(x− γ + cβj).

We need to show
{α2, . . . , αn} ∩ {γ − β2, . . . , γ − βm} = ∅.

If these sets overlap then
αi = α + cβ − βj

for some i, j. Hence if we choose
c 6= αj − αi

βi − β
.

which is possible since |K| =∞, then Thus

c /∈
{
αj − αi
βi − β

∣∣∣∣ i = 1, . . . , n, j = 1, . . . ,m

}
.

Therefore gcd(f, h) = x− α. Hence α ∈ K(γ).
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3.3 Galois Extensions
Definition 3.3.1 (Galois group). Let F ⊇ K be a field extension. The following group :

AutK(F ) = {σ : F
∼=−→ F | σ|K = id}

is the Galois group of F overK, denoted GalK(F ).

Theorem 3.3.1. Let F ⊇ K.

a. If H ≤ AutK(F ), then

FH = {α ∈ F | σ(α) = α, for all σ ∈ H}

is a subfield of F containingK.

b. If F ⊇ E ⊇ K, then

HE = AutEF = {σ ∈ AutK(F ) | σ|E = id}

is a subgroup.

We obtain the correspondence

F {id} K AutK F

FH H E AutE F

K AutK F F AutFF = {id}

F (−)

Aut(−)F

F (−)

Aut(−)F

F (−)

Aut(−)F

Definition 3.3.2. An extensionK ⊆ F is Galois if FAutK(F ) = K.

Example 3.3.1. We consider the extension Q ⊆ Q( 3
√
2). Then AutQ(Q( 3

√
2)) = {id}. Hence it is

not Galois, since FAutQ Q( 3√2) = Q
(

3
√
2
)
6= Q. 1

The goal is to prove the following theorem.

Theorem 3.3.2. LetK ⊆ F be a finite extension. The following are equivalent :
1The equity

AutQ(Q(
3
√
2)) = {id}

comes from the fact that a field automorphism sends a root to its conjugates and the conjugates of 3
√
2 are

3
√
2, 3
√
2ω, 3
√
2ω2, where ω ∈ C \ R.
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a. FAutK(F ) = K (i.e.K ⊆ F is Galois)

b. F is a splitting field of a separable polynomial inK[x]

c. [F : K] = |AutK(F )|

Theorem 3.3.3. If σ : K → L is an isomorphism of fields and f(x) ∈ K[x], then σ(f) ∈ L[x].
Let F be a splitting field of f , andM a splitting field of σ(f). Then the number of isomorphisms

τ : F →M s.t. τ |K = σ

is at most [F : K] = [M : L]. Equality holds if and only if f is separable.

Proof. Use induction on [F : K] = [M : L].

• If [F : K] = 1, the statement is trivial.

• Given τ : F → M an isomorphism which extends σ. For any α ∈ F , let β = τ(α) ∈ M .
Then τ restricts to an isomorphism σ′ : K(α)→ L(β).

F
τ−→ M

∪ ∪
K(α)

σ′
−→ L(β)

∪ ∪
K

σ−→ L

On the other hand, given any α ∈ F , β ∈ M and an isomorphism σ′ : K(α) → L(β),
then we know that F andM are splitting fields overK(α) and L(β) respectively. Hence σ′

extends to an isomorphism τ : F →M (i.e. τ |K(α) = σ′).

The conclusion is that giving an isomorphism τ : F → M extending σ is equivalent to giving
an isomorphism σ′ : K(α) → L(β) extending σ and an isomorphism F → M extending σ′.
Assuming α /∈ K (which can be true since [F : K] > 1), we know [F : K(α)] < [F : K]. Since
F is a splitting field overK(α), by induction there are at most [F : K(α)] isomorphisms

τ : F →M

extending σ′.

Theorem 3.3.4. Let F be a splitting field of f(x) ∈ K[x]. Then |AutK(F )| ≤ [F : K] with
equality if and only if the extension is separable.

In order to prove this we prove the following.

43



Theorem 3.3.5. Let F be a splitting field over K of f(x) ∈ K[x] and σ : K → L be an isomor-
phism. LetM be a splitting field of σ(f) over L. Then

#{τ : F →M extending σ} ≤ [F : K].

Proof. Use induction on [F : K].

• If [F : K] = 1, the statement is trivial.

• Given τ : F → M an isomorphism which extends σ. For any α ∈ F , let β = τ(α) ∈ M .
We restrict τ to obtain an isomorphism σ′ : K(α)→ L(β).

F
τ−→ M

∪ ∪
K(α)

σ′
−→ L(β)

∪ ∪
K

σ−→ L

On the other hand any α ∈ F , β ∈M and an isomorphism σ′ : K(α)→ L(β), then we know that
F andM are splitting fields overK(α) and L(β) respectively. Hence, there exists an isomorphism
τ : F →M which extends σ′.

The conclusion is that giving an isomorphism τ : F → M that extends σ is equivalent to giving
an isomorphism σ′ : K(α)→ L(β) that extends σ. Let τ : F →M be an isomorphism extending
σ and let α ∈ F \K be a root of f(x). We know [F : K(α)] < [F : K] and F is a splitting field
overK(α). By induction,

#{τ : F →M extending σ′} ≤ [F : K(α)].

Since σ′(α) = β and α is a root of f , we have that β is a root of σ(f). Hence there are at most

deg(σ(f)) ≤ [K(α) : K]

possible choices. Therefore

#{τ : F →M extending σ} ≤ [F : K(α)] [K(α) : K] = [F : K].

Equality holds⇔ σ(f) is separable.

Theorem 3.3.6 (Characterization of Galois extensions). Let F/K be a finite extension. The fol-
lowing are equivalent:

i. FAutK(F ) = K

ii. F is a splitting field of a separable polynomial.
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iii. |AutK(F )| = [F : K]

Proof. (ii)→ (iii) follows from the previous theorem.

(i)⇒ (ii) Let α ∈ F \K and let f(x) = Irr(α|K). Let a1, . . . , ar be the distinct roots of f(x) in F
and define

g(x) = (x− a1) · · · (x− ar) ∈ F [x].

Show g ∈ K[x]. If σ ∈ AutK(F ) then σ(ai) ∈ {a1, . . . , ar}. Since σ is an automorphism,
σ(g) = g. Hence, by part (i) :

g ∈ FAutK(F )[x] = K[x].

Since g(α) = 0 we have f | g. But a1, . . . , ar are roots of f , so g | f . Therefore f(x) = g(x).
Thus f is separable and F is a splitting field of f .

(iii)→ (i) Let K ⊆ E, where E = FAutK(F ). We claim that

AutE(F ) = AutK(F )

and F/E satisfies (1),(2),(3). Hence |AutE(F )| = [F : E] and |AutK(F )| = [F : K]. Thus
[F : E] = [F : K] so [E : K] = 1 and therefore E = K.

3.4 Towards to the Fundamental Theorem
Theorem 3.4.1 (Fundamental Theorem of Galois Theory). Let K ⊆ F be a Galois extension and
G = AutK(F ). Then there is a 1-1 inclusion reversing correspondence

{Intermediate extensions} ←→ {subgroups of G}.

F ←→ {1} G ←→ K
∪ ∪ ∩ ∩
E ←→ AutE(F ) H ←→ FH

∪ ∪ ∩ ∩
K ←→ G {1} ←→ F

a. Also E 7→ AutE(F ) and H 7→ FH satisfy FAutE(F ) = E and AutFH (F ) = H .

b. Moreover, the extension K ⊆ E is Galois if and only if AutEF is a normal subgroup of G.
Conversely, if H / G thenK ⊆ FH is Galois and AutK(FH) ∼= G/H .

Sketch of the proof

i. K ⊂ E ⇒ FAutE(F ) = E.

ii. H ≤ G⇒ AutFH (F ) = H.
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Theorem 3.4.2 (Artin’s Lemma). Let F be a field and G ≤ Aut(F ) be a finite subgroup. If

K = FG = {c ∈ F | σ(c) = c, ∀σ ∈ G}

then
[F : K] ≤ |G| <∞.

3.5 Problems
Problem 3.1. Let F > K be a field extension. Prove that α ∈ F is algebraic if and only if
K[α] = K(α), i.e. K[α] is a field.

Problem 3.2. Prove that ifK is a field andα and β are roots of an irreducible polynomial f ∈ K[x],
then there is an isomorphismK(α)→ K(β) which restricts to the identity onK.

Problem 3.3. Prove that if K has characteristic 0, then any irreducible polynomial f ∈ K[x] is
separable.

Problem 3.4. If α ∈ F is algebraic overK of odd degree, then K(α) = K (α2).

Problem 3.5. If α, β are algebraic overK of degreesm,n respectively, then

[K(α, β) : K] ≤ mn,

with equality if (m,n) = 1.

Problem 3.6. What is the degree of the extension Q
(
i, e2πi/3

)
over Q? Find a primitive element

for this extension. Find the Galois group of the extension. Is it Galois?

Problem 3.7. If xn − a ∈ K[x] is irreducible and u ∈ F is a root of xn − a, and if m divides n,
then prove that the degree of um overK is n

m
. What is the irreducible polynomial for um overK?

Problem 3.8. If F is a splitting field of S overK andE is an intermediate field, thenF is a splitting
field of S over E.
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Problem 3.9. No finite field K is algebraically closed.
Hint: If K = {a0, . . . , an}, consider

a1 + (x− a0)(x− a1) · · · (x− an) ∈ K[x],

where a1 6= 0.

Problem 3.10. What is the Galois group of Q(
√
2,
√
3,
√
5) over Q?

Problem 3.11. Assume char(K) = 0 and let G be the subgroup of AutK(K(x)) generated by the
automorphism induced by x 7→ x + 1K . Then G is an infinite cyclic group. Determine the fixed
field E of G. What is [K(x) : E] ?

Problem 3.12. In the extension of Q by Q(x), the intermediate field Q (x2) is closed, but Q (x3)
is not.

Problem 3.13. If K ⊆ F is a field extension such that [F : K] = 2, then F is normal overK.

Problem 3.14. If F is normal over an intermediate field E and E is normal over K, then F need
not be normal over K.

Problem 3.15. Suppose thatK is a subfield of R (so that we may viewK as a subfield of C), and
that f ∈ K[x] is irreducible of degree 3. Let D be the discriminant of f . Then:

a. D > 0 if and only if f has three real roots.

b. D < 0 if and only if f has precisely one real root.

Problem 3.16. Determine the Galois groups of the following polynomials over the indicated fields:

a. x4 − 5 over Q, Q
(√

5
)
, and Q

(√
5 i
)

b. x3 − x− 1 over Q and Q
(√

23 i
)

Problem 3.17. LetK be a subfield of the real numbers and let f ∈ K[x] be an irreducible quartic.
If f has exactly two real roots, then the Galois group of f is S4 or D4.

Problem 3.18. Give an example of a field extensionK ⊂ F such that u, v ∈ F are transcendental
overK, butK(u, v) 6∼= K(x1, x2).
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Problem 3.19. Let L andM be intermediate fields in the extensionK ⊂ F .

a. [LM : K] is finite if and only if [L : K] and [M : K] are finite.

b. If [LM : K] is finite, then [L : K] and [M : K] divide [LM : K] and

[LM : K] ≤ [L : K][M : K].

c. If [L : K] and [M : K] are finite and relatively prime, then

[LM : K] = [L : K][M : K].

d. If L andM are algebraic overK, then so is LM .

Problem 3.20. Let f ∈ K[x] be a separable polynomial of degree n and let F be its splitting field
overK. Show that

[F : K] | n!.

Problem 3.21. If |K| = pn, then every element ofK has a unique p-th root inK.

Problem 3.22. If |K| = q and (n, q) = 1 and F is a splitting field of xn−1K overK, then [F : K]
is the least positive integer k such that n | (qk − 1).

Problem 3.23. If n ≥ 3, then x2n + x+ 1 is reducible over Z2.

Problem 3.24. If f ∈ K[x] is monic irreducible, deg f ≥ 2, and f has all its roots equal (in a
splitting field), then char(K) = p 6= 0 and f(x) = xp

n − a, for some n ≥ 1 and a ∈ K.

Problem 3.25. Let char(K) = p 6= 0 and assume

F = K(u, v)

where up ∈ K, vp ∈ K and [F : K] = p2. Then F is not a simple extension of K. Exhibit an
infinite number of intermediate fields.

Problem 3.26. Construct a field with 9 elements and give its addition and multiplication table.

Problem 3.27. Prove that every element of a finite field may be written as the sum of two squares.

Problem 3.28. Prove or give a counter–example.
a. If F ⊃ K is Galois and E is an intermediate field, i.e. F ⊃ E ⊃ K, then E ⊃ K is Galois.

b. If F ⊃ K is Galois and E is an intermediate field, i.e. F ⊃ E ⊃ K, then F ⊃ E is Galois.

c. Any finite extension of fields F ⊃ K is algebraic.

d. If F ⊃ K is a finite extension of fields, then F has a primitive element.

e. If [F : K] > 1, then |AutK(F )| > 1.
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Chapter 4

Modules

4.1 Direct Sum and Direct Limits
Theorem 4.1.1 (Universal property of the external direct sum). Let {Ai}i∈I be a family of sub-
modules of A. The natural map

Φ :
⊕
i∈I

Ai −→
∑
i∈I

Ai

is an isomorphism if and only if

Ai ∩
∑
j ̸=i

Aj = 0 for all i ∈ I.

Corollary 4.1.1. Let A1, A2 ≤ A. If A1 ∩ A2 = 0, then A1 + A2
∼= A1 ⊕ A2.

4.2 Exact sequences
Definition 4.2.1. Let

A
f−→ B

g−→ C

bemorphisms ofR-modules. The sequence is exact atB if im f = ker g. A sequence ofR-modules

· · · −→ Ai−1
fi−→ Ai

fi+1−−→ Ai+1 −→ · · ·

is exact if im fi = ker fi+1, for all i ∈ Z.

Example 4.2.1. a. The sequence 0 −→ B
g−→ C is exact if and only if g is injective.

b. The sequence A f−→ B −→ 0 is exact if and only if f is surjective.
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Definition 4.2.2. A short exact sequence is a sequence

0 −→ A
f−→ B

g−→ C −→ 0

such that f is injective, g is surjective, and ker g = im f . If A ≤ B is a submodule, we obtain the
short exact sequence

0 −→ A
i−→ B

π−→ B/A −→ 0.

