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Preface

This set of notes is based on the Graduate Algebra course taught by Professor Dan Edidin during
both the Fall and Spring semesters. The notes follow, to a large extent, the structure of Hungerford’s
book Algebra; however, an important number of sections have been modified.

This set of notes is far from being well written and, at this point, cannot be considered a proper
set of notes for independent study, since it is not even completed yet ( :( ). Some fundamental
definitions and results from group and ring theory, such as the definition of a group and a ring,
normal subgroups and ideals, Lagrange’s Theorem, the First Isomorphism Theorem, etc., have
been omitted from these notes. They can, however, be found in Hungerford’s book.

These notes are still under construction, and it is expected that some important sections con-
cerning polynomial rings, field theory, and the Fundamental Theorem of Galois Theory will be
incorporated in future versions.

For any typos or (vital) mistakes, feel free to contact me at: kbfgb@missouri.edu






Chapter 1

Group Theory

1.1 Group Actions

Definition 1.1.1 (Action of a group on a set). An action of a group G on a set S is a function
G x S — S (usually denoted by (g, x) — gx) such that for all z € S and g1, ¢> € G:

er =2 and (9192)x = g1(ga).

When such an action is given, we say that GG acts on the set S.
Since there may be many different actions of a group G on a given set S, the notation gz is
ambiguous. In context, however, this will not cause any difficulty.

In the following examples we are going to demonstrate some actions which are going to be used
multiple times either in the proofs of some theoretical results or exercise.

Example 1.1.1. An action of the symmetric group S,, on the setI,, = {1,2,...,n} is given by

(0,2) — o(x).

Example 1.1.2. Let G be a group and H a subgroup. An action of the group H on the set GG is
given by
(h,z) — hx,

where hx is the product in G. The action of h € H on G is called a (left) translation. If K is
another subgroup of G and S is the set of all left cosets of K in (G, then H acts on S by translation:

(h,zK) — hzK.
Example 1.1.3. Let H be a subgroup of a group G. An action of H on the set GG is given by
(h,x) — hah™;

to avoid confusion with the product in G, this action of h € H on G is always denoted by hah~!
and not hx. This action of h € H on G is called conjugation by h and the element hah~! is said to
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be a conjugate of z.

If K is any subgroup of G and h € H, then h KX h™! is a subgroup of G isomorphic to K. Hence H
acts on the set S of all subgroups of G by conjugation:

(h, K) + hKh™".

The group h K h~! is said to be conjugate to K.

Theorem 1.1.1. Let GG be a group that acts on a set S.

a. The relation on S defined by
x~1 < gr=41 forsomege G
is an equivalence relation.

b. Foreachz € S, G, = {g € G | gr = z} is a subgroup of G.

Proof. Problem 1.1 [l

The equivalence classes of the equivalence relation of Theorem 1.1.1 are called the orbits of
G on S; the orbit of z € S is denoted &'(z). The subgroup G, is called variously the subgroup
fixing z, the isotropy group of = or the stabilizer of x.

Example 1.1.4. If a group G acts on itself by conjugation, then the orbit

O(z) ={gzg~' | g € G}

of z € (i is called the conjugacy class of z. If a subgroup H acts on GG by conjugation the isotropy
group
H,={hc H|hah™ =z} ={h € H| hx=2zh}
is called the centralizer of x in H and is denoted Cy(z). If H = G, Cg(x) is simply called the
centralizer of x. If H acts by conjugation on the set S of all subgroups of Gz, then the subgroup of
H fixing K € S, namely
{he H|hKh™' =K},

is called the normalizer of K in H and denoted Ny (K'). The group Ng(K) is simply called the
normalizer of K. Clearly every subgroup K is normal in N (K); K is normal in G if and only if

Na(K) = G.

Theorem 1.1.2. If a group G acts on a set .S, then

|0(2)] =[G : Gl (1.1)



Proof. Let g,h € G. Since
gr=hr <= ¢ 'ha =2 <= ¢ 'he G, < hG, = ¢G,,

it follows that the map given by gG, — gx is a well-defined bijection of the set of cosets of G, in
G onto the orbit &(z). Hence, |0(x)| = [G : G,]. O

Corollary 1.1.1. Let GG be a finite group and K a subgroup of G.
a. The number of elements in the conjugacy class of = € G is [G : Cg(x)], which divides |G|;

b. if O(z4),...,0(z,) (x; € G) are the distinct conjugacy classes of G, then

n

Gl =G : Calw)];

=1

c. the number of subgroups of G conjugate to K is [G : Ng(K)], which divides |G].

Proof. Problem 1.2. [

The equation

n

Gl =) [G: Cqlw)] (1.2)

=1

as in Corollary 1.1.1 is called the class equation of the finite group G.
Theorem 1.1.3. If a group GG acts on a set .S, then this action induces a homomorphism

G — A(S), where A(SS) is the group of all permutations of S.

Proof. Problem 1.3. O

Corollary 1.1.2 (Cayley). If G is a group, then there is a monomorphism G — A(G). Hence, every
group is isomorphic to a group of permutations. In particular, every finite group is isomorphic to a
subgroup of S,, with n = |G]|.

Proof. Let GG act on itself by left translation and apply Theorem 1.1.3 to obtain a homomorphism
7 : G — A(G). So that this homomorphism is injective. To prove the last statement note if
|G| = n, then A(G) = S,,. O

Corollary 1.1.3. Let GG be a group.



a. For each g € G, conjugation by g induces an automorphism of G.

b. There is a homomorphism G — Aut G whose kernel is

C(G)={g€G|gr=uzgforallz € G}.

Proof. Consider the action of G in GG by conjugation and the corresponding group homomorphism
TG = AG), grr1, [r(x) =gzg]

Show that 7, is an automorphism, for all ¢ € G, and that ker 7 = C(G). O

Remark 1.1.1. The automorphism 7, of 1.1.3 is called the inner automorphism induced by g.
The normal subgroup C(G) = ker 7 is called the center of G. An element is in the center if and
only if it commutes with all elements in G, i.e., its orbit under the conjugacy action is a singleton.
Consequently, the class equation of G' may be written

m

G| = C(G)] + ) [G: Cal:)], (1.3)

i=1

where 0(x1), ..., 0(x,,) are distinct conjugacy classes of G and each [G : Cq(x;)] > 1.

Remark 1.1.2. Inner automorphisms do not exhaust the group of automorphisms over a fixed
group G. For example, over Z, the map n — —n is an automorphism, nevertheless it is not inner.
However, there are some important groups such as &,,, where all automorphisms are inner (Problem
1.17). In Problem 1.16 one can show that the group of inner automorphisms Inn(G) is a normal
subgroup of Aut(G). The quotient Aut(G)/ Inn(G) is called the group of outer automorphisms
of G. .

Proposition 1.1.1. Let H be a subgroup of a group G and let GG act on the set S of all left cosets of
H in G by left translation. Then the kernel of the induced homomorphism G — A(.S) is contained
in H.

Proof. Show that the kernel of the corresponding homomorphism G — A (G/H) is the normal
subgroup K = (), . vH 21, which is obviously contained in H. [

Corollary 1.1.4. If H is a subgroup of index n in a group G and no nontrivial normal subgroup of
G is contained in H, then G is isomorphic to a subgroup of G,,.
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Proof. Apply Proposition 1.1.1, and use the fact that the kernel of the induced homomorphism is
a normal subgroup which is contained in H. [

Corollary 1.1.5. If H is a subgroup of a finite group G of index p, where p is the smallest prime
dividing the order of GG, then H is normal in G.

Proof. Let S = G/H be the set of all left cosets of H in G. Then A(S) = &, since |G : H| = p.
If K is the kernel of the homomorphism G — A(S) of Proposition 1.1.1, then K is normal in G
and contained in H. Furthermore, G/K is isomorphic to a subgroup of &,,. Hence, by Lagrange’s
theorem

G K[][S,] = p!

But every divisor of |G/ K| = [G : K] must divide |G|, so no number smaller than p (except 1) can
divide |G| !, and we must have |G/ K| = p or 1. However

|G/K|=|G:K|=[G: H|[H:K|=plH:K|]>Dp.

Therefore |G/K| = pand [H : K| =1, whence H = K. But K is normal in G. O

1.2 Sylow Theorems

Lemma 1.2.1. If a group H of order p™ (p prime) acts on a finite set S and if
So={re€S|hx=aforallh € H},

then
|S

= [So| (mod p).

Proof. Since |0 (z)| = [H : H,|, then
Ox)={z} <= H=H, < z €5
Hence S can be written as a disjoint union
S=5SU0(x)U---UO0(xy),
with |0 (z;)| > 1 for all 7. Hence

S| = 1So] + [O(z1)| + - - + [0 ()]

!Check it in the case where |G| = 75 and p = 3. What does it mean that [G : K] | 3!? If you have convinced
yourself, feel free to move to the general case.

11



Now p | |O(x;)| for each i since

0(x)| = [H : H,]

|H|

and |H| = p". Therefore |S| = |Sy| (mod p). * O

Theorem 1.2.1 (Cauchy). If GG is a finite group whose order is divisible by a prime p, then
G contains an element of order p.

Proof. Let S be the set of p-tuples of group elements
S ={(a1,...,a,) | a; € Gand ayas---a, = e}.

Since a,, is uniquely determined by (a; - - - a,—1)", it follows that |S| = n?~!, where |G| = n.
Since p | n, |S| =0 (mod p).

Let Z,, act on S by cyclic permutation:

k:-(al,...,ap):(ak+1,...,ap,a1,...,ak).

This defines a group action. Now (a4, ..., a,) € Spifandonlyifa; = --- = a,. Since (e, ... ,e) €
So, we have |Sy| # 0. By Lemma 1.2.1,

0=1[S[=S| (mod p).

Hence there are at least p elements in Sy, so there exists a # e such that (a, ..., a) € Sy, and hence
aP = e. Since p is prime, |a| = p. O
Corollary 1.2.1. The center C((G) of a nontrivial finite p-group G contains more than one element.

Proof. Problem 1.4. [

Lemma 1.2.2. If H is a p-subgroup of a finite group G, then

INg(H): H =[G : H] (mod p).

2This is an interesting fact because the set Sy or Fix(G) appears frequently in the group theory. For example if
G acts with conjugacy in G, then Z(G) = Fix(G). If H acts with left multiplication to the left coset G/H, then
Fix(G) = Ng(H)/H.
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Proof. Let S be the set of left cosets of H in G. Then |S| = [G : H]. Let H act on S by left
translation. Then

tH € Sy < haH =xH, forallh€ H <= z 'ha € H, forallhe€ H <= x € Ng(H).
Thus |So| = [Ng(H) : H]. By Lemma 1.2.1,
[INg(H): H =[G : H|] (mod p).

O

Corollary 1.2.2. If H is a p-subgroup of a finite group G such that p | [G : H],thenNg(H) # H.

Proof.
0=[G:H|=[Ng(H): H (mod p).

Hence [Ng(H) : H] > 1 and so Ng(H) # H. O

Theorem 1.2.2 (First Sylow Theorem). Let G be a group of order p™m, with p prime and
(p,m) = 1.

Then G contains a subgroup of order p’ for each 0 < ¢ < n, and every subgroup of order p’
is normal in some subgroup of order p'*!.

A subgroup P of G is called a Sylow p-subgroup if it is maximal among p-subgroups.
Corollary 1.2.3. Let G be a group of order p"m with (p, m) = 1 and H a p-subgroup.

a. H is Sylow if and only if |H| = p".

b. Conjugates of Sylow subgroups are Sylow.

c. If there is a unique Sylow subgroup, it is normal.