Proposition 4.2.1. Let f : A→ B be a homomorphism of R-modules. Then f factors as

A
π−→ A/ ker f f−→ B

ρ−→ B/ im f,

and the sequence
0 −→ A/ ker f f−→ B

ρ−→ B/ im f −→ 0

is exact.

Definition 4.2.3. Let
· · · → Ai−1

fi−→ Ai
fi+1−−→ Ai+1 → · · ·

and
· · · → Bi−1

gi−→ Bi
gi+1−−→ Bi+1 → · · ·

be exact sequences. Amapof exact sequences is a family of homomorphismsϕ• = (ϕi : Ai → Bi)i∈Z
such that ϕi ◦ fi = gi ◦ ϕi−1, for all i ∈ Z, i.e. each such square commutes

Ai Ai+1

Bi Bi+1

fi

φi φi+1

gi

Lemma 4.2.1 (Five lemma). Consider a morphism of short exact sequences

0 A B C 0

0 A′ B′ C ′ 0

f

α

g

β γ

f ′ g′

Then:

1. If α and γ are monomorphisms, then β is a monomorphism.

2. If α and γ are epimorphisms, then β is an epimorphism.

3. If α and γ are isomorphisms, then β is an isomorphism.
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Proof. Proof by diagram chasing.

Example 4.2.2. Consider the following (non commutative !) diagram :

0 Z Z Z2 0

0 Z Z⊕ Z2 Z2 0

·2

id i1

π

id

i1 π2

Even if id is an isomorphism, the Theorem 4.2.1 does not apply since, i.e. π is not an isomorphism,
because the diagram does not commute.

4.3 Split Exact Sequences
Definition 4.3.1. Let A1, A2 be R-modules. The sequence

0 −→ A1
i1−→ A1 ⊕ A2

π2−→ A2 −→ 0

is called a split exact sequence.

Theorem 4.3.1. Let R be a ring and a short exact sequence of R - modules :

0 −→ A1
f−→ B

g−→ A2 −→ 0

The following are equivalent:

i. There exists h : A2 → B such that g ◦ h = idA2 .

ii. There exists k : B → A1 such that k ◦ f = idA1 .

iii. There is an isomorphism of short exact sequences

0 A1 B A2 0

0 A1 A1 ⊕ A2 A2 0

f

α

g

β γ

i1 π2

where α, β, γ are isomorphisms.

Proof. Prove first (i) → (ii) and (ii) → (iii). For those implications, use the universal property
of direct sum/product and the five lemma. The inverse implications follow immediately from the
commutativity of the given diagram.
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Definition 4.3.2. A short exact sequence

0 −→ A1 −→ B −→ A2 −→ 0

is called split exact if any (equivalently all) of the conditions in Theorem 4.3.1 hold.

Example 4.3.1. Let k be a field and V1
f−→ V2 an injective linear map of k-vector spaces. Then

0 −→ V1
f−→ V −→ V / im f −→ 0

is a split exact sequence.

Proposition 4.3.1. If k is a division ring, every short exact sequence of k-vector spaces splits.

Group algebras
Let G be a finite group and k a field with char(k) ∤ |G|. The group algebra

k[G] =

{
n∑
i=1

ai[gi] | ai ∈ k, gi ∈ G

}
is a k-algebra. Addition is defined coefficientwise and multiplication by

[gi][gj] = [gigj].

The algebra k[G] is commutative if and only if G is abelian. If H ≤ G then

k[H] ⊆ k[G]

is a subalgebra. Modules over k[G] correspond to representations of G over k.

Theorem 4.3.2 (Maschke). Let G be a finite group and k a field such that char(k) ∤ |G|. Then
every short exact sequence of k[G]-modules splits.

4.4 Free Modules
Definition 4.4.1. Let A be an R-module. A subset X ⊆ A is linearly independent if

n∑
i=1

rixi = 0 ⇒ ri = 0 for all i,

for distinct x1, . . . , xn ∈ X .
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Example 4.4.1. k[x] is a k-vector space and {xi | i ∈ N} is linearly independent.

Definition 4.4.2. Let A be an R-module. A set X ⊆ A is a basis if X is linearly independent and
A = 〈X〉.

Remark 4.4.1. Every element of A has a unique expression
∑n

i=1 rixi, ri ∈ R and xi ∈ X .

Example 4.4.2. If G is a finite group G = {g1, . . . , gn}, thenK[G] is aK-vector space with basis
{[g] : g ∈ G}.

Theorem 4.4.1. Let R be a ring and F an R-module. The following are equivalent:

i. F has a nonempty basis.

ii. F is an internal direct sum of cyclic R-modules isomorphic to R.

iii. F is isomorphic to an external direct sum of copies of R.

iv. There exists a set X and an injective map ι : X → F with the following universal property:

For everyR-moduleA and every function of sets f : X → A, there exists a uniqueR-module
map f̃ : F → A such that f̃ ◦ ι = f .

Proof. (i)→ (ii) Let X be a basis. For x ∈ X , define R → F, r 7→ rx. Its image is a cyclic
submodule Rx ∼= R. Clearly, F =

∑
x∈X Rx. To show the sum is direct: if x ∈ X , see that

Rx ∩
∑
y ̸=x

Ry = 0,

otherwise we get linear dependence.

(ii)→ (iii) Internal and external direct sums agree up to isomorphism.

(i)→ (iv) LetX be a basis. For f : X → A, define f̃
(∑

rixi

)
=
∑
rif(xi). Uniqueness follows

from the uniqueness of linear combinations.

(iv)→ (iii) Sketch: show R(X) =
⊕

x∈X R is free with basis {ex}. Free objects are unique up to
isomorphism.

(iii)→ (i) If F ∼=
⊕

x∈X R, then the standard generators form a basis.

Definition 4.4.3 (Free Module). An R-module F is free if it satisfies any of the equivalent condi-
tions above.
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Definition 4.4.4. An R-module A is finitely generated if there exists a finite setX ⊆ A such that
A = 〈X〉.

Corollary 4.4.1. Every R-module is a epimomorphic image of a free module. If A is finitely
generated, it is an epimorphic image of a finitely generated free module.

Remark 4.4.2. Every subgroup of a free abelian group is free. This is false for arbitrary rings.

Example 4.4.3. Let R = K[x, y]. Then F = R is free. Submodules of F are ideals of R. The
ideal (x, y) is not free since it is not principal. Ideals are free if and only if they are principal.

4.5 Invariant Dimension Property
Lemma 4.5.1. If k is a division ring, then any maximal linearly independent subset of a k-module
V is a basis.

Corollary 4.5.1. Every nonzero module over a division ring is free.

Corollary 4.5.2. Every exact sequence of modules over a division ring splits.

Theorem 4.5.1. If R is a ring and F is a free module with one infinite basis, then any other basis
is infinite with the same cardinality.

Definition 4.5.1. A ring R satisfies the invariant dimension property if any two finite bases of a
free R-module have the same cardinality.

Example 4.5.1. Z, fields, and division rings satisfy the invariant dimension property. However,
there exist rings where the size of finite bases is not constant. The I.D.P. does not hold for every
ring. Let V be an infinite dimensional vector space and let R = End(V ). Then A = R is a
free R-module with basis {1R} (basis with one element). Define operators L1, L0 on the basis
{e1, e2, e3, . . . } of V by

L1 =
e1 e2 e3 e4 e5 · · ·
↓ ↓ ↓ ↓ ↓
e1 0 e2 0 e3

and

L0 =
e1 e2 e3 e4 e5 · · ·
↓ ↓ ↓ ↓ ↓
0 e1 0 e2 0
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To show {L0, L1} spans A, it suffices to show id ∈ span{L0, L1}. Look for operatorsM,N such
that id =M ◦ L1 +N ◦ L0. Define operatorsM,N by

M =
e1 e2 e3 e4 e5 · · ·
↓ ↓ ↓ ↓ ↓
e1 e3 e5 e7 e9

and

N =
e1 e2 e3 e4 e5 · · ·
↓ ↓ ↓ ↓ ↓
e2 e4 e6 e8 e10

Then M ◦ L1 + N ◦ L0 = id. Hence L0, L1 generate A. Suppose L ◦ L1 + L′ ◦ L0 = 0. Then
applying to e2i gives

(L ◦ L1 + L′ ◦ L0)(e2i) = L′ ◦ L0(e2i) = L′(ei) = 0

Likewise L = 0.

Proposition 4.5.1. Any two bases of a vector space have the same cardinality. 1

Definition 4.5.2. Let R satisfy the invariant dimension property and let F be a free R-module.
Then the rank of F is defined as rank(F ) = |X|, where X is a basis.

Lemma 4.5.2. Let R be a ring and I ideal of R. If F is a free R-module with basisX , then F/IF
is a free R/I -module with basis π(X) and |π(X)| = |X|.

Proof. We note that
IF =

{∑
sixi | si ∈ I

}
⊆ F

is a submodule. IfX is a basis, then π(X) = {x+ IF | x ∈ X} spans F/IF , since F = 〈X〉. We
show that π(X) is linearly independent. Suppose∑

i

(ri + I)(xi + IF ) =
∑
i

rixi + IF = 0.

Then y =
∑
rixi ∈ IF , hence y =

∑
j sjuj , where sj ∈ I and uj ∈ F . Write

uj =
∑

tjkxk

so since I is an ideal we can consider that sj ∈ I , therefore y =
∑
sixi with si ∈ I . By the

uniqueness of the representation with respect to the basis {xi}i∈I we obtain∑
rixi =

∑
sixi ⇐⇒ ri = si ∈ I ⇐⇒ ri + I = 0

1More generally, any division ring satisfies the invariant dimension property.
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Proposition 4.5.2. LetR→ S be a ring epimorphism and suppose S satisfies the invariant dimen-
sion property. Then so does R.

Proof. Let R → S be a ring homomorphism such that R/I ∼= S, for some ideal I . Then the
isomorphism can be identified with the canonical projection π : R → R/I . Let F be an R-free
module. Then F/IF is an R/I-module with natural operations. By Lemma 4.5.2 if X and Y are
two basis for F , then π(X) and π(Y ) are two basis for F/IF . Since R/I has the I.D.P. then

|X| = |π(X)| = |π(Y )| = |Y | .

Corollary 4.5.3. If R is commutative then R satisfies the invariant dimension property.

Proof. Indeed, R has a maximal ideal m and π : R → R/m is a ring epimorphism. Use the
Proposition 4.5.2.

4.6 Projective Modules

Remark 4.6.1. Suppose R is a ring and 0→ A→ B
g−→ F → 0 be a short exact sequence with F

free. Then the sequence splits.

Proof. Exercise.

Definition 4.6.1 (Definition I). An R-module P is called projective if every short exact sequence

0→ A→ B → P → 0

splits.

Definition 4.6.2 (Definition II). An R-module P is projective if for every epimorphism B
g−→

C → 0 and every homomorphism P
f−→ B, there exists h : P → A such that g ◦ h = f , the

following diagram commutes
P

B C 0

f
h

g
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Theorem 4.6.1 (Characterization of Projective Modules). The following are equivalent :

a. P satisfies Definition 4.6.2.

b. P satisfies Definition 4.6.1.

c. There exists a free module F and a module K such that F ∼= P ⊕K.

Proof. (a)→ (b) Let 0→ A→ B
π−→ P → 0 be exact. Since P is projective, the map idP : P → P

lifts through π, i.e. there exists s : P → B with π ◦ s = idP . Hence the sequence splits.

P

0 A B P 0

s
id

π

(b)→ (a) Exercise.

(a)→ (c) Take an epimorphism ε : F → P , where F is free. LetK = ker(ε), so

0 −→ K −→ F
ε−→ P −→ 0

is exact. By (b) it splits, hence F ∼= P ⊕K.

(c) → (a) Assume F ∼= P ⊕ K with F free. We show P is projective. Let g : A ↠ B be an
epimorphism and let f : P → B be any map. Consider the composite

f̃ := f ◦ πP : F → B,

where πP : F → P is the projection for F ∼= P ⊕K.

F

P

A B 0

π
h′

f

i

h′◦i

g

If I can construct h′ such that g ◦ h′ = f ◦ π, we set h = h′ ◦ i and g ◦ h = f . So this implies that
is suffice to prove that F is projective.

Since F is free, pick a basis X of F . For each x ∈ X , choose ax ∈ A with g(ax) = f̃(x)
(possible since g is surjective). Define hX : X → A by hX(x) = ax and extend R-linearly to a
homomorphism

h′ : F → A.

Then g ◦ h′ = f̃ .
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example of Projectives Modules
Proposition 4.6.1. Let R be a ring and {Pi}i∈I a family of R-modules. Then⊕

i∈I

Pi is projective ⇐⇒ Pi is projective for every i ∈ I.

Proof. Exercise.

Example 4.6.1. a. If R = k is a field, then every (nonzero) k-module is a vector space, hence
free, hence projective.

b. IfR = Z, then every projective Z-module is free. Indeed, if P is projective then P is a direct
summand of a free abelian group F , and direct summands of free abelian groups are free.

c. If R = k[x], every projective k[x]-module is free.

d. More generally, over a PID, every projective module is free.

e. If R = k[x1, . . . , xn], then every projective is free. This is highly nontrivial: this is the
Quillen–Suslin theorem.

Example 4.6.2. Let

R =
C[x, y]

(y2 − (x3 − x))
,

the coordinate ring of the affine curve y2 = x3 − x (the ideal (y2 − (x3 − x)) is prime). Let
I = (x, y) ⊆ R. Then I is projective but not free.

Proof. I is not free of rank 1 because it is not principal (so it cannot be isomorphic to R as an
ideal). Define a surjection π : R2 → I by

π(e1) = y, π(e2) = x,

where (e1, e2) is the standard basis of R2. Define s : I → R2 on the generators by

s(y) =
(
1− x2

)
e1 + (xy)e2, s(x) = (−y)e1 +

(
x2
)
e2.

One checks s is well-defined (the relation y2 = x3 − x is respected) and that it is a splitting:

π(s(x)) = (−y)π(e1) + x2π(e2) = −y · y + x2 · x = −y2 + x3 = x,

and

π(s(y)) = (1− x2)π(e1) + (xy)π(e2) = (1− x2)y + (xy)x = y − x2y + x2y = y.