Proof. Problem 1.5 O

Theorem 1.2.3 (Second Sylow Theorem). If H is a p-subgroup of G and P is a Sylow
p-subgroup, then there exists x € G such that

H C zPx~ !

In particular, any two Sylow p-subgroups are conjugate.
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Proof. Let S be the set of left cosets of P. Let H act by left translation. Observe that zP € Sy if
and only if H C zPz~!. Hence, it suffices to show that |Sy| > 1. Now, since H is a p - group by
Lemma 1.2.1 we get

150 = [S| =|G/P|  (mod p).

Butpt |G : P|since P is a Sylow p - subgroup of G, therefore |.Sy| > 1. Hence there exists = such
that H C x Pz L. O

Theorem 1.2.4 (Third Sylow Theorem). If GG is a finite group and p a prime, then the number
of Sylow p-subgroups divides |G| and is of the form kp+ 1. In particular, if n,, is the number
of Sylow p - subgroups then

n,=1 (mod p) (1.4)

Proof. By the second Sylow theorem, the number of Sylow p-subgroups is the number n,, of con-
jugates of any one of them, say P. But this number is [G : Ng(P)], a divisor of |G|. By Corollary
1.2.2:

[Ng(P): P]=[G:P] (mod p)

Hence, [Ng(P) : P] = [G : P] + kp. Therefore, using the equality :
[G: P] =[G :Ng(P)]- [Na(P) : P]

we obtain
[G:Pl=n, - (|[G:Pl+kp) <= [G:P]-(1—n,) =kp

Using the fact that p { [G : P], since P is a Sylow p - subgroup, we conclude that p|1 — n,, and in
particular
n,=1 (mod p)

Theorem 1.2.5. If P is a Sylow p-subgroup of a finite group G, then

Ne(Na(P)) = Ne(P).

Proof. Since P is normal in N (P), it is the unique Sylow p-subgroup of N (P). Now, for all
x € Ng (Ng(P)) we get :

P CNg(P) = 2Pz~ C aNg(P)x ™' = Ng(P).

Since z Px~ ! is a Sylow p - subgroup of N (P), from the uniqueness part that we mentioned above
we get tPx~! = P. Therefore, No(Ng(P)) C Ng(P). The converse inclusion is obvious, thus
we obtain the desired result. ]



1.3 Nilpotent Groups

We already know that the center C(G) of a group G is a normal subgroup. Define Co(G) = (e),
and C;(G) the inverse image of C(G// C;_(G)) under the canonical projection G — G/ C;_1(G),
forv =1,2,.... There is the ascending central series of G:

Co(G) = (e) S Ci(G) =C(G) £ C(G) < -+
In general, if C; < C;;; < G, and C; < GG, and in addition
Ci+1 /Cz < G/ Cl then Ci+1 <G,

In particular, the last result follows from the subgroups correspondence between the normal sub-
groups of G and G/ C;. Therefore, C;(G) <« G for all i = 1,2,...,, by induction. Also, for
i=1,2,...,

Ci(G)={z € G |zyr 'y € C;i_1(G) forally € G}.

Definition 1.3.1. A group G is nilpotent if C,,(G) = G for some n € N.

Example 1.3.1.  i. Every abelian group G is nilpotent since C;(G) = C(G) = G.

ii. Every subgroup or homomorphic image of a nilpotent group is nilpotent. For the first claim,
given a subgroup H of a nilpotent group G, intersect the ascending central series of G with
H and the desired result follows immediately. For the second claim, check the Problem 1.30.

Theorem 1.3.1. Every finite p-group G is nilpotent.

Proof. We assume that |G| = p". If G is an abelian group, then we are done. Now, every nontrivial
quotient group of G is a finite p-group. In particular, from Corollary 1.2.1 we get that G/ C(G) is
anon trivial p - group, and |G/ C(G)| = p* < p". Continuing the process inductively, if G/ C;(G)
is nontrivial, then C(G/ C;(()) is nontrivial, so that C;(G) & Ciy1(G). Hence C,(G) = G for
some n € N. 0

Theorem 1.3.2. If G = (G| x - - - X G, then G is nilpotent if and only if all GG; are nilpotent.

Proof. Problem 1.29. O
Lemma 1.3.1. Assume G is nilpotent. If H < G, then H S Ng(H).

Proof. Let n be the largest integer such that C,,(G) < H. Choose a € C,11(G) \ H. This * and
then for h € H,
aha'h™' € C,(G) < H.

Thus aha™ € H. Hence a € Ng(H) \ H. O

3Such n there exists because H g G and there is m such that C,,(G) = G, since G is nilpotent,
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Theorem 1.3.3. A finite group G is nilpotent if and only if it is the direct product of its
Sylow subgroups.

Proof. 1f GG is a direct product of Sylow subgroups, then G is nilpotent by Theorems 1.3.1 and
1.3.2. Conversely, suppose G is nilpotent. For every Sylow subgroup P of G, by Theorem 1.2.5
we obtain :

Ne(Na(P)) = Na(P).

Therefore, by the previous lemma, Ng(P) = G. Hence P is normal in G. Suppose that |G| has
distinct prime factors py, ps, . . ., px. For each p;, there is a unique Sylow p;-subgroup P; <G. Then

<P1,P2,...,Pk>:P1P2"'Pk.

Moreover,
PN (PP Py Py P) = {e}

by investigating the possible orders of its elements. Therefore,
P]PQ"'Pk:P1XP2X"'XPk.
Thus, G = P; X P, x -+ X P, by comparing their orders. ]

Corollary 1.3.1. If GG is a finite nilpotent group, then G contains a subgroup of order n for any
factor n of |G|.

1.4 Solvable Groups

Definition 1.4.1. Let G be a group. For a,b € G, the element aba~'b~! is called a commutator .
The subgroup of G generated by all commutators:

G = (aba'b"' | a,b € G)

is called the commutator subgroup of G.

Theorem 1.4.1.  a. The commutator group G’ is a characteristic subgroup of G, i.e. for
all € Aut(G), then p(G’) C G'. In particular, G’ is a normal subgroup of G.

b. Moreover, GG’ is the smallest normal subgroup such that G /G’ is abelian. Precisely, if
N C G is a normal subgroup, then G/N is abelian if and only if G’ < N < G.

Proof. Problem 1.32. [
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Definition 1.4.2. For a group G, let G(¥ := G and G*) := (G(kfl))/, fori =1,2,.... Then
GO=Gg>GM=G">G?>...,

where G*) is called the k-th derived subgroup of G. It can be shown that G**) « G for all k.
(Problem 1.33).

Definition 1.4.3. A group G is said to be solvable if G = (¢), for some n € N.

Proposition 1.4.1. Every nilpotent group is solvable.

Proof. Since C;(G)/C;_1(G) is abelian, from Theorem 1.4.1 we have C;(G) < C,_1(G). If
C,.(G) = G, then

Theorem 1.4.2. The following hold:
a. Every subgroup or homomorphic image of a solvable group is solvable.

b. If N is a normal subgroup of G, and N and G/N are solvable, then G is solvable. In
other words, solvability is closed under extensions.

Proof. a. Suppose that G is solvable. If H is a subgroup of G, then H*) < G®*). One can
check this for £ = 1, since every commutator of H is a commutator of G. The result then
follows immediately by induction on k. Hence, H is solvable.

If f: G — H is a group homomorphism, then it is left as an exercise to show that f (G*)) =
f(G)®, for all k € N. Hence, f(G) is solvable.

b. Assume that N is a normal subgroup of G, and NV and G/ N are solvable. Then
N=NO<S ND S . ..5 N6 = (e)

and
G/N = (G/N)? > (G/N)V > ... > (G/N)® = {N}

for some s,t € N. Show that G®) N /N = (G/N)*), so that G® = N. Therefore, consider
the series :

G =@ao D G D...D G = N > Gt — @) D...C GU+s) — NG — ().

Hence, G is a solvable group.

17



Corollary 1.4.1. The symmetric group S,, for n > 5 is not solvable.
A generalization of the Sylow theorems for finite solvable groups is below.

Proposition 1.4.2 (P. Hall). Let G be a finite solvable group of order mn, with ged(m,n) = 1.
Then:

1. G contains a subgroup of order m; conversely, if GG is a finite group such that whenever
|G| = mn with ged(m, n) = 1, G has a subgroup of order m, then G is solvable.

2. Any two subgroups of GG of order m are conjugate.
3. Any subgroup of G of order k, where k | m, is contained in a subgroup of order m.

The proof is skipped. P. Hall also showed that if (7 is a finite group having a p-complement for
every prime factor p of |G/, then G is solvable.

1.5 Problems

Problem 1.1. Prove Theorem 1.1.1.
Problem 1.2. Prove Corollary 1.1.1
Problem 1.3. Prove 1.1.3.

Problem 1.4. Prove Corollary 1.2.1.
Problem 1.5. Prove Corollary 1.2.3.

Problem 1.6.  a. Letpbe afixed prime. Let R, be the set of rational numbers whose denomina-
tor is relatively prime to p. Likewise let R? be the set of rational numbers whose denominator
is a non-negative power of p.

Prove that R, and R? are both subgroups of the additive group (Q, +).

b. Show that "
Zp™) = {ZEQ/Z ’ a.beZ and b=p", nZO}

is a subgroup under addition.

18



Problem 1.7. a. Prove that if
a*=e, forallae@

then (G is abelian.

b. Prove that any group of order four is abelian. Show that there are exactly two such groups.
Problem 1.8.  a. Write down 8 matrices that represent the dihedral group d, as a subgroup of
GL,(R).

b. Prove that the subgroup of GLy(C) generated by the matrices

= (o) 5= )

is a non-abelian group of order 8 which is not isomorphic to the dihedral group d,. This
group is called the quaternion group ()s.

(1)
= (54

has order 3, but the product ab has infinite order.

Problem 1.9. Show that the matrix

has order 4 and the matrix

Problem 1.10. Let Z,, be a cyclic group of order n (written multiplicatively) and for each integer
a let
Oa i Ly — Ly, oq(x) = 2% Yo € Z,.

a. Prove that o, € Aut(Z,) if and only if (a,n) = 1.
b. Prove that o, = o}, if and only if a = b (mod n).
c. Prove that every automorphism of 7, is equal to o, for some integer a.

d. Prove that o, 0 0}, = 0. Deduce that the map @ — o, is an isomorphism from ((Z/nZ)*, )
to Aut(Z,).

Problem 1.11. Show that if GG is a finite group of even order, then GG contains an element a # ¢
such that a* = e.

19



Problem 1.12. List all subgroups of Zs & Zs.
Problem 1.13. Compute the automorphism groups of Zg, Z15 and Zs7. Are any of them cyclic?

Problem 1.14. Let a, b, ¢ be elements of a group G. Show that

lal = la”",  |abl =1bal, |eac”'|=lal.

Problem 1.15.  a. If H and K are subgroups of a group G, then

[HVK:H >[K:HNK].

b. Suppose ¢ < p are primes. Use the inequality of the first part to prove that a group of order
pq has at most one subgroup of order p.

Problem 1.16. Let GG be a group. Define a map ¢ : G — Aut(G) by setting (g) : G — G to be
the automorphism of GG given by conjugation with g, i.e.

T — gxg’l.

a. Prove that ® is a homomorphism and that ® is a monomorphism if and only if the center
Z(G) is trivial.

The image subgroup ®(G) is denoted Inn(G) and called the group of inner automorphisms.

b. Prove that Inn(G) is a normal subgroup of Aut(G).
The quotient Aut(G)/ Inn(G) is called the group of outer automorphisms.

Problem 1.17. The goal of this set of exercises is to show that if n > 6 then
Aut(S,) = Inn(S,,) ~ S,.
1. Prove thatifn > 2, ®: S, — Aut(S,,) is a monomorphism.

2. Prove that for any group, if f € Aut(G) and ¥ C G is a conjugacy class in G, then f(¥) is
also a conjugacy class in G’ with necessarily the same number of elements.

3. Use the fact that if n > 2 and n # 6 then the conjugacy class of a transposition is the unique
conjugacy class with (%) elements of order two to conclude that Aut(S,,) = Inn(S,,) = S,,.
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Problem 1.18. (a) Prove that if G is a subgroup of S,, and A,, N G = {e} then |G| = 2. Give
an example to show that this occurs.

(b) Use the first part to prove that if n > 5 then A,, is the unique normal subgroup of 5,,.

Problem 1.19. (a) Show that a group of order 12 has a normal Sylow subgroup.

(b) Exhibit all 2-Sylow subgroups of the 12 element group Dg.

Problem 1.20. Prove that if a group contains a proper subgroup of finite index then it also contains
a proper normal subgroup of finite index.

Problem 1.21. Let GG be a group. A subgroup P < G is characteristic if for every p € Aut(G),
o(P) = P.

(a) Show that any characteristic subgroup is normal and give an example of a normal subgroup
which is not characteristic.

(b) Prove that a p-Sylow subgroup is normal if and only if it is characteristic.

Problem 1.22. Prove that every group of order p? is abelian and prove that if G is non-abelian and
|G| = p?® then
Z(G) =[G, 6]

where [G, (] is the subgroup generated by the set of commutators

{aba™'b"" | a,b € G}.

Problem 1.23.  a. Prove that a finitely generated abelian group where 0 is the only element of
finite order is necessarily free abelian.

b. Determine with proof how many subgroups of order p* does the abelian group Z,s @ Z,»
contain?

Problem 1.24. Let gy, ..., g, be representatives of the conjugacy classes of a finite group GG and
assume that these elements pairwise commute. Prove that GG is abelian.

Problem 1.25. (a) Prove that a group of order 105 has a normal 5-Sylow subgroup and a normal
7-Sylow group.

(b) Classify all groups of order 105 that have a normal 3-Sylow subgroup.
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Problem 1.26. Let G = GL,(F,), the group of invertible n x n matrices over the finite field F,
with ¢ = p", p a prime. Let U = U, (FF,) be the subgroup of G of upper triangular matrices with
1’s on the diagonal.

(a) Find |G| and |U|. Conclude that U is a p-Sylow subgroup of G.

(b) Show that g € G has order a power of p if and only if g = I,, + N with N an n X n matrix
such that N = 0. [Hint: Use part (a).]

Problem 1.27. Determine up to isomorphism all abelian groups of order 64 and 96 respectively.

Problem 1.28. Show that if G is a group which contains an element = with |z| > 2 (possibly
infinity) then GG has a non-trivial automorphism.

Problem 1.29. Prove Theorem 1.3.2.
Problem 1.30. Prove that homomorphic image of a nilpotent groups is nilpotent.

Problem 1.31. (a) Prove that if GG is a finite group and P is Sylow-p subgroup and M contains
Ng(P) then Ng(M) =M.
(b) If every maximal proper subgroup of a finite group is normal then G is nilpotent.
Problem 1.32. Prove Theorem 1.4.1.

Problem 1.33. Show that G*) « G, forall k € N.

Problem 1.34. Prove or give a counter-example (Most, but not all, of these are false).

[

. If every proper subgroup of a group G is abelian then G is abelian.

2. If K is a normal subgroup of GG then any subgroup of K is normal in G.
3. If G is a group then any subgroup of the center C'(G) is normal in G.

4. If GG is an infinite group then G has an element of infinite order.

5. A group with a finite number of subgroups must be finite.

6. If x € G and y € G have finite order then xy has finite order.

7. Any subgroup of a finitely generated group is finitely generated.
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8. Every solvable group is finite.
9. The automorphism group of an abelian group is abelian.
10. If p, q are distinct primes then every nilpotent group of order pq is abelian.
11. The center of a group is a normal subgroup.
12. Give an example of a non-abelian nilpotent group.
13. Give an example of a solvable group which is not nilpotent.
14. If Gisagroupand z,y € G are elements of finite order that commute then |xy| = lem(|z|, |y|).

15. Let H < G be a subgroup. If 7 C G is a conjugacy class in G then m N H is a conjugacy
classin .
Problem 1.35. Find the maximum order of an element of &-.
Problem 1.36. Prove, just using the definition of group, that every group of order 4 is abelian.
Problem 1.37. List all abelian groups of order 180.
Problem 1.38. Prove that if H < G is a subgroup such that [G : H| = 2 then H is normal in G.

Problem 1.39. Prove that if G/ C(G) is cyclic then G is abelian.

Problem 1.40. If |G| = p™q with p > ¢ prime then G contains a unique normal subgroup of index
q.

Problem 1.41. Prove that if |G| = p"q with p > ¢ prime, then G is solvable.

Problem 1.42. Prove that if G contains a subgroup H of finite index then it contains a normal
subgroup of finite index.

Problem 1.43. Prove that if GG is a finite abelian p-group then it is generated by its elements of
maximum order.

Problem 1.44. How many elements of order 7 are there in a simple group of order 1687
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Problem 1.45. How many subgroups isomorphic to Z, does
G =7Zg® Zis

have? (Hint: First count how many elements of order 4 there are in G.)

Problem 1.46. Prove that a group of order p" contains normal subgroups of order p* for k =
0,...,n. (Hint: use induction and Corollary 115.4.)

Problem 1.47. Prove that if G is finite and 2 does not divide |G| then there are no non-trivial
homomorphisms
G — {£1}.

Problem 1.48. Prove that sgn is the only non-trivial homomorphism

S, — {£1}.

Problem 1.49. Prove that if ¢ : G — H is a homomorphism with H abelian, then ¢ is constant
on conjugacy classes.

Problem 1.50. Use the previous problem to prove that A,, is the unique subgroup of index 2 in &,,.

Problem 1.51. Let H < G be a maximal proper subgroup which is normal. Prove that [G : H] is
prime. Do not assume that G is finite.

Problem 1.52. Prove that every automorphism of &3 is inner.
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Chapter 2

Ring Theory

2.1

Factorization in Commutative Rings

Definition 2.1.1. A nonzero element a of a commutative ring R is said to divide an element b € R
(notation: a | b) if there exists x € R such that ax = b. Elements a, b of R are said to be associates
ifa|bandb | a.

Virtually all statements about divisibility may be phrased in terms of principal ideals as we now

S€e.

Theorem 2.1.1. Let a, b and u be elements of a commutative ring R with identity.

a.
b.

C.

a | bif and only if (b) C (a).
a and b are associates if and only if (a) = (b).
wis a unit if and only if u | r for all € R.

w is a unit if and only if (u) = R.

. The relation “a is an associate of b” is an equivalence relation on R.

If @ = br with r € R a unit, then a and b are associates. If R is an integral domain, the
converse is true.

Proof. Problem ?? O

Definition 2.1.2. Let R be a commutative ring with identity. An element c of R is irreducible
provided that:

L.

1l.

¢ 1S a nonzero nonunit;

¢=ab = qgorbisaunit.
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An element p of R is prime provided that:
1. p is a nonzero nonunit;

ii. plab = plaorp|b.

Example 2.1.1.  a. If p is an ordinary prime integer, then both p and —p are irreducible and
prime in Z.

b. In the ring Zg, the element 2 is easily seen to be a prime. However, 2 € Zg is not irreducible
since 2 = 2 - 4 and neither 2 nor 4 are units in Zg.

Theorem 2.1.2. Let p and ¢ be nonzero elements in an integral domain R.
a. pis prime if and only if (p) is a nonzero prime ideal;
b. cis irreducible if and only if (c) is maximal in the set . of all proper principal ideals of R.
c. Every prime element of R is irreducible.
d. If R is a principal ideal domain, then p is prime if and only if p is irreducible.
e. Every associate of an irreducible [resp. prime] element is irreducible [resp. prime].

f. The only divisors of an irreducible element of R are its associates and the units of R.

Proof. Problem ?? [

We have now developed the analogues in an arbitrary integral domain of the concepts of di-
visibility and prime integers in the ring Z. Recall that every element in Z is a product of a finite
number of irreducible elements (prime integers or their negatives) according to the Fundamental
Theorem of Arithmetic. Furthermore this factorization is essentially unique (except for the order
of the irreducible factors). Consequently, Z is an example of:

2.2 Unique Factorization Domains and P.1.D.’s

Definition 2.2.1. An integral domain R is a unique factorization domain (U.F.D.) provided that:

a. every nonzero nonunit element a of R can be written a = cyco - - - ¢, With ¢y, ... ¢, irre-
ducible;

b. ifa = ¢cj¢cy--- ¢, = didy---d,,, where ¢;, d; are irreducible, then n = m and for some
permutation o of {1,2,...,n}, ¢; and d, ;) are associates for every i.
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Remark 2.2.1. Every irreducible element in a unique factorization domain is necessarily prime by
(b). Consequently, irreducible and prime elements coincide by Theorem 2.1.2.

Lemma 2.2.1. If R is a principal ideal ring and

(a1) € (az) € -

is a chain of ideals in R, then for some positive integer n, (a;) = (a,) forall j > n. In other words,
every P.L.D. satisfies the ascending chain condition.

Proof. Let
A= (al)

i>1

Is left as an exercise to show that A is an ideal. By hypothesis A is principal, say A = (a). Since
a € A=(a),a€ (ay,) for some n. Hence, (a) C (a,). Therefore, for every k > n,

A= (a) € (an) € (45) € 4,

whence (ax) = (a,). O

Theorem 2.2.1. Every principal ideal domain R is a unique factorization domain.

Remark 2.2.2. The converse of Theorem 3.7 is false. For example the polynomial ring Z[x] can
be shown to be a unique factorization domain, but Z|x] is not a principal ideal domain.

Proof. Let . be the set of all nonzero nonunit elements of R which cannot be factored as a finite
product of irreducible elements. We shall first show that.% is empty, whence every nonzero nonunit
element of R has at least one factorization as a finite product of irreducible elements.

Suppose . is not empty and a € .. Then (a) is a proper ideal, hence is contained in a
maximal ideal (¢). The element c is irreducible by Theorem 2.1.1. Since (a) C (c), ¢ divides
a, i.e. there is r, € R such that a = x,c. If z, is a unit, then a is associating to an irreducible
element, so it is irreducible, hence a ¢ .7 and that is a contradiction. So z, € ./ and (a) & (z,).
Continuing the same process as before we can construct a strictly ascending chain of ideal, and this
is a contradiction by Theorem 2.2.1. Finally if

0162"'Cn:a:d1d2"'dm
with ¢;, d; irreducible, then ¢; divides some d;, since in a PI1.D. every irreducible is prime. Since ¢;
is a nonunit, it must be an associate of d;. The proof of uniqueness is now completed by a routine

inductive argument. [
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2.3 Euclidean Domains

Definition 2.3.1. Let R be a commutative ring. R is a Euclidean ring if there is a function ¢ :
R\ {0} — N such that:

a. ifa,b € Rand ab # 0, then p(a) < ¢(abd);
b. ifa,b € R and b # 0, then there exist ¢, € R :

a=qgb+r, withr=0,orr # 0and p(r) < ¢(b).