Hence π ◦ s = idI , so
0→ ker(π)→ R2 → I → 0

splits and I is a direct summand of the free module R2, therefore projective.
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Problem 4.1. Prove 〈x, y〉 ⊂ C[x, y] is not projective.

Proof. We consider the R linear map R2 g−→ 〈x, y〉 → 0 defined by

e1 7→ x and e2 7→ y

We want to show that g is not splitting. Try to define h : 〈x, y〉 → R2 R-linear with g ◦ h = id. If

x 7→
(
p1
q1

)
, y 7→

(
p2
q2

)
then

xp1 + yq1 = x, xp2 + yq2 = y.

Using the first equality we obtain :

xp′1 + yq′1 = 0 ⇒ xyp′1(x, y) + yxq1(x, y) = 0

From the last equality, we conclude that

h(x) =

(
1 + yh(x, y)
−xh(x, y)

)
and analogously, we prove that

h(y) =

(
−y · k(x, y)
1 + x · k(x, y)

)
From this we get that (

−xy · k(x, y)
x+ x2 · k(x, y)

)
= h(xy) =

(
y + y2 · h(x, y)
−xy · h(x, y)

)
Looking the degrees of the first coordinate we conclude a contradiction.

4.7 Injective modules

Definition 4.7.1. An R-module J is injective if for every monomorphism A
g−→ B and every

homomorphism f : A→ J , there exists h : B → J such that h ◦ g = f .

I

0 A B

f

g

h
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Proposition 4.7.1. Let {Ji}i∈I be R-modules. Then∏
i∈I

Ji is injective ⇐⇒ Ji is injective for every i ∈ I.

Proof. (⇒) Let ji : Ji →
∏

j Jj be the inclusion into the ith slot and πi :
∏

j Jj → Ji the projection.
Check the following diagram : ∏

i∈I Ji

Ji

0 A B

πi ji

f

g

h̃

h

(⇐) Assume each Ji is injective. Given A
g−→ B and f : A→

∏
i Ji, let fi = πi ◦ f : A→ Ji. The

injectivity of Ji gives hi : B → Ji extending fi. By the universal property of products, there is a
unique h : B →

∏
i Ji with πi ◦ h = hi, and then h extends f .

Ji

∏
i∈I Ji

0 A B

ji πi

f

g

hi

h

Theorem 4.7.1. Let R be a ring and J an R-module. The following are equivalent:

a. J is injective.

b. Every short exact sequence 0 −→ J −→ B −→ C −→ 0 splits.

c. Whenever J ⊆ B is a submodule, J is a direct summand of B.
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Proof. (a)⇒ (b) : Given 0→ J
i−→ B

p−→ C → 0, apply injectivity to i : J ↪→ B and f = idJ . We
get r : B → J with r ◦ i = idJ , hence i splits.

(b)⇒ (c) : If J ⊆ B, apply (b) to the exact sequence 0 → J → B → B/J → 0. Splitting gives
B ∼= J ⊕ B/J , so J is a direct summand.

(c)⇒ (a) : Standard reduction using:

• Products of injectives are injective iff each factor is injective by the Proposition 4.7.1.

• Every module embeds into an injective module (we will prove it later on the notes). Then J
being a direct summand of an injective implies J is injective.

4.8 Divisible Modules
Definition 4.8.1. An abelian group D is divisible if for every n ∈ Z>0 the map D

·n−→ D is
surjective. Equivalently, for all d ∈ D and n ∈ Z>0, there exists d̃ ∈ D such that d = n · d̃.

Example 4.8.1. a. Q is divisible.

b. Z(p∞) ⊆ Q/Z is a torsion group, where Z(p∞) =

{
a

pk

∣∣∣∣ k ≥ 0, a ∈ Z
}
.

Lemma 4.8.1. Let R be a ring and I an R-module. Then I is injective if and only if for every sub-
module L ⊆ R, every R-module homomorphism L→ I extends to an R-module homomorphism
R→ I . If R is commutative, it suffices to check this for ideals L ⊆ R.

Proof. The implication “⇒” is immediate. For “⇐”, suppose we are given 0 → A
g−→ B and a

morphism f : A→ I . Since g is an isomorphism onto im g, we obtain a map

h0 : im g → I

extending f . Let S be the set of pairs (C, h) where C is a submodule of B with im g ⊆ C and
h : C → I satisfies h ◦ g = f . Define a partial order on S by

(C1, h1) ≤ (C2, h2) if C1 ⊆ C2 and h2|C1 = h1.

If {(Ci, hi)} is a chain, then (⋃
Ci, h

)
with h|Ci

= hi is an upper bound. By Zorn’s lemma, S has a maximal element (C, h). We claim
that C = B. Let b ∈ B. Define

L = {r ∈ R : rb ∈ C}.

61



Then L is a submodule of R, and b ∈ C if and only if L = R. Define a map

` : L→ I, `(r) = h(rb).

By hypothesis, ` extends to a map
v : R→ I.

Now define
h′ : C +Rb→ I, h′(a+ rb) = h(a) + v(r).

One checks that h′ is well defined and extends h. By maximality of C, we must have C+Rb = C,
hence Rb ⊆ C, so b ∈ C. Therefore C = B, completing the proof.

Lemma 4.8.2. Let D be an abelian group. Then D is an injective abelian group if and only if is
divisible.

Proof. SupposeD is injective as a Z-module. We want to show thatD is divisible. Let n ∈ Z\{0}
and let d ∈ D. Consider the ideal (n) = nZ ⊆ Z and define a Z-module homomorphism

f : nZ→ D, f(mn) = md.

Since D is injective, there exists an extension h : Z→ D of f . Let d̃ = h(1). Then

d = f(n) = h(n) = nh(1) = nd̃.

Thus d ∈ im
(
D

·n−→ D
)
. Since d ∈ D was arbitrary, the map D ·n−→ D is surjective. Hence D is

divisible. Conversely, suppose D is divisible. We want to show that D is injective as a Z-module.
By Lemma 4.8.1, it suffices to consider a homomorphism f : I → D where I ⊆ Z is an ideal, and
show that f extends to a homomorphism Z→ D. Any ideal of Z is of the form I = (n) = nZ for
some n ∈ Z. Let d = f(n). Since D is divisible, there exists d̃ ∈ D such that d = nd̃. Define

h : Z→ D, h(1) = d̃.

Then for everym ∈ Z,
h(mn) = mnd̃ = md = f(mn),

so h extends f . Therefore D is injective as a Z-module.

4.9 Embeddings on Injectives
Lemma 4.9.1. Every abelian group is a subgroup of a divisible abelian group.
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Proof. Let A be an abelian group. Then there exists a surjection F =
⊕

I Z ↠ A from a free
abelian group. Consider D =

⊕
I Q. Since Q is divisible, D is divisible. We have an exact

sequence
0→ K → F → A→ 0.

Thus A ' F/K. Since F ⊆ D, we obtain

A ' F/K ↪→ D/K

It remains to check that a homomorphic image of a divisible group is divisible. Consider the exact
sequence

0→ K → D → D/K → 0.

Multiplication by n is surjective onD, hence also surjective onD/K. ThereforeD/K is divisible.

Let R be a ring and I an abelian group. Then HomZ(R, I) is an abelian group. Moreover
HomZ(R, I) has a left R-module structure defined by (r · ϕ)(s) := ϕ(sr), for r, s ∈ R and ϕ ∈
HomZ(R, I). One checks that r1 · (r2 · ϕ) = (r1r2) · ϕ.

Lemma 4.9.2. Let I be a divisible abelian group. Then HomZ(R, I) is an injective R-module.

Proof. Let L ⊆ R be a submodule and f : L → HomZ(R, I) an R-module homomorphism. We
want to extend f to

h : R→ HomZ(R, I).

Define a homomorphism of abelian groups

g : L→ I, g(a) = f(a)(1R).

Since I is divisible, it is injective as a Z-module, so g extends to a homomorphism g : R → I .
Define

h : R→ HomZ(R, I), h(r)(x) = g(xr).

If r ∈ L, then
h(r)(x) = g(xr) = g(xr) = f(r)(x),

so h extends f . Finally,

h(r1 + r2)(x) = g(x(r1 + r2)) = h(r1)(x) + h(r2)(x),

and
h(r1r2)(x) = g(xr1r2) = r1 · h(r2)(x),

so h is an R-module homomorphism.

Proposition 4.9.1. Every R-module is a submodule of an injective R-module.
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Proof. Let A be an R-module. By Lemma 4.9.1, A is a subgroup of a divisible abelian group I .
Hence we have an injective homomorphism of abelian groups A ↪→ I . Consider the map

HomZ(R,A) −→ HomZ(R, I), ϕ 7−→ ι ◦ ϕ,

where ι : A ↪→ I is the inclusion. This map is injective and is a homomorphism of R-modules.
Since HomZ(R,A) is an abelian subgroup of HomZ(R, I) which is stable under the R-action, it
follows that HomR(R,A) is an R-submodule of HomZ(R, I). By Lemma 4.9.2, HomZ(R, I) is an
injective R-module. Define a map

Φ : HomR(R,A) −→ A, Φ(ϕ) = ϕ(1).

This map is an isomorphism. Indeed, given a ∈ A, define

ϕa : R→ A, ϕa(r) = ra.

Then ϕa is an R-module homomorphism and Φ(ϕa) = a. Conversely, every ϕ ∈ HomR(R,A)
satisfies ϕ(r) = rϕ(1), so ϕ = ϕφ(1). Thus Φ is bijective. Therefore A ' HomR(R,A) and hence
A embeds into the injective module HomZ(R, I).

4.10 Hom
Let R be a ring and A,B two R-modules. Then HomR(A,B) has an abelian group structure. On
the other hand, if R is a ring and Y an abelian group, then HomZ(R, Y ) is an R-module given by

(rϕ)(x) := ϕ(xr).

Remark 4.10.1. • R is left and right R-module or bimodule.

• If R is commutative, all modules are bimodules.

GivenA f−→ A′ anR-module homomorphism, then we have a homomorphism of abelian groups

ϕ∗ : HomR(A
′, B)→ HomR(A,B), ϕ 7→ ϕ ◦ f.

Similarly we have

ϕ∗ : HomR(B,A)→ HomR(B,A
′), ϕ 7→ f ◦ ϕ.

Theorem 4.10.1. Let R,S be rings, RA a left R-module, RBS a bimodule and RCS an R-S-
bimodule.

a. HomR(A,B) is a right S-module with (ϕs)(a) := ϕ(a)s.
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b. If A f−→ A′ is a homomorphism of left R-modules, then

ϕ∗ : HomR(A
′, B)→ HomR(A,B), ϕ 7→ ϕ ◦ f

is a homomorphism of right S-modules.

c. HomR(C,D) is a left S-module with (sϕ)(c) = ϕ(cs).

d. If D g−→ D′ is a homomorphism of R-modules, then

g∗ : HomR(C,D)→ HomR(C,D
′), ϕ 7→ g ◦ ϕ

is a homomorphism of left S-modules.

Theorem 4.10.2. Hom and direct sums/products:

HomR

(⊕
i∈I

Ai, B

)
=
∏
i∈I

HomR(Ai, B)

HomR

(
A,
∏
j∈J

Bj

)
=
∏
j∈J

HomR(A,Bj).

Theorem 4.10.3. The sequence 0→ A
φ−→ B → C is exact if and only if for every R-module D

0→ HomR(D,A)
φ∗−→ HomR(D,B)

ψ∗−→ HomR(D,C)

is exact.

Example 4.10.1. This does not assert that ψ∗ is surjective when ψ is surjective. For example
consider the sequence :

0→ Z ·2−→ Z π−→ Z2 → 0

Take D = Z2. Then

0→ Hom(Z2,Z)→ Hom(Z,Z)→ Hom(Z2,Z2)

is not surjective.

Theorem 4.10.4 (Theorem 4.3). The sequence A→ B
ψ−→ C → 0 is exact if and only if for every

R-module D
0→ Hom(C,D)

ψ∗
−→ Hom(B,D)

φ∗
−→ Hom(A,D)

is exact.
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Example 4.10.2. If we consider the sequence

0→ Z ·2−→ Z→ Z2 → 0

Take D = Z2:
0→ Hom(Z2,Z2)→ Hom(Z,Z2)→ Hom(Z,Z2).

Notice (·2)∗ = 0, so it is not surjective.

Theorem 4.10.5. The sequence 0→ A
φ−→ B

ψ−→ C is exact if and only if for every R-module D

0→ HomR(D,A)
φ∗−→ HomR(D,B)

ψ∗−→ HomR(D,C)

is exact.

Theorem 4.10.6. The sequence A f−→ B
g−→ C → 0 is exact if and only if for every R-module D

0→ Hom(C,D)
g∗−→ Hom(B,D)

f∗−→ Hom(A,D)

is exact.

Proof. First, we suppose that the sequence

A
f−→ B

g−→ C → 0

is exact.It is straightforward to show that g∗ is injective using the surjectivity of g. For the exactness
in the middle: For a map ϕ ∈ Hom(C,D) we notice

f ∗g∗(ϕ) = f ∗(ϕ ◦ g) = ϕ ◦ g ◦ f = 0.

therefore Im g∗ ⊆ ker f ∗. Conversely, let ϕ ∈ ker f ∗: Therefore

f ∗(ϕ) = 0 ⇐⇒ ϕ ◦ f = 0 ⇐⇒ ϕ
∣∣∣
Imf

= 0 ⇐⇒ ϕ
∣∣∣
ker g

= 0

Define ϕ̄ : B/ ker g → D where ϕ̄ ◦ π = ϕ. Since g is surjective, then there is an isomorphism
ḡ : B/ ker g → C such that g = ḡ ◦ π. If we define ϕ̃ = ϕ̄ ◦ g̃−1, then check that ϕ = ϕ̃ ◦ g =
g∗(ϕ̃) ∈ Im g∗ and we are done.