A Euclidean ring which is an integral domain is called a Euclidean domain.

Example 2.3.1.  a. The ring Z of integers with p(z) = |z| is a Euclidean domain.
b. If F'is a field, let p(x) = 1 forall x € F, x # 0. Then F is a Euclidean domain.

c. If F'is a field, then the ring of polynomials in one variable F'[z] is a Euclidean domain with

p(f) =degf.
d. Let Z[i] be the following subset of the complex numbers
Z[i) ={a+bi|a,be Z}.
Z[i] is an integral domain called the domain of Gaussian integers. Define
o(a +bi) = a® + b*.

Clearly p(a+bi) # 0if a+bi # 0; it is also easy to show that condition (a) of the Definition
is satisfied. The proof that o satisfies condition (b) is left to the reader.

Theorem 2.3.1. Every Euclidean ring R is a principal ideal ring with identity. Consequently every
Euclidean domain is a unique factorization domain.

Proof. 1f I is a nonzero ideal in R, choose a € I such that ¢(a) is the least integer in the set of
nonnegative integers

{o(x) [z #0, z €T}

Ifb e I, thenb = qa+ rwithr = 0orr # 0and ¢(r) < ¢(a). Sinceb € I and gqa € I, r is
necessarily in /. Since ¢(r) < ¢(a) would contradict the choice of a, we must have r = 0, whence
b = qa. Consequently, I = (a) and, in particular, [ is the principle. N
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2.4 Greatest Common Divisors

Definition 2.4.1. Let X be a nonempty subset of a commutative ring R. An elementd € R is a
greatest common divisor (g.c.d.) of X provided:

a. d|a,foralla € X;
b. c|laforalla e X = c|d.

Greatest common divisors do not always exist. For example, in the ring £ of even integers
2 has no divisors at all, whence 2 and 4 have no greatest common divisor. Even when a greatest

common divisor of a4, ..., a, exists, it need not be unique. However, any two greatest common
divisors of X are clearly associates by (b). Furthermore any associate of a greatest common divisor
of X is easily seen to be a greatest common divisor of X. If R has an identity and ay, as, . .., a,
have 1y as a greatest common divisor, then ay, as, . . ., a, are said to be relatively prime.
Theorem 2.4.1. Let a4, ..., a, be elements of a commutative ring R with identity.

a. d € R is a greatest common divisor of {a4, ..., a,} such that

d=mra + -+ rpa,
for some r; € R if and only if

(d) = (ar) + (ag) + -~ + (an).

b. If R is a principal ideal ring, then a greatest common divisor of aq, . . ., a, exists and every
one is of the form
riay + A rpay

withr; € R.

c. If Risaunique factorization domain, then there exists a greatest common divisor of ay, . . . , a,.

Sketch of proof. Part (a) and (b) is left as an exercise. For (¢), each a; has a factorization

a; = anilcg"bz? . C;nit’
with ¢y, .. ., ¢; distinct irreducible elements and each m,; > 0. Show that
d= c’flcgz . cft
is a greatest common divisor of aq, . . ., a,, where
kj = min{my;, ma;, ms;, ..., My}
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2.5 Localization

Definition 2.5.1. Let R be aring and let S C R. We say that S is multiplicative if:
(a) 1g € S, and
(b) foreverya,b e S,wehavea-beS.

Let R be aring and let S C R be multiplicative. On the set R x .S, we define a relation ~ by
(r,s) ~ (r',s") <= Jue S:ulrs —r's)=0. (2.1)

It is easily verified that the above relation is an equivalence relation, and the corresponding equiv-
alence class of (r, s) will be denoted by ~. The quotient set

SIR=(RxS)/ ~

obtains a ring structure with operations:

r r rs+r's
° (+) —+—/ — —I’
s s SS

Remark 2.5.1. We have the ring homomorphism
R— SR, r— ;,

which is called the natural homomorphism.

Example 2.5.1 (Field of Fractions). One important example of localization arises in the case of R
be an integral domain. If we consider the set S = R\ {0} one can show that is multiplicative. The
set ST' R is called the field of fractions of R and is denoted by Frac(R). Explicitly,

Frac(R) = {% laeRbe R\ {0}}.
Example 2.5.2 (Localization at a prime ideal). Let R be a ring and let p be a prime ideal of R.

Then the set S = R\ p is multiplicative, and we denote

S‘IR:RP:{EMER,sER\p}.
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Example 2.5.3 (Localization over the powers of an element). If R is a commutative ring and r €
R, we consider the set S = {1,7,7%,73,...}. Then S is multiplicative and the corresponding
localization S~!R is denoted by R,. Explicitly,

Rr: £|CLGR,’H€Z>O .
M= \;m >

Proposition 2.5.1. Let R be a ring and let p < R be a prime ideal of R. Then:

(a) The following equality holds :

U(RP)Z{EERHT¢P}7

where U(R,) denotes the invertible elements of R,,.

(b) The ring R, is local, with maximal ideal

Proof.

(b)

m:{geRp]rep}.

(@) If £ € U(R,), then there exist 7' € R and s’ ¢ p such that
/ /
e
s s ss

Therefore, there exists u ¢ p such that
u(rr’ —ss') =0 = urr’ = uss’.
If r € p, then uss’ € p, which is impossible since u, s, s’ ¢ p. Conversely, if r ¢ p, then

2 € Ry, and hence

.
2=
S T

From part (a), it follows that the non-invertible elements of the ring R, form the set

m:{geRp]rep}.

It is easily verified that m is an ideal of R, and a proper subset of R, which contains every
maximal ideal of Rp.1 Since we also know that m is contained in a maximal ideal, the desired
result follows.

]

"We know the existence of at least one maximal ideal of Ry, which is proved using Zorn’s lemma.
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Definition 2.5.2. Let p: R — R’ be a ring homomorphism, with / < R and J < R'.

(a) The contraction of J through ¢ is the ideal of R

J=p Y J)={rcR|pr)eJ}.

(b) The extension of / through ¢ is the ideal /¢ of R’ generated by the set (7).

Theorem 2.5.1. Let S be a multiplicative subset of R. The following correspondences are inverse
to each other, hence they are one-to-one and onto:

p o= pe

{peSpecR:pNS =0} _ Spec (S7'R)

via the natural homomorphism R — S™'R, r+— I,

where with Spec we denote the set of the prime ideals of a ring.

2.6 Problems

Problem 2.1. (a) Show that if R is a commutative ring then the set of nilpotent elements is an
ideal. This ideal is called the nilradical.

(b) Given an example to show that this is false if R is not commutative.

(c) Show that if R is a commutative ring then the nilradical is the intersection of all prime ideals
of R.

Problem 2.2. Let R be a commutative ring and let S be the ring of n x n matrices with entries in
R.

a. Prove that J C S is a two-sided ideal if and only if .J is the set of n X n matrices with entries
in an ideal [ of R.

b. Show that if n > 1 and R is an integral domain then 0 is a prime ideal of S but there exists
a,b # 0 such that ab = 0.

Problem 2.3. Let f : R — S be a homomorphism of (unital) rings.
a. Prove that if f(1z) = 0 then f = 0.
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b. Prove that if f : R — S is a non-zero homomorphism of commutative rings and .S has no
zero divisor then f(1r) = 1g.

c. Given an example of a non-zero homomorphism of commutative rings f : R — S such that

f(1r) # 1s.

Problem 2.4. Let f : R — S be a homomorphism of commutative rings.
a. Prove that if I C S is an ideal then f~'(I) is an ideal of R.
b. What hypothesis is required on f to ensure that f(.J) is an ideal of S for every ideal J C R?

c. Prove that if ¢ C R is prime then f~'(q) is prime.

Problem 2.5. Prove that if R is a domain then there are no non-zero rings R;, Ry such that R ~
Rl X RQ.

Problem 2.6. An element e in a ring R is idempotent if 2 = e. Two idempotents e, e, are
orthogonal if e;e; = 0.

a. Let R be the ring of 2 x 2 matrices with coefficients in C. Describe all idempotents in R,
and give an example of a pair of orthogonal idempotents.

b. Show that if ey, ..., e, are central (i.e. they commute with all elements of R) orthogonal
idempotents withe; 4+ --- + ¢, = lgthen R ~ Ry X --- X R, where R; = ¢; R.

c. Conversely if R >~ R; X --- X R, then there are central orthogonal idempotents e, ..., e,
such thate; +---+e¢, = lgpand R; = ¢;R.

d. Show if R is the ring of 2 x 2 matrices with coefficients in C then R is not isomorphic to a
product R, x R, with Ry, Ry both non-zero.

Problem 2.7.  a. Prove that the Gaussian integers Z|i| with p(a+bi) = a?+b?* form a Euclidean
domain.

b. Prove that a positive integer p is prime in Z[7] if and only if p is a prime integer and p = 3
(mod 4).
Problem 2.8.  a. Show that if I is primary then v = {a € R | a® € I for some n > 0} is
prime. The ideal \/T is called the radical of I.

b. Show that if R is a PID then every primary ideal is of the form I = (p/) for some irreducible
p € R.
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c. Show that in a PID every ideal I can be written as a product I = P, - - - P, with P, primary
ideals such that P, + P; = R fori # j.

Problem 2.9. Determine the complete ring of fractions of Z,, for n > 2.

Problem 2.10. Let R be an integral domain. If p is a prime ideal then we can view the localization
R, as a subring of the quotient field /. Likewise, we can view R as a subring of F'. Prove that

(| Ba=R

m maximal

as subrings of F'.

Problem 2.11. Give an example of a non-zero commutative ring with a unique prime ideal which
is not a field.

Problem 2.12. A ring R is called semi-local if it has a finite number of maximal ideals.

a. Show that R = Q[z]/(x® — 1) is a semi-local ring and determine the maximal ideals.

b. Show that R,, is a field for every maximal ideal m of R.

Problem 2.13.  a. Let F' be a field. Show that if f(z) is any non-zero polynomial then R =
F[z]/(f(x)) is a semi-local ring.

b. What condition on f(x) ensures that R,, is a field for every maximal ideal m?
c. Show that if R = F|z]/(f(z)) has maximal ideals my, ..., m, then the natural map
R— Ry, X -+ X Ry,
1s an isomorphism.
d. Show that if R = C[z]/(2® — 1) then there is a natural isomorphism
R~CxCxC

and determine the images of the elements 1, x, 22 respectively under this isomorphism.

Problem 2.14. Recall that a ring is Noetherian if every ideal is finitely generated. Show that a
Noetherian local domain whose maximal ideal is principal is a PID.
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Problem 2.15. Let R = Clx,y]/(y* — 23).

a. Describe the maximal ideals of R.

b. Show that if M = (T — a,y — b) is a maximal ideal of R with (a,b) # (0,0), then Ry, is
a PID by showing that the maximal ideal of R, is principal. What is a generator for this
maximal ideal?

c. Show that if M = (7, %) then the maximal ideal of R, is not principal, so R, is not a PID.

Problem 2.16. 1. If F is a field, then every nonzero element of F'[[z]] is of the form z*u, with
u € F[[z]] a unit.
2. F[[x]] is a principal ideal domain whose only ideals are 0, F[[z]] = (1r) = (2°), and (z*)

foreach k > 1.

Problem 2.17. 1. If D is an integral domain and c is an irreducible element in D, then D[z] is
not a principal ideal domain. Hint: Consider the ideal (x, ¢) generated by x and c.

2. Z[x] is not a principal ideal domain.

3. If Fis a field and n > 2, then F[zy,...,x,] is not a principal ideal domain. Hint: Show
that x; is irreducible in F[z1, ..., 2, 1]

Problem 2.18. Let R be a commutative ring with identity and
f= Zaixi € R[z].
i=0

Then f is a unit in R[z] if and only if a is a unitin R and a4, . . . , a,, are nilpotent elements of R.

Hint: If f is a unit, then is a unit on R/p[z], for every prime ideal of R. What are units on R/p|x]
? For the converse implication, note that if ay, . . ., a, nilpotent, then h(z) = a;x + - - - + a, 2™ so
is.

Problem 2.19. If ‘
f= Zaixz € Zlzx]
and p is prime, let
f= Za_ixi € Zyla],

where a; 1s the image of a; under the canonical epimorphism Z — 7Z,,.
a. If f is monic and f is irreducible in Z,[x] for some prime p, then f is irreducible in Z|[x].

b. Give an example to show that (a) may be false if f is not monic.
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c. Extend (a) to polynomials over a unique factorization domain.

Problem 2.20.  a. Let D be an integral domain and ¢ € D. Let f(z) =Y "  a;z" € D[z] and

flx—c)= Zai(az —¢)' € D[z].

Then f(x) is irreducible in D[z] if and only if f(z — ¢) is irreducible.

b. For each prime p, the cyclotomic polynomial f = zP~! + 2P=2 + ... + x + 1 is irreducible
in Z|x].

Problem 2.21. Let R be a commutative ring with identity and ¢, b € R, with c a unit.

1. Show that the assignment
x—cr+b

induces a unique automorphism of R[z| that is the identity of R. What is its inverse?

2. If D is an integral domain, then show that every automorphism of D[z] that is the identity
on D is of the type described in (a).

Problem 2.22. Prove or give a counter—example.

i. If R is a domain and (f) is prime, then f is irreducible.

ii. If Ris a domain and f € R is irreducible, then f is prime.
iii. If R and S are domains, then R x S is a domain.
iv. Every maximal ideal is prime.

v. Every prime ideal is maximal.

vi. Let f : R — S be a ring homomorphism. If P is a prime ideal in R, then f(P) is a prime
ideal in S.

vii. Let f: R — S be a ring homomorphism. If Q) is a prime ideal in S, then f~1(Q) is a prime
ideal in R.

viii. Let f € Z[x] be a primitive polynomial. If prime is prime, let f,, be the image of f under the
map Z[x] — Zy[z]. Then f is irreducible if and only if f, is irreducible in Z,[x] for some
prime p.

ix. Every Euclidean domain is a Principal Ideal Domain.

x. Every Unique Factorization Domain is a Principal Ideal Domain.
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xi. If S C R is a multiplicatively closed subset, then the natural map
R— SR
is injective.
xii. The set of nilpotent elements in a ring forms an ideal.

xiii. The set of zero-divisors in a ring forms an ideal.
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Chapter 3

Galois Theory

3.1 Algebraically Closed/Closures and Separability

Definition 3.1.1. Let K be a field and let f € K[z]| be a non-constant polynomial. An extension
K C F'is called a splitting field of f if

i. [ splits into linear factors in F[x], i.e.
fx) =cle —ar) - (z = om)
. F=K(a,...,an).

Theorem 3.1.1. Let K be a field and f(z) € Klz| with deg f = m > 1. Then there exists a
splitting field F' of f over K such that [F': K] < ml.

Corollary 3.1.1. Let f € K[z]| and let F, F” be two splitting fields of f over K. Then there exists
a field isomorphism o : F' — F’ such that o(c) = c forall ¢ € K.

Example 3.1.1. There are cases where two splitting fields are isomorphic but not equal. Let
f(z) = 2> —2 € Qla].

Then L; = Q (\/5) is a splitting field of f. Also consider Ly, = Qz]/(2* — 2). If a = T €
Q[z]/(z* — 2) then f(a) = 0, so Q(«v) is also a splitting field of f and [Q(«) : Q] = 2. Hence

LliL27 \/§|—>Oé,

but Ll 7& LQ.

39



Corollary 3.1.2. By induction, if S is a set of polynomials in K[z], then there exists a splitting
field for .S, unique up to isomorphism.

Theorem 3.1.2. The following are equivalent : [ is a field :

a. Every non-constant polynomial f in F'[z], has a root in F.
b. Every non constant polynomial splits into linear factors.
c. Every irreducible polynomial in F'[z] is linear.

d. F'has no non-trivial algebraic extensions.

e. There exists K C F' such that F is algebraic over K and every f(x) € K|z]| splits in F.
Definition 3.1.2. F'is algebraically closed if it satisfies any of the previous theorem’s condition.

Theorem 3.1.3. Let K be a field and K C F'. The following are equivalent:

a. F is algebraically closed.

b. Fis a splitting field of all irreducible polynomials in K[z].

Given a field K, a field F' satisfying the equivalences of Theorem 3.1.3, then D is called an alge-
braic closure of F'.

Theorem 3.1.4. Every field K has an algebraic closure. Also, any two algebraic closures of K are
isomorphic. If K is a field, we will sometimes write K for the algebraic closure.

Example 3.1.2. By the Fundamental theorem of Algebra we get R = C, and

CoOR and R:R]=[C:R]=2.

In general,
[L: K] =00 foralgebraic closures.

For example [Q : Q] = cc.

Definition 3.1.3. A polynomial f € K|z| is separable if it factors into distinct linear factors in a
splitting field. In particular, if f is irreducible then

f is separable < (f, f') =1.
In particular, if f is irreducible, then f is separable <— f # 0.

Definition 3.1.4. An algebraic extension X' C F'is called separable if for any o € F', the poly-
nomial Irr(«, K) is separable.
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3.2 Primitive Element Theorem

Theorem 3.2.1 (Primitive Element Theorem). If X' C F'is a finite (hence algebraic) separable
extension with | K| = oo, then F' = K («), for some « € F, i.e. I has a primitive element.

Proof. By hypothesis F' = K (o, ..., ;). By induction on the generators we may assume that
K(ala s 705t71) = K(ﬁ)

for some primitive element 5. Thus it suffices to show that K («, ) has a primitive element. We
will show that for all but finitely many ¢ € K, the element v = a + ¢[3 is a primitive element, i.e.

K(v) = K(a, 5)
If we show that a € K (), then obviously 5 = v — a/c € K(v). Since K C K(a, () separable,
then K (v) C K(«, (3) is separable, thus

f(z) =Trr(a, K(y)) and  g(z) = Irr(5, K (7))
are separable. Now, let . O K () be a field such that f and ¢ split into linear factors. Let
f@)=@-a)(z—a), gla)=(x—p5)(z—Fn)
where aq, ..., a, and 51, ..., 3, are distinct. Now since

-«
’y:a+cﬂ:>B:7

if we set
o) =g (125 € KOl
then h(a) = g(B) = 0. Hence « is a common root of f and h. The other roots of h are v — ¢3;. If
x —a | ged(f,h)
then « is a root of ged( f, h). To compute ged(f, h) in L[z]| write

f@)=(r—a)-(z—an) and h(z) = (z—a)(z—7+cf)).
We need to show
{ag, ...,an}N{y—=PBa,...,7v— B} =92.
If these sets overlap then
a; =a+cf—f;
for some 7, j. Hence if we choose

a; — Qy
c# -2 .
Gi—p
which is possible since | K'| = oo, then Thus
o — o . .
c z:l,...,n,jzl,...,m}.
f { Bi—p
Therefore ged(f, h) = x — a. Hence a € K (7). O
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3.3 Galois Extensions
Definition 3.3.1 (Galois group). Let /' O K be a field extension. The following group :
Autg(F)={o: F 5 F | o|x = id}

is the Galois group of F over K, denoted Galx (F).

Theorem 3.3.1. Let F' O K.

a. If H < Autg(F), then
H—facF|ola)=a, forallcec H}
is a subfield of F' containing K.
b. If ' D F D K, then
Hg = AutgF = {0 € Autg(F) | o|g = id}
is a subgroup.

We obtain the correspondence

Aut(_yF
F e {id} K207 Autg F
‘H l l Aut( )F T
K <F<—*) AutKF —) AutFF {ld}

Definition 3.3.2. An extension K C F is Galois if FA"<(F) = [

Example 3.3.1. We consider the extension Q C Q(+/2). Then Auty(Q(+v/2)) = {id}. Hence it is
not Galois, since pAueQ(V2) _ Q(V2) #Q."!

The goal is to prove the following theorem.

Theorem 3.3.2. Let K C F be a finite extension. The following are equivalent :

'The equity

Autg(Q(V2)) = {id}

comes from the fact that a field automorphism sends a root to its conjugates and the conjugates of /2 are

/2, V2w, V2w?, where w € C\ R.
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a. PA(F) = K (i.e. K C F is Galois)
b. Fis a splitting field of a separable polynomial in K [x]
c. [F: K]=|Autg(F)|
Theorem 3.3.3. If 0 : K — L is an isomorphism of fields and f(z) € K|z|, then o(f) € Llx].
Let F be a splitting field of f, and M a splitting field of o(f). Then the number of isomorphisms
T:F—>M str1|lg=o0

is at most [F' : K| = [M : L]. Equality holds if and only if f is separable.

Proof. Use induction on [F: K] = [M : L].
« If [F: K] = 1, the statement is trivial.

* Given 7 : F' — M an isomorphism which extends o. For any o € F, let § = 7(«a) € M.
Then 7 restricts to an isomorphism o’ : K(«) — L().

F 5 M
U U
K(a) = L(B)
U U
K % L

On the other hand, given any o € F, § € M and an isomorphism o’ : K(a) — L(f),
then we know that F' and M are splitting fields over K («) and L(/5) respectively. Hence o
extends to an isomorphism 7 : F' — M (i.e. T| k(o) = o).

The conclusion is that giving an isomorphism 7 : F' — M extending o is equivalent to giving
an isomorphism ¢’ : K(a) — L(f) extending ¢ and an isomorphism F' — M extending o’.
Assuming « ¢ K (which can be true since [F' : K] > 1), we know [F : K(«a)] < [F': K]. Since
F is a splitting field over K («), by induction there are at most [F' : K («)] isomorphisms

T:F—=M
extending o’ O

Theorem 3.3.4. Let F' be a splitting field of f(z) € K[z]. Then |Autx(F)| < [F : K] with
equality if and only if the extension is separable.

In order to prove this we prove the following.
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Theorem 3.3.5. Let F' be a splitting field over K of f(z) € K[z] and 0 : K — L be an isomor-
phism. Let M be a splitting field of o(f) over L. Then

#{r: F — M extending o0} < [F : K].

Proof. Use induction on [F' : K.
« If [F: K] = 1, the statement is trivial.

* Given 7 : F' — M an isomorphism which extends o. Forany o € F, let § = 7(«) € M.
We restrict 7 to obtain an isomorphism o’ : K () — L([3).

F 5 M
U U
K(a) = L(B)
U U
K % L

On the other hand any o € F', § € M and an isomorphism ¢’ : K(a) — L(/3), then we know that
F and M are splitting fields over K («) and L(3) respectively. Hence, there exists an isomorphism
7 : F'— M which extends o’.