Conversely, suppose that the following sequence is exact :

0→ Hom(C,D)→ Hom(B,D)→ Hom(A,D)

exact. If we take D = C/Im g, it suffices to show that π : C → D is the zero map. It is obvious
that g∗(π) = π ◦ g = 0, therefore by the injectivity of g∗ we are obtain that π = 0. Now from the
fact f ∗ ◦ g∗ = 0 we can easily get that g ◦ f = 0, hence Im f ⊆ ker g. Finally, if D = B/ Im f ,
then since π : B → D satisfies :

π ◦ f = f ∗(π) = 0

then π ∈ Im g∗ i.e. there exists ϕ : C → D such that π = ϕ ◦ g. Hence, for each x ∈ ker g we get

π(x) = ϕ ◦ g(x) = 0 ⇐⇒ x+ Im f = 0 ⇐⇒ x ∈ Im f

and we have shown that ker g ⊆ Im f
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Theorem 4.10.7. The following conditions on a module P over a ring R are equivalent:

a. P is projective;

b. If ψ : B → C is any R-module epimorphism, then

ψ∗ : HomR(P,B)→ HomR(P,C)

is an epimorphism of abelian groups;

c. If
0→ A

φ−→ B
ψ−→ C → 0

is any short exact sequence of R-modules, then

0→ HomR(P,A)
φ∗−→ HomR(P,B)

ψ∗−→ HomR(P,C)→ 0

is an exact sequence of abelian groups.

Proof. (a) ⇐⇒ (b) The map

ψ∗ : HomR(P,B)→ HomR(P,C), g 7→ ψg

is an epimorphism if and only if for every R-module homomorphism f : P → C, there is an
R-module homomorphism g : P → B such that the diagram

P

B C 0

g
f

ψ

is commutative (that is, f = ψg = ψ̄(g)).

(b)⇒ (c) 4.10.5

(c) ⇒ (b) Given an epimorphism ψ : B → C, let A = kerψ and apply (c) to the short exact
sequence

0→ A→ B
ψ−→ C → 0.

Proposition 4.10.1. The following conditions on a module J over a ring R are equivalent:

a. J is injective;
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b. if ϑ : A→ B is any R-module monomorphism, then

ϑ∗ : HomR(B, J)→ HomR(A, J)

is an epimorphism of abelian groups;

c. if
0→ A

ϑ−→ B → C → 0

is any short exact sequence of R-modules, then

0→ HomR(C, J)→ HomR(B, J)
ϑ∗−→ HomR(A, J)→ 0

is an exact sequence of abelian groups.

Proof. The proof is dual to the last theorem and is left as an exercise.

4.11 Dual Modules
Definition 4.11.1. Let R be a ring and A be an R - module. The set A∗ = HomR(A,R) is called
the dual module. If A is a left R-module, then A∗ is a right R-module.

Theorem 4.11.1. Let A,B,C be left modules over a ring R.

a. If ϕ : A→ C is a homomorphism of left R-modules, then the induced map

ϕ̄ : C∗ = HomR(C,R)→ HomR(A,R) = A∗

is a homomorphism of right R-modules.

b. There is an R-module isomorphism (A⊕ C)∗ ∼= A∗ ⊕ C∗.

c. If R is a division ring and 0 → A
φ−→ B

ψ−→ C → 0 is a short exact sequence of left vector
spaces, then 0→ C∗ ψ̄−→ B∗ φ̄−→ A∗ → 0 is a short exact sequence of right vector spaces.

4.12 Tensor Product
Let R be a commutative ring and A,B,C be R-modules. A map f : A × B → C is bilinear if it
is linear in each factor. A× B has a natural R-module structure given by

r(a, b) = (ra, rb),

and note that a bilinear map is not linear.
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Example 4.12.1. If R = Z, and A = B = C = Z, we get

Z× Z→ Z, (a, b) 7→ ab

is bilinear.

Definition 4.12.1. If R is not commutative and A,B,C are R-modules, then f : A × B → C is
middle linear if the condition f(ra, b), f(a, b) = f(a, rb) is replaced by f(ar, b) = f(a, rb).

The tensor product is characterized by a universal property: Let R be commutative and A,B
two R-modules. There exists an R-module A⊗R B and a bilinear map

A× B i−→ A⊗R B

such that for any bilinear map f : A×B → C, there exists a uniqueR-linear map f̃ : A⊗RB → C
such that f = f̃ ◦ i. Equivalently, the following diagram commutes :

A× B C

A⊗R B

f

i
∃!f̃

Let A,B be R-modules, and we consider RA×B, the free module with basis A×B. An element of
RA×B is a finite sum

n∑
i=1

ri · (ai, bi).

Let R be the submodule generated by elements of the form:

1. (a1 + a2, b)− (a1, b)− (a2, b),

2. (a, b1 + b2)− (a, b1)− (a, b2),

3. (ra, b)− r(a, b),

4. (a, rb)− (ar, b).

We define the tensor product of A and B be the quotient A⊗R B := RA×B/R. A coset of (a, b)
in A ⊗R B is denoted by a ⊗ b. These are called pure tensors. An element of A ⊗R B can be
represented as a sum

n∑
i=1

ri(ai ⊗ bi) =
n∑
i=1

(riai)⊗ bi =
n∑
i=1

ai ⊗ (ribi).

Now define a map
i : A× B → A⊗R B, i(a, b) = a⊗ b.

This map is bilinear by the definition of R.
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Theorem 4.12.1 (Universal Property of Tensor Product). LetR be a commutative ring andA,B,C
be R-modules. If f : A × B → C is bilinear, then there exists a unique map f̃ : A ⊗R B → C
such that f = f̃ ◦ i, i.e. the following diagram commutes:

A× B C

A⊗R B

f

i
∃!f̃

Proof. We define the map F : RA×B → C with F (a, b) = f(a, b) and extend R-linearly. We
notice f is bilinear if and only if R ⊆ kerF . So F induces a map f̃ : A ⊗R B → C such that
f̃ ◦ i = f . Moreover, suppose h : A⊗R B → C satisfies h ◦ i = f . To prove h = f̃ , it is enough
to check on pure tensors:

h(a⊗ b) = h ◦ i(a, b) = f(a, b) = f̃ ◦ i(a, b) = f̃(a⊗ b).

Example 4.12.2. We can show that
Z⊗Z Z ∼= Z,

by showing that the map Z⊗ Z→ Z, with a⊗ b 7→ ab is an isomorphism.

Example 4.12.3. We consider the tensor product Z2 ⊗Z Z3 which is generated by{
0⊗ 0, 0⊗ 1, 0⊗ 2, 1⊗ 0, 1⊗ 1, 0⊗ 2

}
.

One can checks that a⊗ b = 0, for all a ∈ Z2 and b ∈ Z3. So Z2 ⊗Z Z3 is zero.

Properties of Tensor Products
Example 4.12.4 (Tensor Production of Vector Spaces). We consider two vector spaces V and W
over a field k with basis {ei}i∈I and {fj}j∈J for V andW respectively. Then B = {ei ⊗ fj}i,j is
a basis for V ⊗k W .

Proof. We can easily show that {ei ⊗ fj} spans by using bilinearity. Later we shall show that
dimk (V ⊗k W ) = n · m, from which we conclude that B is actually a basis of V ⊗k W . Now
we need to show {ei ⊗ fj}i,j are linearly independent. For each (k, `) consider the map which is
bilinear:

V ×W → K,
(∑

aiei,
∑

bjfj

)
7→ akbℓ.
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This induces a map Φ(k,ℓ) : V ⊗k W → k, denoted (ek ⊗ fℓ)∗ ∈ (V ⊗W )∗, and act in the basis
elements as following :

(ek ⊗ fℓ)∗(ei ⊗ fj) =


1 (k, `) = (i, j),

0 otherwise.

Suppose
∑
cijei ⊗ fj = 0.We show cij = 0, for all i ∈ I and j ∈ J . If we apply (ek ⊗ fℓ)∗ to∑

cijei ⊗ fj = 0

then ckℓ = 0.

Theorem 4.12.2. A is an R-module. The bilinear map defined as

R× A→ A, (r, a) 7→ ra

gives an isomorphism R ⊗R A ∼= A. Likewise, if A is a right R-module, this induces an isomor-
phism A⊗R R ∼= A.

Proof. Take the pair of linear maps :

ϕ : R⊗ A→ A, ϕ(r ⊗ a) = ra,

and
ψ : A→ R⊗ A, ψ(a) = 1⊗ a.

Example 4.12.5. G is an abelian group. Then the map Z ⊗ G → G defined as n ⊗ g 7→ ng is an
isomorphism of abelian groups and Z⊗G ∼= G.

Theorem 4.12.3. The tensor product commutes with direct limits, i.e. there is a canonical isomor-
phism (⊕

i∈I

Ai

)
⊗ B ∼=

⊕
i∈I

(Ai ⊗ B).

Likewise, there is a canonica isomorphism :

A⊗

(⊕
j∈J

Bj

)
∼=
⊕
j∈J

(A⊗ Bj).
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Theorem 4.12.4. R is a ring,A is anR-module, F is a free module. Then every element ofA⊗RF
can be written uniquely as

u =
∑

ai ⊗ yi, ai ∈ A, yi ∈ F.

In particular, this implies A⊗R F ∼= Arank(F ).

Proof. We choose a basis Y = {yi}i∈I for F . This gives an a natural isomorphism

F ∼=
⊕
i∈I

R, yi 7→ ei.

But by the Theorem 4.12.3 and 4.12.2 we get :

A⊗R F ∼=
⊕
i∈I

A⊗R R ∼=
⊕
i∈I

A.

Now each element of A⊗ F can be written as

n∑
j=1

aj ⊗

(∑
i∈I

riyi

)
=

n∑
j=1

∑
i∈I

(ajri)⊗ yi =
∑
i∈I

n∑
j=1

(ajri)⊗ yi =
∑
i∈I

(∑
j

ajrj

)
⊗ yi

Finally, the last calculation gives that each element of A⊗R F can be written as

n∑
j=1

aj ⊗

(∑
i∈I

riyi

)
=
∑
i∈I

ai ⊗ yi

The uniqueness comes from the fact that the linear map

A⊗R F → ⊕i∈IA,
∑
i∈I

ai ⊗ yi 7→ {ai}i∈I

is an isomorphism.

Corollary 4.12.1. If F1 and F2 are two free R-modules with basis X and Y respectively, then
F1 ⊗ F2 is a free R-module with basis

B = {x⊗ y | x ∈ X, y ∈ Y }.
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Exactness properties of tensor product
If f : A→ B is an R-module homomorphism and D is any R-module, there is an induced homo-
morphism

D ⊗R A
1⊗f−−→ D ⊗R B, d⊗ a 7→ d⊗ f(a).

Definition is simple but has surprising properties.

Example 4.12.6. We take the Z - linear map f : Z ·2−→ Z and D = Z3. Then 1⊗ f is a bijection :

Z3 ⊗ Z Z3 ⊗ Z

Z3 Z3

1⊗(·2)

∼= ∼=

·2

If D = Z4, then 1⊗ f is neither an injection and surjection :

Z4 ⊗ Z Z4 ⊗ Z

Z4 Z4

1⊗(·2)

∼= ∼=

·2

If D = Z2, then 1⊗ f is the zero map.

Proposition 4.12.1. If R is a ring, and the sequence A f−→ B
g−→ C → 0 is exact for any moduleD

the induced sequence of modules

D ⊗R A
1⊗f−−→ D ⊗R B

1⊗g−−→ D ⊗R C → 0

is exact.

Proof. Looking at the pure tensor we conclude that 1⊗ g is onto. Now is straightforward to show
that (1⊗ g) ◦ (1⊗ f) = 0 at the level of pure tensors, since g ◦ f = 0, hence

Im(1⊗ f) ⊆ ker(1⊗ g).

Thus, we know that there is a map ϕ : D⊗RB/ Im(1⊗ f)→ D⊗R C. Want to show that this has
an inverse. We need a bilinear map

D × C → D ⊗R B/ Im(1⊗ f), (d, c) 7→ d⊗ bc

where c = g(bc). Thismap is bilinear since ker g = Im f , therefore there exists amapψ : D⊗RC →
D ⊗R B/ Im(1⊗ f) which is the inverse of the map D ⊗R B/ Im(1⊗ f)→ D ⊗R C. Therefore,
ϕ is injective. Hence, for all b ∈ ker g, we have that

ϕ
(
d⊗ b

)
= d⊗ g(b) = 0

and since ϕ is injective we get d⊗ b = 0, i.e. d⊗ b ∈ Im(1⊗ f) and we are done.
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Definition 4.12.2. An R-module D is flat if for every injection f : A → B, then induced map
1⊗ f : D ⊗R A→ D ⊗R B is injective.

Example 4.12.7. a. From the Theorem 4.12.2 we have that the ring R is a flat module. Using
the Theorem 4.12.3 we obtain that any free R - module is flat.

b. Since each projective module is a direct summand of a free module we obtain that every
projective module is flat.

c. An abelian group is a flat Z module if and only if is torsion free.

Adjoint property of Hom and ⊗
Let R be a commutative ring, A,B,C three R-modules. The abelian group HomR(A⊗R B,C) is
anR-module homomorphismA⊗RB → C, which is equivalent to a bilinear mapΦ : A×B → C.
Given such Φ, we can define

Ψ : A→ HomR(B,C), a 7→ Ψ(a), Ψ(a)(b) = Φ(a, b).

By the bilinearity of Φ, we get that Ψ ∈ HomR

(
A,HomR(B,C)

)
. This produces an R-linear map

HomR(A⊗R B,C) −→ HomR

(
A,HomR(B,C)

)
.

Theorem 4.12.5. This natural map HomR(A ⊗R B,C) −→ HomR

(
A,HomR(B,C)

)
is an iso-

morphism of R-modules

HomR(A⊗R B,C) ∼= HomR

(
A,HomR(B,C)

)
.

Sketch. To define the inverse map HomR

(
A,HomR(B,C)

)
−→ HomR(A ⊗R B,C), given Ψ :

A→ HomR(B,C), define

Φ : A× B → C, Φ(a, b) = Ψ(a)(b).

Then Φ is bilinear, and by considering the induced R - linear map A⊗R B → C gives the desired
inverse.

4.13 Finitely generated modules over a PID
This theory is developed for two important example.

a. R = Z and A be a finitely generated abelian group. Then

A ' Zr ⊕ Za1 ⊕ · · · ⊕ Zat ,

where 1 < a1 | · · · | at.
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b. R = k[x], k a field, A is a finitely generated module over R. Thus,

A ' Rr ⊕ k[x]

〈a1(x)〉
⊕ · · · ⊕ k[x]

〈at(x)〉
,

where ai 6= 0, a1 | · · · | at which are called the invariant factors of A. This is important for
the theory of the canonical forms.