The conclusion is that giving an isomorphism 7 : F' — M that extends o is equivalent to giving
an isomorphism o’ : K (a) — L(f3) that extends 0. Let 7 : F' — M be an isomorphism extending
oandlet o € F'\ K be arootof f(z). We know [F': K(«a)] < [F : K] and F is a splitting field
over K («). By induction,

#{r : F — M extending o'} < [F: K(«)].
Since o’(«) = [ and « is a root of f, we have that [ is a root of o( f). Hence there are at most
deg(o(/)) < [K(0) : K]
possible choices. Therefore
#{r: F — M extending o} < [F: K(a)] [K(«a) : K] =[F : K].
Equality holds < o( f) is separable. N

Theorem 3.3.6 (Characterization of Galois extensions). Let F'/K be a finite extension. The fol-
lowing are equivalent:

i o) = ¢

ii. F'is a splitting field of a separable polynomial.
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iii. |Autg(F)| = [F : K]

Proof. (i1) — (ii1) follows from the previous theorem.

(i) = (ii)) Leta € F'\ K and let f(z) = Irr(a| K). Let aq, . . ., a, be the distinct roots of f(z) in F’
and define
g(x)=(r—ay) - (x—a,) € Flz].

Show g € Klz]. If 0 € Autg(F) then o(a;) € {ay,...,a,}. Since o is an automorphism,
o(g) = g. Hence, by part (i) :
g € AW [g] = K],

Since g(a) = 0 we have f | g. Butay,...,a, are roots of f, so g | f. Therefore f(x) = g(x).
Thus f is separable and F' is a splitting field of f.

(iii) — (i) Let K C E, where E = FA"<(F)_ We claim that

AutE(F) = AutK(F)
and F'/E satisfies (1),(2),(3). Hence | Autg(F)| = [F : E] and |Autg(F)| = [F : K|. Thus
[F: E]=[F: K]so[F: K]=1and therefore £ = K. O
3.4 Towards to the Fundamental Theorem

Theorem 3.4.1 (Fundamental Theorem of Galois Theory). Let K’ C F be a Galois extension and
G = Autg (F). Then there is a 1-1 inclusion reversing correspondence

{Intermediate extensions} «— {subgroups of G'}.

F {1} G +— K
U U N N
E +— Autg(F)| | H +— Ff
U U N N
K +— G {1} +«— F

a. Also E — Autg(F) and H — FH satisfy FA%(F) = F and Autpu (F) = H.

b. Moreover, the extension K C FE is Galois if and only if AutgF is a normal subgroup of G.
Conversely, if H < G then K C F'# is Galois and Autg (F?) =~ G/H.

Sketch of the proof
i. KCE= prel) = F,

ii. H<G= Autps(F) = H.
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Theorem 3.4.2 (Artin’s Lemma). Let F be a field and G < Aut(F’) be a finite subgroup. If
K=FC¢={ceF|olc)=c YocG}
then

[F: K] <|G| < .

3.5 Problems

Problem 3.1. Let /' > K be a field extension. Prove that « € F is algebraic if and only if
Kla] = K(«), i.e. K|a] is a field.

Problem 3.2. Prove that if K is a field and a and 3 are roots of an irreducible polynomial f € K|z],
then there is an isomorphism K () — K (/3) which restricts to the identity on K.

Problem 3.3. Prove that if K has characteristic 0, then any irreducible polynomial f € K|[z] is
separable.

Problem 3.4. If o € F is algebraic over K of odd degree, then K (o) = K (a?).

Problem 3.5. If o, 3 are algebraic over K of degrees m, n respectively, then
[K (e, ) : K] < mn,

with equality if (m,n) = 1.

Problem 3.6. What is the degree of the extension Q (i, e*™/3) over Q? Find a primitive element
for this extension. Find the Galois group of the extension. Is it Galois?

Problem 3.7. If 2" — a € K|z] is irreducible and u € F is a root of 2" — a, and if m divides n,
then prove that the degree of ™ over K is --. What is the irreducible polynomial for u™ over K?

Problem 3.8. If F'is a splitting field of S over K and FE is an intermediate field, then Fis a splitting
field of S over E.
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Problem 3.9. No finite field K is algebraically closed.
Hint: If K = {ay, ..., a,}, consider

a1+ (x —ap)(x —ay) -+ - (x — an) € Klz],

where a; # 0.
Problem 3.10. What is the Galois group of Q(v/2, v/3, v/5) over Q?

Problem 3.11. Assume char(K) = 0 and let G be the subgroup of Autx (K (x)) generated by the
automorphism induced by x — x + 1x. Then G is an infinite cyclic group. Determine the fixed
field £ of G. What is [K(z) : E]?

Problem 3.12. In the extension of Q by Q(z), the intermediate field Q (z?) is closed, but Q (z3)
is not.

Problem 3.13. If K’ C F is a field extension such that [F' : K| = 2, then F’ is normal over K.

Problem 3.14. If F' is normal over an intermediate field £ and E' is normal over K, then " need
not be normal over K.

Problem 3.15. Suppose that K is a subfield of R (so that we may view K as a subfield of C), and
that f € K|[z] is irreducible of degree 3. Let D be the discriminant of f. Then:

a. D > 0 if and only if f has three real roots.

b. D < 0ifand only if f has precisely one real root.

Problem 3.16. Determine the Galois groups of the following polynomials over the indicated fields:

a. 2 — 5 over Q, Q(v/5), and Q(v/54)
b. 2° —z — 1 over Q and Q(v/231)

Problem 3.17. Let K be a subfield of the real numbers and let f € K [x] be an irreducible quartic.
If f has exactly two real roots, then the Galois group of f is Sy or Dy.

Problem 3.18. Give an example of a field extension K C [ such that u, v € F' are transcendental
over K, but K (u,v) % K(x1,x2).
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Problem 3.19. Let L and M be intermediate fields in the extension K C F.
a. [LM : K] is finite if and only if [L : K| and [M : K] are finite.
b. If [LM : K] is finite, then [L : K] and [M : K| divide [LM : K| and
[LM : K| <|[L:K|[M:K].
c. If[L: K]and [M : K] are finite and relatively prime, then
[LM : K| =[L: K|[M : K].
d. If L and M are algebraic over K, then so is L M.

Problem 3.20. Let f € K[x] be a separable polynomial of degree n and let F’ be its splitting field
over K. Show that
[F: K] |nl

Problem 3.21. If | K| = p", then every element of K has a unique p-th root in K.

Problem 3.22. If | K| = g and (n,q) = 1 and F is a splitting field of 2 — 1x over K, then [F' : K]
is the least positive integer k such that n | (¢® — 1).

Problem 3.23. If n > 3, then 2" + x + 1 is reducible over Z,.

Problem 3.24. If f € K{z| is monic irreducible, deg f > 2, and f has all its roots equal (in a
splitting field), then char(K) = p # 0 and f(x) = 2" — a, for some n > 1 and a € K.

Problem 3.25. Let char(K) = p # 0 and assume

F = K(u,v)

where v? € K, v’ € K and [F : K] = p?. Then F is not a simple extension of K. Exhibit an
infinite number of intermediate fields.

Problem 3.26. Construct a field with 9 elements and give its addition and multiplication table.
Problem 3.27. Prove that every element of a finite field may be written as the sum of two squares.

Problem 3.28. Prove or give a counter—example.
a. If F D K is Galois and F is an intermediate field, i.e. /' D F D K, then F D K is Galois.
b. If F D K is Galois and F is an intermediate field, i.e. /' D E D K, then F' D E is Galois.
c. Any finite extension of fields F' D K is algebraic.
d. If ' D K is a finite extension of fields, then F" has a primitive element.

e. If [F': K| > 1, then | Autg (F)| > 1.
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Chapter 4

Modules

4.1 Direct Sum and Direct Limits

Theorem 4.1.1 (Universal property of the external direct sum). Let {A;};c; be a family of sub-

modules of A. The natural map
i€l iel

is an isomorphism if and only if

AimZAjZO foralli € I.

Corollary 4.1.1. Let A}, Ay < A If AN Ay =0,then A; + Ay = A; @ As.

4.2 Exact sequences

Definition 4.2.1. Let
AL,B S o

be morphisms of R-modules. The sequence is exact at 5 ifim f = ker g. A sequence of R-modules
—>Ai,1 fAAZﬂAHl —

is exact if im f; = ker f;,1, forall ¢ € Z.

Example 4.2.1.  a. The sequence 0 — B % ' is exact if and only if g is injective.

b. The sequence A Jy B — 0is exact if and only if f is surjective.

49



Definition 4.2.2. A short exact sequence is a sequence

0—ALB% 00

such that f is injective, g is surjective, and kerg = im f. If A < B is a submodule, we obtain the
short exact sequence

0—ALBS B/A—0.

Proposition 4.2.1. Let f : A — B be a homomorphism of R-modules. Then f factors as
AT AJkerf 2 B % B/im/,
and the sequence
0— A/kerf 5 B2 B/imf —0
is exact.

Definition 4.2.3. Let
—>Az_1 fAAZ ﬂAz—l—l_)

and
gi gi+1
o> B 1= B, —> Bijy1— -

be exact sequences. A map of exact sequences is a family of homomorphisms ¢, = (p; : A; — B;)
such that ¢; o f; = g, 0 p;_1, for all ¢ € 7Z, i.e. each such square commutes

fi
Ai —_— Ai—i—l

%i l%ﬂ

gi
B, —— Bi

Lemma 4.2.1 (Five lemma). Consider a morphism of short exact sequences

Then:
1. If a and ~ are monomorphisms, then (3 is a monomorphism.
2. If o and +y are epimorphisms, then 3 is an epimorphism.

3. If « and ~ are isomorphisms, then [ is an isomorphism.
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Proof. Proof by diagram chasing. [l

Example 4.2.2. Consider the following (non commutative !) diagram :

0 y 7 —2 7 —" s 7 > 0
lid lil lid
0 vl - DTy — s T, s 0

Even if id is an isomorphism, the Theorem 4.2.1 does not apply since, i.e. 7 is not an isomorphism,
because the diagram does not commute.
4.3 Split Exact Sequences
Definition 4.3.1. Let A;, A; be R-modules. The sequence
OHAlzi)AIEBAQ&AQHO

is called a split exact sequence.

Theorem 4.3.1. Let R be a ring and a short exact sequence of R - modules :

0— A, LBS A, —0
The following are equivalent:
i. There exists h : As — B such that go h = id4,.
ii. There exists k: B — A; suchthat ko f =idy,.

iii. There is an isomorphism of short exact sequences

0 rAl ! > B g >A2 > 0

b b

0 \Al Zl}Al@AQ 7r2>A2 > 0

where «, (3, v are isomorphisms.

Proof. Prove first (i) — (ii) and (ii) — (iii). For those implications, use the universal property
of direct sum/product and the five lemma. The inverse implications follow immediately from the
commutativity of the given diagram. [
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Definition 4.3.2. A short exact sequence
00— A —B— A —0

is called split exact if any (equivalently all) of the conditions in Theorem 4.3.1 hold.

Example 4.3.1. Let & be a field and V) ERN V5 an injective linear map of k-vector spaces. Then
0—WNLV—=V/imf—0

is a split exact sequence.

Proposition 4.3.1. If £ is a division ring, every short exact sequence of k-vector spaces splits.

Group algebras
Let G be a finite group and  a field with char(k) 1 |G|. The group algebra

k[G] = {Zai[gi} la; €k, g; € G}

i=1

is a k-algebra. Addition is defined coefficientwise and multiplication by
[9illg;] = [9ig5]
The algebra k[G] is commutative if and only if G is abelian. If H < G then
K[H] C K[G]
is a subalgebra. Modules over k|G| correspond to representations of G over k.

Theorem 4.3.2 (Maschke). Let G be a finite group and £ a field such that char(k) { |G|. Then
every short exact sequence of k[G]-modules splits.

4.4 Free Modules

Definition 4.4.1. Let A be an R-module. A subset X C A is linearly independent if
ani =0 = r;=0forallz,
=1

for distinct x4, ..., x, € X.
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Example 4.4.1. k[z] is a k-vector space and {x’ | i € N} is linearly independent.

Definition 4.4.2. Let A be an R-module. A set X C A is a basis if X is linearly independent and
A= (X).

Remark 4.4.1. Every element of A has a unique expression ) ., r;z;, r; € Rand z; € X.

Example 4.4.2. If G is a finite group G = {¢1, ..., gn }, then K[G] is a K-vector space with basis
{lo]: g € G}.

Theorem 4.4.1. Let R be aring and F' an R-module. The following are equivalent:
1. F has a nonempty basis.
ii. F'is an internal direct sum of cyclic R-modules isomorphic to R.
iii. F' is isomorphic to an external direct sum of copies of R.

iv. There exists a set X and an injective map ¢ : X — [’ with the following universal property:

For every R-module A and every function of sets f : X — A, there exists a unique R-module
map f : ' — Asuchthat fo.= f.

Proof. (1) — (i1) Let X be a basis. For x € X, define R — F, r — rx. Its image is a cyclic
submodule Rz = R. Clearly, F' = ) _. Rx. To show the sum is direct: if z € X, see that

Rx N ZRy =0,
y#T

otherwise we get linear dependence.

(i1) — (ii1) Internal and external direct sums agree up to isomorphism.

(i) — (iv) Let X be a basis. For f : X — A, define f ( > rix,-) = > _r;f(x;). Uniqueness follows
from the uniqueness of linear combinations.

(iv) — (iii) Sketch: show RX) = @ _ R is free with basis {e,}. Free objects are unique up to
isomorphism.

(iii) — (i) If F = @, .y R, then the standard generators form a basis. 0

Definition 4.4.3 (Free Module). An R-module F' is free if it satisfies any of the equivalent condi-
tions above.
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Definition 4.4.4. An R-module A is finitely generated if there exists a finite set X C A such that
A= (X).

Corollary 4.4.1. Every R-module is a epimomorphic image of a free module. If A is finitely
generated, it is an epimorphic image of a finitely generated free module.

Remark 4.4.2. Every subgroup of a free abelian group is free. This is false for arbitrary rings.

Example 4.4.3. Let R = K|[z,y|. Then F' = R is free. Submodules of F' are ideals of R. The
ideal (z,y) is not free since it is not principal. Ideals are free if and only if they are principal.

4.5 Invariant Dimension Property

Lemma 4.5.1. If k is a division ring, then any maximal linearly independent subset of a k-module
V is a basis.

Corollary 4.5.1. Every nonzero module over a division ring is free.
Corollary 4.5.2. Every exact sequence of modules over a division ring splits.

Theorem 4.5.1. If R is aring and F' is a free module with one infinite basis, then any other basis
is infinite with the same cardinality.

Definition 4.5.1. A ring R satisfies the invariant dimension property if any two finite bases of a
free R-module have the same cardinality.

Example 4.5.1. Z, fields, and division rings satisfy the invariant dimension property. However,
there exist rings where the size of finite bases is not constant. The [.D.P. does not hold for every
ring. Let V' be an infinite dimensional vector space and let R = End(V). Then A = Risa
free R-module with basis {1z} (basis with one element). Define operators L;, Ly on the basis
{e1,e9,€3,...} of V by

€1 €2 €3 €4 €5
Li= 4+ 1 4 1 1
€1 0 ()] 0 €3
and
€1 €2 €3 €4 €5
L= 4 1L 14 1 1
0 €1 0 €92 0
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To show { Ly, L1} spans A, it suffices to show id € span{Lg, L;}. Look for operators M, N such
thatid = M o L; + N o L. Define operators M, N by

€1 €3 €3 €4 €5

M= | {4 1 | |

€1 €3 €5 €7 €9

and
€1 €2 €3 €4 €5

N= | | 1 |

€2 €4 €6 €3 €10

Then M o Ly + N o Ly = id. Hence Ly, L; generate A. Suppose L o L; + L' o Ly = 0. Then
applying to eq; gives

(Lo Li+ L'o Lgy)(ez) = L' o Lo(es;) = L'(e;) =0
Likewise L = 0.

Proposition 4.5.1. Any two bases of a vector space have the same cardinality. '

Definition 4.5.2. Let R satisfy the invariant dimension property and let F' be a free R-module.
Then the rank of F' is defined as rank(F') = | X|, where X is a basis.

Lemma 4.5.2. Let R be aring and [ ideal of R. If F' is a free R-module with basis X, then F'/I F
is a free R/I -module with basis 7(X) and |7(X)| = | X|.

Proof. We note that

[F:{Zsixi\siel}gF

is a submodule. If X is a basis, then 7(X) = { +[F | x € X} spans F'/I F, since ' = (X). We
show that 7r(X) is linearly independent. Suppose

S i+ D(wi+1F)=> ra;+IF =0.

K3 3

Theny = > ryz; € IF, hencey = Zj s;u;, where s; € I and u; € F'. Write

U; = E tjk[Ek

so since I is an ideal we can consider that s; € I, therefore y = ) s;,x; with s; € I. By the
uniqueness of the representation with respect to the basis {x; };c; we obtain

Zﬁxi223ixi < Ti:SZ'GI < TZ—F]:O

"More generally, any division ring satisfies the invariant dimension property.
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Proposition 4.5.2. Let R — S be a ring epimorphism and suppose S satisfies the invariant dimen-
sion property. Then so does R.

Proof. Let R — S be a ring homomorphism such that R/I = S, for some ideal /. Then the
isomorphism can be identified with the canonical projection 7: R — R/I. Let F be an R-free
module. Then F'/IF is an R/I-module with natural operations. By Lemma 4.5.2 if X and Y are
two basis for F', then 7(X) and 7(Y") are two basis for F'/IF. Since R/ has the I.D.P. then

[ X| = [=(X)| = [=(YV)] = [Y].

Corollary 4.5.3. If R is commutative then R satisfies the invariant dimension property.

Proof. Indeed, R has a maximal ideal m and 7 : R — R/m is a ring epimorphism. Use the
Proposition 4.5.2. O

4.6 Projective Modules

Remark 4.6.1. Suppose R isaringand 0 -+ A — B < F — 0 be a short exact sequence with F
free. Then the sequence splits.

Proof. Exercise. [

Definition 4.6.1 (Definition I). An R-module P is called projective if every short exact sequence
0—+-A—-B—-P—0

splits.

Definition 4.6.2 (Definition II). An R-module P is projective if for every epimorphism B <

C — 0 and every homomorphism P ER B, there exists h : P — A such that g o h = f, the
following diagram commutes
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Theorem 4.6.1 (Characterization of Projective Modules). The following are equivalent :
a. P satisfies Definition 4.6.2.
b. P satisfies Definition 4.6.1.

c. There exists a free module F' and a module K suchthat F = P & K.

Proof. (a)— (b)Let0 — A — B =+ P — 0be exact. Since P is projective, the mapidp : P — P
lifts through 7, i.e. there exists s : P — B with m o s = idp. Hence the sequence splits.

(b) — (a) Exercise.

(a) — (c) Take an epimorphism ¢ : F' — P, where F' is free. Let K = ker(¢), so
0—K-—F>3P—0

is exact. By (b) it splits, hence F' = P & K.

(¢c) — (a) Assume F' = P ¢ K with F free. We show P is projective. Let g : A — B be an
epimorphism and let f : P — B be any map. Consider the composite

f~::fo7rp:F—>B,

where mp : ' — P is the projection for F' = P & K.

P
h’oi/// lf
l</

g
> B > 0

If I can construct A’ such that go b/ = f o, weseth = h'oiand g o h = f. So this implies that
is suffice to prove that F' is projective.

Since F is free, pick a basis X of F. For each z € X, choose a, € A with g(a,) = f(x)
(possible since ¢ is surjective). Define hy : X — A by hx(z) = a, and extend R-linearly to a

homomorphism
n:F— A

Then go i/ = f. O
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example of Projectives Modules
Proposition 4.6.1. Let R be a ring and { P, };c; a family of R-modules. Then
@ P, is projective <= P is projective for every i € I.
iel
Proof. Exercise. [
Example 4.6.1. a. If R = k is a field, then every (nonzero) k-module is a vector space, hence
free, hence projective.

b. If R = Z, then every projective Z-module is free. Indeed, if P is projective then P is a direct
summand of a free abelian group F', and direct summands of free abelian groups are free.

c. If R = k[z], every projective k[x]-module is free.
d. More generally, over a PID, every projective module is free.
e. If R = k[xy,...,x,), then every projective is free. This is highly nontrivial: this is the

Quillen—Suslin theorem.

Example 4.6.2. Let
Clz, y]
(y? = (28 —2))’
the coordinate ring of the affine curve y? = 23 — z (the ideal (y*> — (2 — x)) is prime). Let
I = (z,y) C R. Then [ is projective but not free.

R=

Proof. 1 is not free of rank 1 because it is not principal (so it cannot be isomorphic to R as an
ideal). Define a surjection 7 : R? — I by

m(e1) =y, m(es) = x,
where (e1, e5) is the standard basis of R%. Define s : I — R? on the generators by

s(y) = (1 —2%) e1 + (zy)ea, s(z) = (—y)er + (2°) e

One checks s is well-defined (the relation y? = 2*

— x 1s respected) and that it is a splitting:
(s(z)) = (—y)m(er) +a*m(er) = —y y+a* 2=y +2° =2,
and
m(s(y)) = (1 —a”)m(er) + (wy)m(ez) = (1 — 2y + (zy)z =y — 2y + 2’y = y.

Hence 7 o s = id;, so
0 — ker(r) = R* =1 —0

splits and I is a direct summand of the free module R?, therefore projective. [
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Problem 4.1. Prove (z,y) C C|x,y] is not projective.

Proof. We consider the R linear map R? % (z,7) — 0 defined by
ep—x and ey >y

We want to show that g is not splitting. Try to define h : (x,y) — R? R-linear with g o h = id. If
I (pl) 7 Yy (Pz)
41 az

Tp1+Yqr = T, Ip2 +Yq2 =Y.
Using the first equality we obtain :

then

xpy +yq =0 = xypi(x,y) + yza(r,y) =0

From the last equality, we conclude that

W) = (1 + yh(wﬂ)

—ZL’h(iL‘, y)

and analogously, we prove that
hly) = (1 + - k(z, y)>
From this we get that
—xy - k(z,y) \ _ _(y+y* =)
(fﬂ +a? k’(rv,y)> = hloy) = ( —zy - h(z,y)
Looking the degrees of the first coordinate we conclude a contradiction. [

4.7 Injective modules

Definition 4.7.1. An R-module .J is injective if for every monomorphism A <% B and every
homomorphism f : A — J, there exists h : B — J suchthat ho g = f.
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Proposition 4.7.1. Let {J; };c; be R-modules. Then
H J; 1s injective <= J; is injective for every ¢ € [.

el

Proof. (=) Letj; : J; — [[; J; be the inclusion into the ith slotand ; : []; J; — J; the projection.
Check the following diagram :

/\l’:
\
\
Ti| Ji AN
\ ~
N
\
\
J; N
7 N
T~
A \
f \\\h \\\
N
‘\\\
g
0 > A > B

(<) Assume each J; is injective. Given A Jy Band f: A — IL Jislet fi =m0 f : A— J;. The
injectivity of .J; gives h; : B — J; extending f;. By the universal property of products, there is a
unique h : B — [, J; with 7; o h = h;, and then h extends f.