Recall that for T ∈ End(V ), the pair (V, T ) has a k[x]-module structure via x · v := T (v). (V, T )
is a torsion k[x] - module because there is p(x) ∈ k[x] such that p(T ) = 0.

Definition 4.13.1 (rank of a module). Let A be an R-module. The rank of A denoted by rank(A)
is the maximum number of linearly independent elements in A. This is well-defined because if
S = {a1, . . . , at} is a maximal linearly independent set, then any other maximal independent set
has the same cardinality.

Then a1, . . . , at are maximal linearly independent in A⊗R Frac(R), which is a Frac(R)-vector
space. For example, If I ⊂ R is an ideal, then rank(I) = 1. In general, for B ⊆ A is true that
rank(B) ≤ rank(A).

Theorem 4.13.1. Let R be a PID, F is a free module of rank n, G ⊂ F any submodule. Then

a. G is free, of rank, rank(G) ≤ rank(F ),

b. there is a basis y1, . . . , yn of F and elements a1| . . . |at in R such that a1y1, . . . , atyt is a basis
for G.

Proof. F is free, F ∗ = HomR(F,R), G ⊆ F submodule. If ϕ ∈ F ∗, then ϕ(G) ⊂ R is a
submodule, i.e. an ideal. Since R is a PID, ϕ(G) = 〈aφ〉, for aφ ∈ R. We consider the family of
ideals :

ΣG = {〈aφ〉 | ϕ ∈ F ∗} .

Since R is a PID, any ascending chain of ideals stabilizes. By Zorn’s Lemma, ΣG has a maximal
element 〈a1〉 corresponding to a map ν : F → R such that a1 = ν(y), for some y ∈ G. IfG 6= 0we
show that a1 6= 0. Let x1, . . . , xm be any basis for F . Then elements of F have unique expansions

z =
∑

aixi.

Define πi : F → R by πi(z) = ai. If G 6= 0, then πi(G) 6= 0 for some i, so the ideal associated
to πi is nonzero, hence 〈a1〉 6= 0. For all ϕ ∈ F ∗, we have that a1 | ϕ(y), i.e. ϕ(G) ⊆ 〈a1〉. Let
d = gcd(ν(y), ϕ(y)). So

d = r1ν(y) + r2ϕ(y)

for some r1, r2 ∈ R. Let ψ ∈ F ∗, ψ = r1ν + r2ϕ, so we obtain that ψ(y) = d. Thus

ψ(G) ⊇ 〈d〉 ⊇ 〈ν(y)〉 = 〈a1〉.
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By maximality of 〈a1〉, we get ψ(G) = 〈a1〉, so a1 | ϕ(y). Hence, since y =
∑m

i=1 bixi, and
bi = πi(y), where πi : F → R is the projection. We know a1 | bi for all i = 1, . . . ,m, hence
y = a1y1,

y1 =
m∑
i=1

αixi,

and ν(y1) = 1. Consider the s.e.s. :

0 −→ ker v −→ F
ν−→ R.

Since R is free, the sequence splits, so

F ' R⊕ ker ν.

Since Im ν = Ry1, we get
Ry1 ⊕ ker v = F (internal sum).

Thus G ' (ker v ∩ G) ⊕ Ry. However, we do not know if ker v is free, and we do not know if
ker(v) ∩ G is free. We use induction on the rank of the submodule. To show G is free, it suffices
to show that ker(ν) ∩G is free. To apply induction, we need

rank(ker(ν) ∩G) < rank(G).

Let r1, . . . , rs ∈ ker(v) ∩G be a maximal set of linearly independent elements. Then r1, . . . , rs, y
are linearly independent in G. Thus we have shown that a submodule G of F is free. We know

F ' Ry1 ⊕ ker ν.

So now ker(ν) ⊆ F is free (by (1)) and

rank(ker ν) = rank(F )− 1.

By induction, there exists a basis y2, . . . , ym of ker(ν), and 0 6= a2 | · · · | at such that a2y2, . . . , atyt
is a basis for ker(v) ∩G. Since

G ' Ry ⊕ (ker(ν) ∩G),

it follows that
y = a1y1, a2y2, . . . , atyt

is a basis of G. Moreover, y1, y2, . . . , ym is a basis of F . To finish the proof, we need to show that
a1 | a2. Let ϕ ∈ F ∗ be the functional ϕ = π1(y1) + π1(y2), so that

ϕ(y1) = ϕ(y2) = 1, ϕ(yi) = 0 for i > 2.

Then, ϕ(a2y2) = a2 ∈ ϕ(G). Hence (a2) ⊆ ϕ(G) ⊆ ν(G), so a1 | a2.
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Theorem 4.13.2. Let R be a PID, A a finitely generated R-module. Then we have the following
decomposition :

A = F ⊕ T1 ⊕ · · · ⊕ Tt,

F is free, Ti is a cyclic torsion module, i.e. Ti = R/(ai), where ai 6= 0 and

(a1) ⊇ (a2) ⊇ · · · ⊇ (at).

Proof. Let R be a PID and A a finitely generated R-module, generated by a1, . . . , am. Then we
can define a surjection π : F = Rm −→ A. Now ker π is free and A = Rm/ ker(π). Moreover,
there exists a basis y1, . . . , ym of F and elements a1 | · · · | at such that a1y1, . . . , atyt is a basis for
ker π. Thus,

A '
m⊕
i=1

〈yi〉
/ t⊕

i=1

〈aiyi〉 ∼=
R

(a1)
⊕ · · · ⊕ R

(at)
⊕Rm−t

4.14 Problems
Problem 4.2. If R has an identity, then every unitary cyclic R-module is isomorphic to an R-
module of the form R/J , where J is a left ideal of R.

Problem 4.3. If R has an identity, then a nonzero unitary R-module A is simple if its only sub-
modules are 0 and A.

a. Every simple R-module is cyclic.

b. IfA is simple, everyR-module endomorphism ofA is either the zeromap or an isomorphism.

Problem 4.4. a. If A is a module over a commutative ring R and a ∈ A, then

Oa = { r ∈ R | ra = 0 }

is an ideal of R. If Oa 6= 0, a is said to be a torsion element of A.

b. If R is an integral domain, then the set T (A) of all torsion elements of A is a submodule of
A. ( T (A) is called the torsion submodule.)

c. Show that (b) may be false for a commutative ring R which is not an integral domain.

In (d)–(f) R is an integral domain.
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d. If f : A→ B is an R-module homomorphism, then f(T (A)) ⊆ T (B); hence the restriction
fT of f to T (A) is an R-module homomorphism

fT : T (A)→ T (B).

e. If 0→ A
f−→ B

g−→ C is an exact sequence of R-modules, then so is

0→ T (A)
fT−−→ T (B)

gT−−→ T (C).

f. If g : B → C is an R-module epimorphism, then gT : T (B) → T (C) need not be an
epimorphism.

Problem 4.5. a. If

0→ A→ B
f−→ C → 0 and 0→ C

g−→ D → E → 0

are short exact sequences of modules, then the sequence

0→ A→ B
gf−−→ D → E → 0

is exact.

b. Show that every exact sequence may be obtained by splicing together suitable short exact
sequences as in (a).

Problem 4.6. Let f : A→ B and g : B → A be R-module homomorphisms such that g ◦ f = 1A.
Show that

B = Im f ⊕ ker g.

Problem 4.7. Let f : A→ B be an R-module homomorphism.

a. f is a monomorphism if and only if for every pair ofR-module homomorphisms g, h : D →
A such that fg = fh, we have g = h.

b. f is an epimorphism if and only if for every pair ofR-module homomorphisms k, ` : B → C
such that kf = `f , we have k = `.

Problem 4.8. a. If A and B are R-modules, then the set HomR(A,B) of all R-module homo-
morphisms A→ B is an abelian group with f + g given on a ∈ A by

(f + g)(a) = f(a) + g(a) ∈ B.

The identity element is the zero map.
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b. HomR(A,A) is a ringwith identity, wheremultiplication is composition of functions. HomR(A,A)
is called the endomorphism ring of A.

c. A is a left HomR(A,A)-module with fa defined to be

fa = f(a) (a ∈ A, f ∈ HomR(A,A)).

Problem 4.9. Describe the set of simple Z-modules.

Problem 4.10. Let f : A→ B be a homomorphism of R-modules.

• Show that if C is any R-module, then there are natural maps of abelian groups

HomR(C,A)→ HomR(C,B) and HomR(B,C)→ HomR(A,C).

• Show that f is a monomorphism if and only if the natural map of groups

HomR(C,A)→ HomR(C,B)

is injective for every R-module C.

• Show that f is an epimorphism if and only if the natural map of groups

HomR(B,C)→ HomR(A,C)

is injective for every R-module C.

Problem 4.11. We give three example of different R[x]-module structures on the vector space
V = R2 corresponding to three different linear transformations T : R2 → R2.

a. Show that if T is the linear transformation that rotates a vector by π/2, then (V, T ) is a simple
R[x]-module.

b. Show that if T is the linear transformation (x, y) 7→ (0, y), then the x-axis and y-axis are the
only proper R[x]-submodules of V .

c. Show that ifT is the linear transformation that rotates a vector byπ, then every one-dimensional
subspace of V is a proper submodule.

Problem 4.12. If F is a free module over a ring with identity such that F has a basis of finite
cardinality n ≥ 1 and another basis of cardinality n + 1, then F has a basis of cardinality m for
everym ≥ n (m ∈ N∗).

79



Problem 4.13. Let f : V → V ′ be a linear transformation of finite-dimensional vector spaces V
and V ′ such that dimV = dimV ′. Then the following conditions are equivalent:

i. f is an isomorphism;

ii. f is an epimorphism;

iii. f is a monomorphism.

Problem 4.14. a. For each prime p, Z(p∞) (see Exercise I.1.10) is a divisible group.

b. No nonzero finite abelian group is divisible.

c. No nonzero free abelian group is divisible.

d. Q is a divisible abelian group.

Problem 4.15. Prove that Q is not a projective Z - module.

Problem 4.16. a. IfD is an abelian group with torsion subgroupDt, thenD/Dt is torsion free.

b. If D is divisible, then so is Dt, whence

D = Dt ⊕ E,

with E torsion free.

Problem 4.17. If F1 and F2 are free modules over a ring with the invariant dimension property,
then

rank(F1 ⊕ F2) = rank(F1) + rank(F2).

Problem 4.18. Every torsion-free divisible abelian groupD is a direct sum of copies of the rationals
Q.

Problem 4.19. Prove that :

a. Every homomorphic image of a divisible abelian group is divisible.

b. Every direct summand (Exercise I.8.12) of a divisible abelian group is divisible.

c. A direct sum of divisible abelian groups is divisible.
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Problem 4.20. Let p be a prime and D a divisible abelian p-group. Then D is a direct sum of
copies of Z(p∞).

Problem 4.21. Every divisible abelian group is a direct sum of copies of the rationalsQ and copies
of Z(p∞) for various primes p.

Problem 4.22. Let G be a finite group and let R = k[G] be the group ring of G. (Recall that an
element of R is a k-linear combination

∑m
i=1 λi[gi] and multiplication is given by [gi][gj] = [gigj].)

An R-module is a k-vector space together with a linear action of G meaning

g(v1 + v2) = gv1 + gv2, g(λv) = λgv.

AnR-module homomorphism f : V → W is a k-linear map which satisfies the additional property
that

f(gv) = g f(v) for all g ∈ G.

a. Show that if the characteristic of k does not divide |G| then every short exact sequence of
R-modules splits. Conclude that every R-module is projective.

Hint: Any short exact sequence of R-modules splits as an exact sequence of vector spaces.
If f : V → W is an epimorphism of R-modules and h : W → V is any k-linear map such
that f ◦ h = 1W , replace h by the average

1

|G|
∑
g∈G

gh

where (gh) : W → V is defined by

(gh)(w) = gh(g−1w).

The fact that 1/|G| ∈ k requires us to assume that the characteristic of k does not divide |G|.

b. Show that every finitely generated R-module is finitely generated as a k-vector space.

Hint: R is a k-vector space of rank equal to |G|.

c. Show that every finitely generated R-module is the direct sum of a finite number of simple
R-modules. This result is calledMaschke’s theorem.

d. Show that every simple R-module is isomorphic to a summand in the free R-module R.
Conclude that, up to isomorphism, there are only a finite number of simple R-modules.

Hint: Use the fact that HomR(R, V ) is isomorphic to V and is therefore non-zero if V is
non-zero.
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e. (Challenge) Decompose C[S3] into a sum of simple R-modules; i.e. give explicit bases for
the various simple S3-invariant subspaces of the 6-dimensional vector space C[S3]. How
many non-isomorphic simple R-modules are there?

Problem 4.23. a. For any abelian group A and positive integerm,

Hom(Zm, A) ∼= A[m] = {a ∈ A | ma = 0}.

b. Hom(Zm,Zn) ∼= Z(m,n).

Problem 4.24. Let S be a nonempty subset of a vector space V over a division ring. The annihilator
of S is the subset S0 of V ∗ given by

S0 = {f ∈ V ∗ | 〈s, f〉 = 0 for all s ∈ S}.

a. ∅0 = V ∗; V 0 = 0; S 6= ∅ and S 6= {0} ⇒ S0 6= V ∗.

b. IfW is a subspace of V , thenW 0 is a subspace of V ∗.

Problem 4.25. If V is a vector space over a division ring and f ∈ V ∗, letW = {a ∈ V | 〈a, f〉 =
0}. ThenW is a subspace of V . If dimV is finite, determine dimW .

Problem 4.26. If R has an identity and P is a finitely generated projective unitary left R-module,
then

a. P ∗ is a finitely generated projective right R-module.

b. P is reflexive.

Problem 4.27. If A is a torsion abelian group and Q the (additive) group of rationals, then

a. A⊗Q = 0,

b. Q⊗Q ∼= Q.

Problem 4.28. Let R be a commutative ring. Show that there is a ring isomorphism

R[x]⊗R R[y] ∼= R[x, y].
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Problem 4.29. Give example to show that each of the following may actually occur for suitable
rings R and modules RA, RB:

a. A⊗R B 6∼= A⊗Z B.

b. u ∈ A⊗R B, but u 6= a⊗ b for any a ∈ A, b ∈ B.

c. a⊗ b = a1 ⊗ b1 but a 6= a1 and b 6= b1.

Problem 4.30. For any abelian group A and positive integerm:

(a) Hom(Zm, A) ∼= A[m] = {a ∈ A | ma = 0}.

(b) Hom(Zm,Zn) ∼= Z(m,n).

(c) The Z-module Zm has Z∗
m = 0.

(d) For each k ≥ 1, Zm is a Zmk-module; as a Zmk-module, Z∗
m
∼= Zm.

Problem 4.31. If A,B are abelian groups and m,n are integers such that mA = 0 = nB, then
every element of Hom(A,B) has order dividing (m,n).

Problem 4.32. Let π : Z→ Z2 be the canonical epimorphism. The induced map

π : Hom(Z2,Z)→ Hom(Z2,Z2)

is the zero map. Since Hom(Z2,Z2) 6= 0, π is not an epimorphism.

Problem 4.33. Let S be a nonempty subset of a vector space V over a division ring. The annihi-
lator of S is the subset S0 of V ∗ given by

S0 = {f ∈ V ∗ | 〈s, f〉 = 0 for all s ∈ S}.

(a) 00 = V ∗; V 0 = 0; if S 6= {0}, then S0 6= V ∗.

(b) IfW is a subspace of V , thenW 0 is a subspace of V ∗.

(c) IfW is a subspace of V and dimV is finite, then dimW 0 = dimV − dimW .

(d) LetW,V be as in (c). There is an isomorphismW ∗ ∼= V ∗/W 0.

Problem 4.34. Let A and B be abelian groups.

(a) For eachm > 0, A⊗ Zm ∼= A/mA.
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(b) Zm ⊗ Zn ∼= Zc, where c = (m,n).

(c) Describe A⊗ B when A and B are finitely generated.

Problem 4.35. The usual injection α : Z2 → Z4 is a monomorphism of abelian groups. Show that

1⊗ α : Z2 ⊗ Z2 → Z2 ⊗ Z4

is the zero map (but Z2 ⊗ Z2 6= 0 and Z2 ⊗ Z4 6= 0; see Exercise 2).

Problem 4.36. a. Show that a projective module is flat.

b. Show that Q is a flat Z-module which is not projective.

c. Show that the divisible group Q/Z is not a flat Z-module. Is Z[p∞] flat?

d. Prove that if A,B are R-modules, then A⊗R B∗ is naturally isomorphic to HomR(A,B
∗).

Problem 4.37. R is a non-zero commutative ring with identity and every submodule of every free
R-module is free. Then R is a principal domain.

Problem 4.38. Let T be the matrix

T =

0 0 1
1 0 0
0 1 0

 .

a. Determine the invariant factors for the R[x]-module (R3,T).

b. Determine the invariant factors for the C[x]-module (C3,T).

c. Determine the invariant factors for the k[x]-module (k3,T), where k is a field of characteristic
3.

Problem 4.39. Let R be a principal ideal domain. For each positive integer r and sequence of
nonzero ideals

I1 ⊇ I2 ⊇ · · · ⊇ Ir,

choose a sequence d1, . . . , dr ∈ R such that (di) = Ii and d1 | d2 | · · · | dr. For a given pair of
positive integers (n,m), let S be the set of all n×m matrices of the form(

Lr 0
0 0

)
,

where r = 1, 2, . . . ,min(n,m) and Lr is an r × r diagonal matrix with main diagonal one of the
chosen sequences d1, . . . , dr.

Show that S is a set of canonical forms under equivalence for the set of all n×mmatrices over
R.
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Problem 4.40. Prove of give a counter–example.

a. Every non-zero submodule of a free module is free.

b. If A→ B → 0 is a surjective morphism of R-modules, then HomR(C,A)→ HomR(C,B)
is surjective for any R-module C.

c. Every non-zero submodule of a projective module is projective.

d. A Z-module is projective if and only if it is free.

e. Every finite basis of a free module has the same cardinality.

f. Every finite basis of a vector space has the same cardinality.
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Chapter 5

Linear Algebra

5.1 Rank - Nullity Theorem
Let R be commutative. Let E and F be free R-modules of ranks n and m, respectively. Each
choice of ordered bases

(u1, . . . , un) of E, (v1, . . . , vm) of F

defines an isomorphism
HomR(E,F ) ∼= Mm×n(R).

Theorem 5.1.1. Let E,F,G be free R-modules of ranks n,m, p, respectively, and fix bases for
E,F,G. If

f ∈ HomR(E,F ) has matrix A, g ∈ HomR(F,G) has matrix B,

then the composition g ◦ f ∈ HomR(E,G) has matrix AB.

Remark 5.1.1. Let E be an R-module. Then EndR(E) is a ring with the composition. EndR(E)
is not typically commutative even if R is commutative.

Corollary 5.1.1. LetR be a commutative ring, and E be anR-free module. Then a choice of basis
U = {u1, . . . , un} defines an isomorphism

f : EndR(E) −→Mn(R), ϕ 7→ Aφ,

where Aφ is the matrix of ϕ with respect to the basis U .

Remark 5.1.2. The multiplicative group of invertible matrices is denoted by GLn(R).
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Example 5.1.1. We have that A ∈ GLn(R) ⇐⇒ det(A) 6= 0. Also A ∈ GLn(Z) if and only if

detA ∈ {−1, 1}. So
(

2 1
−1 1

)
∈ GL2(R), but not in GL2(Z), while

(
2 1
1 1

)
∈ GL2(Z).

Definition 5.1.1. Two matrices A,B ∈ Mn×m(R) are equivalent if there exist matrices P ∈
GLn(R) and Q ∈ GLm(R) such that B = PAQ. We also A ∈ Mn×n(R) is similar to B if there
exists P ∈ GLn(R) such that B = PAP−1.

Theorem 5.1.2. a. Let ϕ : E → F be a map of free R-modules. Let A and B be the matrices
of ϕ with respect to ordered bases U and (U ′) respectively. Then A is equivalent to B.

b. If A ∈ Mn×m(R) is equivalent to a matrix B, then if A corresponds to an R-linear map
ϕ : Rn → Rm, there are basesU and V ofRn andRm respectively such thatB is the matrix
of ϕ with respect to these bases.

Proof. a. We consider the following maps:

id : E → E, P = (id : U ′ → U ),

id : F → F, Q = (id : V → V ′).

Then, by considering the composition ϕ : E → F = (idF ◦ϕ ◦ idE), we get B=PAQ.

b. Part (b) is left as an exercise.

Example 5.1.2. Let R = Z, E = Z2. Consider the ordered bases

U =

{(
2
1

)
,

(
1
1

)}
, U ′ =

{(
1
0

)
,

(
0
1

)}
.

Now we consider the map id : Z2 → Z2.(
2
1

)
7→
(
2
1

)
= 2e1 + e2,

(
1
1

)
7→
(
1
1

)
= e1 + e2.

So
A = (id : U → U ′) =

(
2 1
1 1

)
.

Now for the inverse:
id : Z2 → Z2, U ′ 7→ U ,

with
e1 7→ u1 − u2, e2 7→ −u1 + 2u2,

so
(id : U ′ → U ) =

(
1 −1
−1 2

)
.
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Corollary 5.1.2. If U ,U ′ are two bases for an R-free module E and ϕ : E → E is a linear
transformation, then if

A = (ϕ : U → U ), B = (ϕ : U ′ → U ′),

then A and B are similar.

Definition 5.1.2. Let k be a field and f : E → F be a k-linear map. We define:

rank(f) := rank(Im f) = dim(Im f),

null(f) := rank(ker f) = dim(ker f).

Theorem 5.1.3 (null-rank for vector spaces). If k is a field and f : E → F is k-linear, then:

dim(E) = null(f) + rank(f).

Proof. We consider the short exact sequence:

0→ ker f → E → Im f → 0.

Since Im f is a free k-module, this sequence splits so: E ' ker f ⊕ Im f , and we are done.

Definition 5.1.3. (rank of a linear map of modules) Let f : E → F be a linear map of modules
over an integral domain R. Then we define:

rank(f) = rank(Im f), null(f) = rank(ker f).

Theorem 5.1.4 (general rank-null theorem). If R is an integral domain and f : E →M is a linear
map, then:

rank(E) = rank(f) + null(f).

Proof. See Homework VI.

89



5.2 Row/Column Rank of a matrix
Definition 5.2.1. Let R be a domain and A ∈ Mn×m(R). We define colrank(A) to be the rank of
the submodule of Rn generated by the columns of A. Similarly, the rowrank(A) is defined as the
rank of the submodule of Rm generated by the rows of A.

Remark 5.2.1. A matrix A ∈Mn×m(R) defines a map of free R-modules

ϕ : Rm → Rn, ei 7→ Aei (the i-th column of A).

If ϕ(A) denotes the span of the columns of A, then colrank(A) = rank(ϕ).

Proposition 5.2.1. With the above assumptions, rowrank(A) = colrank(A).

Proof. Let v1, . . . , vm be the rows ofA. Then the row rank is the rank of the span 〈v1, . . . , v⟩ ⊆ Rm.
Passing to the field of fractions k = Frac(R), we consider then 〈v1 ⊗ 1, . . . , vn ⊗ 1〉 ⊆ Rm⊗R k ∼=
km. which is a k - vector space. Thus, rowrank(A) = rowrank(A ⊗ 1). Similarly, colrank(A) =
colrank(A⊗ 1), where A⊗ 1 is the matrix A with entries in k. Hence it suffices to prove the result
over a field.

Proposition 5.2.2. If k is a field and A ∈Mn×m(k), then

colrank(A) = rowrank(A) = colrank(At).

Lemma 5.2.1. If A represents a linear map ϕ : E → F , then At represents the dual map

ϕ∗ : F ∗ → E∗, ϕ∗(f) = f ◦ ϕ.

Proof. Let {u1, . . . , um} and {v1, . . . , vn} be bases of E and F , with dual bases {u∗1, . . . , u∗m} and
{v∗1, . . . , v∗n}. For i = 1, . . . , n we have that

ϕ∗ (v∗i ) =
m∑
j=1

biju
∗
j .

Now for arbitrary k ∈ {1, . . . ,m} we get ϕ(uk) =
∑n

ℓ=1 akℓvℓ, then ϕ∗(v∗i )(uk) = bik. Addition-
ally,

ϕ∗(v∗i )(uk) = v∗j (ϕ(uk)) = v∗i

(
n∑
ℓ=1

akℓvℓ,

)
= aki = bik.

Hence the matrix of ϕ∗ is At.

Proposition 5.2.3. If ϕ : E → F is linear (over a field), then rank(ϕ) = rank(ϕ∗).
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Proof. From the rank-nullity theorem,

rank(ϕ) = dimE − dim nullϕ and rankϕ∗ = rankF ∗ − nullϕ∗

For a vector spaceW ⊆ E we define Ann(W ) = {f ∈ E∗ | f |W = 0}. Considering the map

E∗ → W ∗, f 7→ f |W

from rank - nullity theorem we get :

rank(E∗) = Ann(W ) + rank(F ∗).

Applying the last relationship forW = Imϕ and notice that nullϕ∗ = Ann(Imϕ).

Elementary Row and Column Operations
Definition 5.2.2. Elementary row (column) operations on a matrix A ∈Mm×n(R) are:

1. Exchange two rows (columns).

2. Multiply a row (column) by a unit.

3. Replace a row (column) by a linear combination with another row (column).

Remark 5.2.2. Row operations correspond to replacing A with EA, where E is an elementary
matrix obtained by applying the operation to In. Analogously, column operations correspond to
replacing A with AE, where E is an elementary matrix. Elementary matrices are invertible over
any ring R.

Proposition 5.2.4. If B ∈ Mn×m(R) has been obtained from A by elementary row and column
operations, then B is equivalent to A.

Proposition 5.2.5 (Smith normal form). Let R be a P.I.D., then after a sequence of row/column
operations for A ∈Mn×m(R), A can be put in Smith Normal Form

d1
. . .

dt
0

 d1 | · · · | dt

An important case is when R = k field Smith Normal Form:
1 0

. . .
1

0 0


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Corollary 5.2.1. A ∈Mn×m(k) is equivalent to B ∈Mn×m(k) iff rank(A) = rank(B).

Proposition 5.2.6. A ∈Mn×n(k), k field. The following are equivalent:

a. rank(A) = n

b. A is equivalent to In

c. A is invertible

d. A is a product of elementary matrices

e. In can be obtained by A using only row (column) operations.

5.3 Eigenvalues and Diagonalization
Definition 5.3.1. Let T : E → E be a linear transformation. A nonzero vector v ∈ E is called an
eigenvector with eigenvalue λ ∈ K if Tv = λv.

Given T : E → E a linear transformation on a finite-dimensional vector space E, we want to
find (if possible) a basis of E consisting of eigenvectors of T . This is called the diagonalization
problem.

Definition 5.3.2. The endomorphism T : E → E is called diagonalizable if E has a basis of
eigenvectors of T . Equivalently, A ∈ Mn(K) is diagonalizable if Kn has a basis of eigenvectors
of A.

Proposition 5.3.1. A ∈Mn(K) is diagonalizable if and only if A is similar to a diagonal matrix.

How to find eigenvalues/eigenvectors

Let dimE = n and T : E → E be linear. A nonzero vector v is an eigenvector with eigenvalue
λ ∈ K if and only if

Tv = λv ⇐⇒ (T − λI)v = 0.

Thus,
v ∈ ker(T − λI) ⇐⇒ det(T − λI) = 0.

If A is a matrix representing T , then

det(T − λI) = det(A− λI).

If B = PAP−1, then
B − λI = P (A− λI)P−1.

Proposition 5.3.2. The eigenvalues of T are the roots of the polynomial cT (x) = det(T − xI).
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Definition 5.3.3. The polynomial cT (x) = det(T − xI) is called the characteristic polynomial
of T .

If λ ∈ K is a root of cT (x), then ker(T − λI) is the eigenspace corresponding to λ. For λ = 0,
the eigenspace is ker(T ) = null(T ).

Proposition 5.3.3. IfK is algebraically closed (e.g. K = C), then every linear transformation has
at least one eigenvalue.

Proof. The characteristic polynomial cT (x) has at least one root by the Fundamental Theorem of
Algebra.

Example 5.3.1. Let A =

(
0 1
−1 0

)
∈M2×2(R). Then

det(A− xI) = det
(
−x 1
−1 −x

)
= x2 + 1,

which has no real roots. HenceA is not diagonalizable overR. OverC, the eigenvalues are λ = ±i,
so A is diagonalizable over C. To compute eigenvectors:

(A− iI)
(
x
y

)
=

(
−i 1
−1 −i

)(
x
y

)
⇒ −ix+ y = 0⇒ y = ix,

gives so (1, i)T is an eigenvector for λ = i. Similarly, (1,−i)T is an eigenvector for λ = −i. Thus
A is similar to (

i 0
0 −i

)
.

Proposition 5.3.4. If cT (x) has n distinct roots λ1, . . . , λn (where n = dimE), then T is diagonal-
izable. 1

Proposition 5.3.5. Let v1, . . . , vn be eigenvectors with distinct eigenvaluesλ1, . . . , λn. Then v1, . . . , vn
are linearly independent.

Proof. Suppose
a1v1 + · · ·+ amvm = 0

Apply T :
a1λ1v1 + · · ·+ amλmvm = 0.

Subtract λ1 times the original relation:

a2(λ2 − λ1)v2 + · · ·+ am(λm − λ1)vm = 0,

and use induction.
1The converse is not true. For example A = In is diagonalizable, but all its eigenvalues are equal.
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Example 5.3.2. (Power of diagonalization) Let

A =

 3 0 0
−2 1 0
5 1 −1

 .

Then, det(A − xI) = (3 − x)(1 − x)(−1 − x), so the eigenvalues are 3, 1,−1. Thus A is diago-
nalizable:

A = PDP−1, D =

3 0 0
0 1 0
0 0 −1

 .

Hence
A30 = PD30P−1.

5.4 Minimal Polynomial
Theorem 5.4.1. Let T : E → E be a linear transformation on an n-dimensional vector space over
k. There exists a unique monic polynomial qT ∈ k[x] such that qT (T ) = 0, and if f(T ) = 0, then
qT | f . Moreover, deg qT ≤ n.

Theorem 5.4.2. For A ∈ Mn(k), there exists a polynomial qA ∈ k[x] such that qA(A) = 0, and if
f(A) = 0, then qA | f . If A is similar to B, then qA = qB.

Proof. Define
ΦT : k[x]→ Endk(E), x 7→ T.

This is a homomorphism of K-algebras. Since k[x] is infinite-dimensional and Endk(E) has di-
mension n2, ker(ΦT ) 6= 0. Since k[x] is a PID, ker(ΦT ) = 〈qT 〉 for a unique monic polynomial
qT .

5.5 Cayley–Hamilton Theorem
Theorem 5.5.1 (Cayley–Hamilton). Let T : E → E be a linear transformation on a finite-
dimensional vector space. Then qT | cT , where qT denotes the minimal polynomial of T and
cT the characteristic polynomial of T .

Remark 5.5.1. For A ∈Mn(R) (with R commutative), cA(A) = 0, where cA(x) = det(A− xI).

In fact, we will prove a slightly stronger statement.

Proposition 5.5.1. Let R be a commutative ring and let A ∈ Mn×n(R). Then cA(A) = 0, where
cA(x) = det(A− xI).
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Proof. Let B = A− xI ∈ Mn×n(R[x]). Recall that BBadj = (detB) · In. Since det(B) = cA(x),
we get Badj(A − xI) = cA(x)I . We now interpret each entry of this matrix as an operator on Rn,
where the R[x]-module structure on Rn is given by x · v = Av. Let

Bij = δijx− Aij ∈ R[x].

Viewed as an operator onRn, we haveBijv = (δijA−AijI)v. Let e1, . . . , en be the standard basis
of Rn. Then

Bijei = δijA(ei)− Aijei.

Since A(ej) =
∑n

i=1Aijei, it follows that

n∑
i=1

Bijei = A(ej)−
n∑
i=1

Aijei = 0.

Now apply the operator Badj
jk to this equality: Badj

jk (
∑n

i=1Bijei) = 0. Summing over i, we obtain

0 =
n∑
i=1

Badj
jk

(
n∑
j=1

Bijei

)
=

n∑
i=1

(
n∑
j=1

Badj
jkBij

)
ei.

But BadjB = (detB)I, hence by looking the entry (k, j) of the previous inequality we get :

n∑
j=1

Badj
kj Bij = δik det(B)⇒ 0 =

n∑
i=1

δik det(B)ei = det(B)ek.

Therefore, Since this holds for every k, we conclude that det(B) acts as the zero operator on Rn.
Hence cA(A) = 0.

5.6 Invariant Factors
Definition 5.6.1. Let T : E → E be a linear transformation. A subspace F ⊆ E is called T -
invariant if T (F ) ⊆ F .

Example 5.6.1. The following subspaces areT -invariant: ker(T ), im(T ), andmore generally every
eigenspace

ker(T − λI), λ ∈ K.

Proposition 5.6.1. The operator T is diagonalizable if and only if E has a basis of eigenvectors.
Equivalently, E splits as a direct sum of one-dimensional invariant subspaces.

Proposition 5.6.2. IfK is algebraically closed, then every invariant subspace is a sumof eigenspaces.
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Example 5.6.2. Let k = C and A =

0 1 0
0 0 1
1 0 0

. Then

xI− A =

 x −1 0
0 x −1
−1 0 x

⇒ cA(x) = det(xI− A) = x3 − 1.

Thus the eigenvalues are 1, ω, ω2, where ω = e2πi/3. Hence the one-dimensional invariant sub-
spaces are

VA(1) = 〈(1, 1, 1)〉, VA(ω) = 〈(1, ω, ω2)〉, VA
(
ω2
)
= 〈(1, ω2, ω)〉.

Now, if we consider the samematrix over the rational numberwe have cA(x) = (x−1) (x2 + x+ 1).
There is only one eigenspace over Q, namely VA(1) = 〈(1, 1, 1)〉. Moreover,

Q3 = 〈(1, 1, 1)〉 ⊕ F, where F =
{
(a, b, c) ∈ Q3

∣∣ a+ b+ c = 0
}
.

A basis for F is {(1,−1, 0), (1, 0,−1)}.

Example 5.6.3. Let A =

(
0 1
−1 0

)
. Then cA(x) = x2 + 1. Since this polynomial is irreducible

over Q, then Q2 has no non-trivial A-invariant subspaces.

Definition 5.6.2. Let T : E → E and let F ⊆ E be a T -invariant subspace. We say that F is
T -cyclic if there exists v ∈ F such that {v, T (v), T 2(v), . . . , T n(v), . . . , } spans F . Such a vector
v is called a cyclic vector.

Lemma 5.6.1. View E as a k[x]-module via x · v = T (v). Then a subspace F ⊆ E is T -cyclic if
and only if F is a cyclic k[x]-module.

Proof. Suppose first that F is T -cyclic with cyclic vector v. Then every element of F is of the
form

(arT
r + · · ·+ a1T + a0I)v.

Equivalently, each element can be written as p(T )v, for some polynomial p(x) ∈ k[x]. Viewing F
as a k[x]-module, this means that every element of F is of the form p(x) · v. Hence v generates F
as a k[x]-module. The converse is left as an exercise.

Example 5.6.4. Consider again the matrix A =

0 1 0
0 0 1
1 0 0

 . Then both Q3 and C3 are cyclic,

since they are generated by e1 = (1, 0, 0) as k[x] - modules.
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Example 5.6.5. Let V = Q3 and A =

0 1 0
0 0 1
1 0 0

. Consider the invariant subspace
F =

{
(a, b, c) ∈ Q3

∣∣ a+ b+ c = 0
}
.

A basis is v1 = (1,−1, 0) and v2 = (1, 0,−1). We compute:

Av1 =

0 1 0
0 0 1
1 0 0

 1
−1
0

 =

−10
1

 = −v2,

and

Av2 =

0 1 0
0 0 1
1 0 0

 1
0
−1

 =

 0
−1
1

 = v1 − v2.

Hence the matrix of TA|F in the basis (v1, v2) is
(

0 1
−1 −1

)
. Its characteristic polynomial is x2 +

x+ 1.

Invariant Factor Decomposition
Theorem 5.6.1. Let ϕ : E → E be a linear transformation on a finite-dimensional vector space
over k. Then:

i. There exist monic polynomials q1, . . . , qt ∈ k[x] satisfying q1 | q2 | · · · | qt, and ϕ-invariant
subspaces E1, . . . , Et such that:

a. each Ei ∼= k[x]/〈qi(q)〉 is cyclic,

b. the minimal polynomial of ϕ|Ei
is qi,

c. E = E1 ⊕ · · · ⊕ Et.

The polynomials q1, . . . , qt are called the invariant factors of ϕ.

ii. There exist irreducible monic polynomials p1, . . . , ps ∈ k[x], mij ≥ 1, and cyclic invariant
subspaces

E11, . . . , E1k1 , . . . , Es1, . . . , Esks

such that the minimal polynomial of ϕ|Eij
is pmij

i , and E =
⊕

i,j Eij . This decomposition is
called the elementary divisor decomposition.
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Proof. We view E as a k[x]-module via

f · u := f(ϕ)(u), f ∈ k[x], u ∈ E.

Since dimk E < ∞ and k ⊆ k[x], it follows that E is finitely generated over k[x]. Let qφ be the
minimal polynomial of ϕ. Then

qφ(ϕ) = 0 ⇒ qφ · E = 0,

so E is a torsion k[x]-module. Since k[x] is a principal ideal domain, the structure theorem for
finitely generated torsion modules gives:

E ∼=
t⊕
i=1

k[x]/(qi),

where q1 | q2 | · · · | qt. Each summand corresponds to a cyclic k[x]-submodule Ei, so

E = E1 ⊕ · · · ⊕ Et.

Each Ei is cyclic, hence of the form Ei ∼= k[x]/(qi). Thus Ei is generated by some vi ∈ E and
Ei = k[x]·vi = E(ϕ, vi), so eachEi is aϕ-cyclic subspace. Let vi ∈ Ei correspond to 1 ∈ k[x]/(qi)
under the isomorphism Ei ∼= k[x]/(qi). Then vi generates Ei as a k[x]-module, so Ei = k[x] · vi.
Now, if f ∈ k[x], then under this isomorphism

f(x) · vi = f(ϕ)(vi)←→ f(x) · 1 = f(x).

Therefore,

f(x) · v = 0 ⇐⇒ f(ϕ)(vi) = 0 ⇐⇒ f(x) = 0 inK[x]/(qi) ⇐⇒ f ∈ (qi) ⇐⇒ qi | f.

Since vi generates Ei, this means that the polynomials annihilating ϕ|Ei
are exactly the multiples

of qi. Hence qi is the minimal polynomial of ϕ|Ei
. From the decomposition,

qφ(ϕ)E = q(ϕ)E1 ⊕ · · · ⊕ qφ(ϕ)Et = 0,

so qφ annihilates each Ei, hence q1 | qφ, for all i = 1, . . . , t. Conversely, since qt(ϕ) annihilates
all components, then qt(x) · E = 0. Hence qφ = qt. The uniqueness follows from the uniqueness
part of the structure theorem for modules over a PID, together with the divisibility condition q1 |
q2 | · · · | qt. We obtain a decomposition E = E1⊕ · · · ⊕Et into ϕ-cyclic subspaces with invariant
factors q1 | q2 | · · · | qt, and qt = qφ. Use the Chinese remainder theorem for part (b).

Proposition 5.6.3. Let T : F → F be a linear transformation. Then F is a cyclic T -module if and
only if qT = cT .
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Proof. Suppose first that (F, T ) is cyclic. By the Cayley–Hamilton theorem, qT | cT . Let d1 =
deg(qT ) and d1 = deg cT . Show that F = span{T n(v) | n ∈ Z≥0}, is generated as a k - v.s. by
v, T (v), . . . , T d1−1(v), hence

d1 = dimk E = deg cT (x) = d2

hence considering that CT is monic, we are done. Conversely, suppose that qT = cT . Consider the
invariant factor decomposition

E = E1 ⊕ · · · ⊕ Et,
where each Ei is cyclic with minimal polynomial qi, and q1 | q2 | · · · | qt. The minimal polynomial
of T is qt = qT . Moreover, dim(Ei) = deg(qi), since each Ei is cyclic and its characteristic
polynomial equals its minimal polynomial. Hence

dim(E) = deg(q1) + · · ·+ deg(qt).

Since qT = cT , we get deg(qt) = deg(cT ) = dim(E). Therefore

deg(q1) + · · ·+ deg(qt) = deg(qt),

which implies t = 1, and in particular E itself is cyclic.

Proposition 5.6.4. Suppose T : E → E has invariant factors q1, . . . , qt. Then cT = q1 · · · qt.

Proof. By the invariant factor decomposition, E = E1 ⊕ · · · ⊕ Et, where each Ei is cyclic with
minimal polynomial qi. Choose a basis Vi = (vi1, . . . , vini

) for each Ei, and concatenate them into
a basis

V = (v11, . . . , v1n1 , v21, . . . , v2n2 , . . . , vt1, . . . , vtnt)

for E. If Ai is the matrix representing T|Ei
with respect to Vi, then the matrix of T with respect to

V is block diagonal:

A =

A1 0
. . .

0 At

 .

Therefore, cT (x) = det(xI− A). Since xI − A is block diagonal,

cT (x) = det(xI − A1) · · · det(xI − At).

But each Ei is cyclic, so cT |Ei
(x) = qi(x). Hence cT = q1 · · · qt.

Corollary 5.6.1. The roots of the minimal polynomial qT are precisely the eigenvalues of T .

Proof. The eigenvalues of T are the roots of the characteristic polynomial cT . From the previous
proposition, cT = q1 · · · qt, where q1 | q2 | · · · | qt = qT . Thus, every root of cT is a root of
qT . Conversely, since qT | cT , every root of qT is a root of cT . Therefore the two sets of roots
coincide.
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Theorem 5.6.2. The operator T : E → E is diagonalizable if and only if the minimal polynomial
qT splits as a product of distinct linear factors.

Proof. Suppose first that T is diagonalizable. Then E = E1 ⊕ · · · ⊕ En, where each Ei = 〈vi〉
is one-dimensional and Tvi = λivi. The minimal polynomial of T|Ei

is x − λi. Hence, as a k[x]-
module,

E ∼=
k[x]

(x− λ1)
⊕ · · · ⊕ k[x]

(x− λn)
.

The minimal polynomial of T is therefore qT = (x − λ1) · · · (x − λc), where λ1, . . . , λc are the
distinct eigenvalues of T . Thus qT splits into distinct linear factors. Conversely, suppose

qT = (x− λ1) · · · (x− λc),
with distinct λi. Every invariant factor divides qT , hence each invariant factor is also a product of
distinct linear factors: qi = (x− λi1) · · · (x− λiri ). By the Chinese remainder theorem,

k[x]

〈qi〉
∼=

k[x]

〈x− λi1〉
⊕ · · · ⊕ k[x]

〈x− λiri 〉
.

Therefore E decomposes as a direct sum of one-dimensional invariant subspaces. Hence T is
diagonalizable.
Example 5.6.6. Suppose T n = I . Then the minimal polynomial qT divides xn− 1. If k = C, then
xn − 1 has distinct roots. Hence qT also has distinct roots, so T is diagonalizable.

Corollary 5.6.2. Let V be a complex representation of a finite group G. Then for every g ∈ G,
the matrix representing g in GL(V ) is diagonalizable.

Proof. Problem 5.10.

5.7 Canonical Forms and Companion Matrices
Theorem 5.7.1. Let T : E → E be a linear transformation such that (E, T ) is cyclic with cyclic
vector v. Suppose the minimal polynomial of T is

qT (x) = xn + an−1x
n−1 + · · ·+ a0.

Then {v, Tv, T 2v, . . . , T n−1v} is a basis for E. Moreover, with respect to this basis, the matrix of
T is

AT =


0 1 0 · · · 0
0 0 1 · · · 0
0 0 0 · · · 0
...

...
... . . . ...

−a0 −a1 · · · −an−2 −an−1

 .

This matrix is called the companion matrix of qT .
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Proof. Problem 5.7.1.

Corollary 5.7.1. Suppose (E, T ) is cyclic with minimal polynomial (x− λ)n. Then there exists a
basis of E in which T is represented by the matrix

λ 0 · · · 0
1 λ · · · 0

0 1
. . . ...

...
... . . . λ

 .

This matrix is called a Jordan block.

Proof. Let ϕ = ψ− bIE. Then ψ = ϕ+ bIE . We first observe that qψ(x) = (x− b)r is the minimal
polynomial of ψ if and only if qφ(x) = xr is the minimal polynomial of ϕ. Notice also that E is
ϕ - cyclic if and only if ψ - cyclic. By Theorem 4.3, E is ϕ-cyclic with minimal polynomial xr if
and only if dimK E = r and there is an ordered basis

B = {v, ϕ(v), . . . , ϕr−1(v)}

relative to which the matrix of ϕ is the companion matrix of xr, namely

A =


0 1 0 · · · 0
0 0 1 · · · 0
... . . . ...
0 0 0 · · · 1
0 0 0 · · · 0

 .

Since ψ = ϕ+ bIE , the matrix of ψ relative to the same basis is B = A+ bIr. Therefore

B =


b 1 0 · · · 0
0 b 1 · · · 0
... . . . ...
0 0 0 · · · 1
0 0 0 · · · b

 .

Conversely, suppose that dimK E = r and that the matrix of ψ relative to some ordered basis is

B =


b 1 0 · · · 0
0 b 1 · · · 0
... . . . ...
0 0 0 · · · 1
0 0 0 · · · b

 .
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Then the matrix of ϕ = ψ − bIE relative to the same basis is

A = B − bIr =


0 1 0 · · · 0
0 0 1 · · · 0
... . . . ...
0 0 0 · · · 1
0 0 0 · · · 0

 .

By Theorem 4.3,E isϕ-cyclic and the minimal polynomial ofϕ is xr. ThereforeE is alsoψ-cyclic,
and the minimal polynomial of ψ is (x− b)r. This proves the corollary.

Remark 5.7.1. The matrix above is not the companion matrix of (x− λ)n, but it is similar to it.

Remark 5.7.2. i. The rational canonical form is obtained by using companion matrices com-
ing from the invariant factor decomposition of T . This construction is independent of the
field.

ii. The primary canonical form is obtained by using companion matrices coming from the
elementary divisor decomposition. This depends on the field.

iii. If the field k is algebraically closed, the elementary divisors are powers of linear factors,
and the corresponding companion matrices become Jordan blocks. This gives the Jordan
canonical form.

5.8 Simultaneous Diagonalization
Remark 5.8.1. The fact that A,B are diagonalizable does not imply that AB is diagonalizable.
For example, consider

A =

(
1 1
0 1/2

)
, and B =

(
1 0
0 2

)
.

Both A and B are diagonalizable, but AB =

(
1 2
0 1

)
, which is not diagonalizable.

Proposition 5.8.1. Let A,B ∈ Mn(k), where k = k, and assume that AB = BA. Then A and B
have a common eigenvector.

Proof. Let v be an eigenvector of A with eigenvalue λ, i.e. Av = λv. Consider

F = span{v,Bv, . . . , Bn−1v}.

Clearly F is B-invariant. Moreover, for every ` ≥ 0,

ABℓv = BℓAv = Bℓ(λv) = λBℓv.
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Hence each Bℓv is also an eigenvector of A with eigenvalue λ. Therefore F ⊆ Eλ(A), where
Eλ(A) denotes the λ-eigenspace of A. Since k = k, the operator B|F has an eigenvector w ∈ F ,
so Bw = µw, for some µ ∈ k. Because w ∈ F ⊆ Eλ(A), we also have Aw = λw. Thus w is a
common eigenvector of A and B.

Theorem 5.8.1. Let A,B ∈ Mn(k) be diagonalizable matrices such that AB = BA. Then there
exists a basis of kn consisting of simultaneous eigenvectors of A and B. Equivalently, there exists
an invertible matrix P such that

PAP−1 and PBP−1 are both diagonal.

Proof. Since A is diagonalizable, if λ1, . . . , λk are the distinct eigenvalues of A, then

kn = Eλ1 ⊕ · · · ⊕ Eλk ,

where Eλi denotes the eigenspace corresponding to λi. Now let v ∈ Eλi . Then Av = λiv. Using
the commutativity assumption,

A(Bv) = B(Av) = B(λiv) = λiBv.

HenceBv ∈ Eλi . Therefore each eigenspace Eλi isB-invariant. SinceB is diagonalizable, the re-
strictionB|Eλi

is also diagonalizable. Hence, for each iwemay choose a basis Vi = {vi1, . . . , vini
}

of Eλi consisting of eigenvectors of B. But every vector in Eλi is automatically an eigenvector of
A with eigenvalue λi. Therefore each vij is simultaneously an eigenvector of A and B. Collecting
all these bases together gives a basis of kn consisting of simultaneous eigenvectors ofA andB.

Corollary 5.8.1. If A,B ∈ Mn(k) are diagonalizable and commute, then AB is diagonalizable.
Moreover, A+B is also diagonalizable.

Proof. By the theorem, there exists a basis v1, . . . , vn consisting of simultaneous eigenvectors of
A and B. Suppose

Avi = λivi, and Bvi = µivi.

Then
(AB)vi = A(Bvi) = A(µivi) = µiAvi = λiµivi.

Hence each vi is an eigenvector of AB, so AB is diagonalizable. Similarly,

(A+B)vi = Avi +Bvi = (λi + µi)vi,

so A+B is diagonalizable as well.

Remark 5.8.2. More generally, if A and B are commuting diagonalizable matrices, then every
polynomial expression f(A,B) is diagonalizable.
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5.9 Problems
Problem 5.1. Let f, g : E → E, h : E → F , k : F → G be linear transformations of left vector
spaces over a division ring D with dimD E = n, dimD F = m, dimDG = p.

a. rank(f + g) ≤ rank f + rank g.

b. rank(kh) ≤ min{rankh, rank k}.

c. nullity(kh) ≤ nullityh+ nullity k.

d. rank f + rank g − n ≤ rank(fg) ≤ min{rank f, rank g}.

e. max{nullity g, nullityh} ≤ nullity(hg).

f. Ifm 6= n, then (e) is false for h and k.

Problem 5.2. Let R be a principal ideal domain. For each positive integer r and sequence of
nonzero ideals

I1 ⊇ I2 ⊇ · · · ⊇ Ir,

choose a sequence d1, . . . , dr ∈ R such that (di) = Ii and d1 | d2 | · · · | dr. For a given pair of
positive integers (n,m), let S be the set of all n×m matrices of the form(

Lr 0
0 0

)
,

where r = 1, 2, . . . ,min(n,m) and Lr is an r × r diagonal matrix with main diagonal one of the
chosen sequences d1, . . . , dr.

Show that S is a set of canonical forms under equivalence for the set of all n×mmatrices over
R.

Problem 5.3. a. Show that if R is a commutative ring, A is and R-module and R → S is
homomorphism of commutative rings then A⊗R S is an S-module.

b. Prove that if F is a free R-module then F ⊗R S is a free S-module

c. Show that if R is an integral domain with fraction fieldK, thenK is a flat R algebra. (Hint.
You just need to show that if A → B is an injective homomorphism of R-modules then
A⊗R K → B ⊗R K is injective.)

d. Show that if a1, . . . , at are linearly independent elements in A then a1 ⊗ 1, . . . , at ⊗ 1 are
linearly independent elements in the vector space A⊗R K.
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e. Prove that if aii ∈ I is a maximal linearly independent set of elements then ai ⊗ 1i ∈ I is a
basis for the vector space A⊗R K by showing that these elements form a maximal linearly
independent subset. Conclude that all maximal linearly independent subsets of A have the
same cardinality so the linear rank is well defined.

f. State and prove the rank nullity theorem for a map of finitely generated R-modules A→ B
when R is an integral domain.

Problem 5.4. (a) Ifm > n, then every alternating R-multilinear form on (Rn)m is zero.

(b) Ifm ≤ n, then there exists a nonzero alternating R-multilinear form on (Rn)m.

Problem 5.5. Let R be an integral domain and let k = Frac(R). If A : Rn → Rm is an R-module
homomorphism, we know that the rank of A is

rank(A) = rank(im(A)) = dimk (im(A)⊗R k)

a. Prove that tensoring the exact sequence

Rn A−→ Rm → Rm

im(A)
→ 0

with k yields an exact sequence

Rn ⊗R k
A⊗k−−→ Rm ⊗R k →

Rm

im(A)
⊗R k → 0.

b. Deduce that
im(A⊗ k) ∼= (imA)⊗R k.

c. Show that rank(A) = rankk(A⊗ k), where the right-hand side denotes the ordinary rank of
the induced K-linear map

A⊗ k : Rn ⊗R k → Rm ⊗R k.

d. Suppose that B = PAQ, where P ∈ GLm(R), and Q ∈ GLn(R). Prove that rank(A) =
rank(B).

Problem 5.6. Find all possible primary rational canonical forms for a matrix A ∈ Matn(Q) such
that:

(i) A is 6× 6 with minimal polynomial (x− 2)2(x+ 3);

(ii) A is 7× 7 with minimal polynomial (x2 + 1)(x− 7).
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Find all possible Jordan canonical forms of A considered as a matrix over C.

Problem 5.7. A matrix A ∈ Matn(K) is called idempotent if A2 = A. Show that two idempotent
matrices in Matn(K) are similar if and only if they are equivalent.

Problem 5.8. (a) Exhibit three 3×3matrices overQ, no two of which are similar, such that−2
is the only eigenvalue of each of the matrices.

(b) Exhibit a 4× 4 matrix whose eigenvalues over R are ±1 and whose eigenvalues over C are
±1 and ±i.

Problem 5.9. Let k be a field and A ∈ Matn(k).

(a) If A is nilpotent (that is, Am = 0 for somem), then Tr(Ar) = 0 for all r ≥ 1.
[Hint: the minimal polynomial ofAr has the form xt andAr is similar to a matrix in rational
Jordan canonical form.]

(b) If charK = 0 and Tr(Ar) = 0 for all r ≥ 1, then A is nilpotent.

Problem 5.10. Prove Corollary 5.6.2.

Problem 5.11. Prove directly that if there is an R-module isomorphism Rm ∼= Rn, thenm = n.

Problem 5.12. Prove Theorem 5.7.1.

Problem 5.13. If R is a field and A,B ∈ Matn(R) are invertible, then the matrix A + rB is
invertible for all but finitely many r ∈ R.

Problem 5.14. Let F be an extension field of K. The invariant factors in K[x] of a matrix A ∈
Matn(K) are the same as the invariant factors in F [x] of A considered as a matrix over F .

Hint: A K-basis of Kn is an F -basis of F n. Use linear transformations.

Problem 5.15. LetK be a field and A ∈ Matn(K).

(a) 0 is an eigenvalue of A if and only if A is not invertible.

(b) If k1, . . . , kr ∈ K are the (not necessarily distinct) eigenvalues of A and f ∈ K[x], then
f(A) ∈ Matn(K) has eigenvalues f(k1), . . . , f(kr).

Problem 5.16. If ϕ and ψ are endomorphisms of a finite-dimensional vector space over an alge-
braically closed fieldK such that ϕψ = ψϕ, then ϕ and ψ have a common eigenvector.
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algebraically closed, 40
associates, 25

basis, 53
bilinear, 68

center, 10
centralizer, 8
characteristic polynomial, 93
class equation, 9
commutator, 16
conjugacy class, 8

derived subgroup, 17
diagonalizable, 92
divisible abelian group, 61
dual module, 68

eigenvector, 92
elementary divisors, 97
equivalent, 88
Euclidean ring, 28
exact sequence

at a module, 49

field of fractions, 30
flat, 74
free module, 53

Galois extension, 42
Galois group, 42
greatest common divisor, 29
group action, 7
group algebra, 52

injective module, 59
inner automorphism, 10
invariant, 95
invariant dimension property, 54
invariant factors, 97
irreducible, 25

Jordan canonical form, 102

linear independence, 52

map of exact sequences, 50
middle linear, 69

nilpotent group, 15
normalizer, 8

orbit, 8
outer automorphisms, 10

primary canonical form, 102
prime, 26
projective module, 56
pure tensors, 69

rational canonical form, 102

separable extension, 40
short exact sequence, 50
solvable group, 17
split exact sequence, 51, 52
splitting field, 39
stabilizer, 8
Sylow p - subgroup, 13

unique factorization domain, 26
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