Theorem 4.7.1. Let R be aring and J an R-module. The following are equivalent:
a. J is injective.
b. Every short exact sequence 0 — J — B — C' — 0 splits.

c¢. Whenever J C B is a submodule, J is a direct summand of B.
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Proof. (a) = (b): Given0 — J L BY O 0, apply injectivitytos : J — Band f = id;. We
getr : B — J withr o4 = idy, hence ¢ splits.

(b) = (¢) : If J C B, apply (b) to the exact sequence 0 — J — B — B/J — 0. Splitting gives
B=J® B/J,so J is a direct summand.

(c) = (a) : Standard reduction using:
* Products of injectives are injective iff each factor is injective by the Proposition 4.7.1.

* Every module embeds into an injective module (we will prove it later on the notes). Then J
being a direct summand of an injective implies J is injective.

]

4.8 Divisible Modules

Definition 4.8.1. An abelian group D is divisible if for every n € Z., the map D T”) D is
surjective. Equivalently, for all d € D and n € Z+, there exists d € D such thatd = n - d.

Example 4.8.1.  a. Qs divisible.

a
ok

b. Z(p>®) C Q/Z is a torsion group, where Z(p>) = {
p

kzO,aEZ}.

Lemma 4.8.1. Let R be aring and [ an R-module. Then [ is injective if and only if for every sub-
module L C R, every R-module homomorphism L — I extends to an R-module homomorphism
R — I. If R is commutative, it suffices to check this for ideals L C R.

Proof. The implication “=" is immediate. For “<”, suppose we are given 0 — A % Band a
morphism f : A — I. Since g is an isomorphism onto im g, we obtain a map

ho1img — I

extending f. Let . be the set of pairs (C, h) where C is a submodule of B with img C C' and
h : C'— I satisfies h o g = f. Define a partial order on . by

(Cl, hl) S (CQ,hQ) if Cl Q Cg and h2|cl = hl.
If {(C;, h;)} is a chain, then

(e
with h|c, = h; is an upper bound. By Zorn’s lemma, . has a maximal element (C, k). We claim

that C' = B. Let b € B. Define
L={reR:rbeC}.
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Then L is a submodule of R, and b € C'if and only if L = R. Define a map
(:L—1, U(r) = h(rb).

By hypothesis, ¢ extends to a map
v:R— 1.

Now define
h':C+ Rb—1I, h'(a+rb) = h(a) + v(r).

One checks that i’ is well defined and extends /. By maximality of C', we must have C'+ Rb = C,
hence Rb C C, so b € C'. Therefore C' = B, completing the proof. ]

Lemma 4.8.2. Let D be an abelian group. Then D is an injective abelian group if and only if is
divisible.

Proof. Suppose D is injective as a Z-module. We want to show that D is divisible. Letn € Z\ {0}
and let d € D. Consider the ideal (n) = nZ C 7Z and define a Z-module homomorphism
f:nZ — D, f(mn)=md.

Since D is injective, there exists an extension h : Z — D of f. Let d = h(1). Then

Thus d € im (D S D>. Since d € D was arbitrary, the map D — D is surjective. Hence D is

divisible. Conversely, suppose D is divisible. We want to show that D is injective as a Z-module.
By Lemma 4.8.1, it suffices to consider a homomorphism f : I — D where [ C Z is an ideal, and
show that f extends to a homomorphism Z — D. Any ideal of Z is of the form I = (n) = nZ for
some n € Z. Letd = f(n). Since D is divisible, there exists d € D such that d = nd. Define

h:7Z— D, h(l)=d.

Then for every m € Z, .
h(mn) = mnd = md = f(mn),

so h extends f. Therefore D is injective as a Z-module. O

4.9 Embeddings on Injectives

Lemma 4.9.1. Every abelian group is a subgroup of a divisible abelian group.
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Proof. Let A be an abelian group. Then there exists a surjection /' = @, Z — A from a free
abelian group. Consider D = &5, Q. Since Q is divisible, D is divisible. We have an exact
sequence

O=K—=F—=A—=0.

Thus A ~ F'/K. Since F' C D, we obtain
A~F/K < D/K

It remains to check that a homomorphic image of a divisible group is divisible. Consider the exact
sequence
0—-K—D—D/K—D0.

Multiplication by n is surjective on D, hence also surjective on D /K. Therefore D /K is divisible.
N

Let R be a ring and [ an abelian group. Then Homy(R, I) is an abelian group. Moreover
Homy (R, I) has a left R-module structure defined by (r - ¢)(s) := ¢(sr), forr,s € Rand ¢ €
Homyz (R, I). One checks that ry - (ry - @) = (r172) - .

Lemma 4.9.2. Let [ be a divisible abelian group. Then Homy (R, I) is an injective R-module.

Proof. Let L C R be a submodule and f : L. — Homy(R, I) an R-module homomorphism. We
want to extend f to
h: R — Homg(R,I).

Define a homomorphism of abelian groups
g:L—=1, g(a)=f(a)(1r).

Since I is divisible, it is injective as a Z-module, so g extends to a homomorphismg : R — I.
Define
h: R — Homgz(R,I), h(r)(x)=7g(zr).

Ifr € L, then
h(r)(z) = g(ar) = glar) = f(r)(2),
so h extends f. Finally,
h(ri +r2)(x) = g(x(r1 +r2)) = h(r1)(z) + h(r2)(z),

and
h(rire)(z) = g(xrire) = r1 - h(rg)(z),
so h is an R-module homomorphism. [

Proposition 4.9.1. Every R-module is a submodule of an injective R-module.
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Proof. Let A be an R-module. By Lemma 4.9.1, A is a subgroup of a divisible abelian group /.
Hence we have an injective homomorphism of abelian groups A < I. Consider the map

Homy(R, A) — Homg(R,I), ¢+ 10,
where ¢ : A — [ is the inclusion. This map is injective and is a homomorphism of R-modules.
Since Homy (R, A) is an abelian subgroup of Homy (R, I) which is stable under the R-action, it
follows that Hompg (R, A) is an R-submodule of Homy (R, ). By Lemma 4.9.2, Homy(R, I) is an
injective R-module. Define a map
® : Homg(R, A) — A, ®(¢) = ¢(1).
This map is an isomorphism. Indeed, given a € A, define
0o R— A, @u(r) =ra.
Then ¢, is an R-module homomorphism and ®(y¢,) = a. Conversely, every ¢ € Hompg(R, A)

satisfies (1) = r¢(1), s0 ¢ = @y,(1). Thus @ is bijective. Therefore A ~ Homp(R, A) and hence
A embeds into the injective module Homy (R, I). O

4.10 Hom

Let R be aring and A, B two R-modules. Then Hompg (A, B) has an abelian group structure. On
the other hand, if R is a ring and Y an abelian group, then Homz (R, Y") is an R-module given by

(ro) () = p(ar).
Remark 4.10.1. * R is left and right R-module or bimodule.
» If R is commutative, all modules are bimodules.
Given A £ A’ an R-module homomorphism, then we have a homomorphism of abelian groups
¢*: Homg(A', B) = Homg(A, B), ¢+ o f.
Similarly we have
¢.: Homg(B, A) — Homg(B, A'), o foop.

Theorem 4.10.1. Let R, S be rings, rA a left R-module, gk Bs a bimodule and rCs an R-S-
bimodule.

a. Hompg(A, B) is a right S-module with (¢s)(a) := ¢(a)s.
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b. fAL Aisa homomorphism of left R-modules, then
©*: Homp(A', B) — Homg(A,B), ¢ pof
is @ homomorphism of right S-modules.
c. Homg(C, D) is a left S-module with (sp)(c) = ¢(cs).
d. If D % D’ is a homomorphism of R-modules, then
gs: Homg(C, D) — Homg(C, D), ¢+ goyp

is @ homomorphism of left S-modules.

Theorem 4.10.2. Hom and direct sums/products:

Homp <@ A;, B) = H Hompg(A;, B)

i€l iel
HOI’I’IR (A,HB]) = HHOI’I’IR(A, B])
jed jet
Theorem 4.10.3. The sequence 0 — A 5 B — (' is exact if and only if for every R-module D
0 — Hompg(D, A) ¥% Homg(D, B) 4N Hompg(D, C)

1S exact.

Example 4.10.1. This does not assert that v, is surjective when v is surjective. For example
consider the sequence :

0573757, 0

Take D = Z,. Then
0 — Hom(Zy, Z) — Hom(Z, Z) — Hom(Z,, Z5)

is not surjective.

Theorem 4.10.4 (Theorem 4.3). The sequence A — B ¥ C = 0is exact ifand only if for every
R-module D . .
0 — Hom(C, D) LN Hom(B, D) ¥~ Hom(A, D)

1S exact.
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Example 4.10.2. If we consider the sequence

O—>Z3>Z—>Z2—>O

Take D = Zs:
0— HOHI(ZQ, ZQ) — Hom(Z, ZQ) — HOI’II(Z, Zg)

Notice (-2)* = 0, so it is not surjective.

Theorem 4.10.5. The sequence 0 — A 5 B ¥, C'is exact if and only if for every R-module D
0 — Hompg(D, A) ¥ Homg(D, B) 4N Hompg(D, C)
is exact.

Theorem 4.10.6. The sequence A Iy B % ¢ = 0is exact if and only if for every R-module D
0 — Hom(C, D) AN Hom(B, D) EAN Hom(A, D)
is exact.

Proof. First, we suppose that the sequence
AL BSc—o

is exact.It is straightforward to show that g* is injective using the surjectivity of g. For the exactness
in the middle: For a map ¢ € Hom(C, D) we notice

9 (p) = f(pog)=pogof=0.
therefore Im g* C ker f*. Conversely, let ¢ € ker f*: Therefore

fflp)=0 <= pof=0 < ¢ f:0<:><p =0
Im

kerg

Define ¢ : B/kerg — D where ¢ o m = (. Since g is surjective, then there is an isomorphism
G: B/kerg — C such that g = go 7. If we define ¢ = @ o g !, then check that ¢ = po g =
g* () € Im g* and we are done.

Conversely, suppose that the following sequence is exact :
0 — Hom(C, D) — Hom(B, D) — Hom(A, D)

exact. If we take D = C'/Im g, it suffices to show that 7: C' — D is the zero map. It is obvious
that g*(7m) = m o g = 0, therefore by the injectivity of g* we are obtain that 7 = 0. Now from the
fact f* o g* = 0 we can easily get that g o f = 0, hence Im f C kerg. Finally, if D = B/Im f,
then since m: B — D satisfies :
mof=f(r)=0
then 7 € Im g* i.e. there exists : C' — D such that 7 = ¢ o g. Hence, for each x € ker g we get
m(z) =¢pog(r) =0 <= 24+Imf=0 <= zcImf

and we have shown that ker g C Im f ]
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Theorem 4.10.7. The following conditions on a module P over a ring R are equivalent:
a. P is projective;
b. If ¢ : B — C is any R-module epimorphism, then
Y, : Homg (P, B) — Hompg(P, C)
is an epimorphism of abelian groups;

c. If
0ALSBYSC S0

is any short exact sequence of R-modules, then
0 — Hompg(P, A) £ Homp(P, B) 5 Hompg(P,C) — 0

1s an exact sequence of abelian groups.

Proof. (a) <= (b) The map
s : Homp(P, B) — Homp(P,C), g ¢g

is an epimorphism if and only if for every R-module homomorphism f : P — C, there is an
R-module homomorphism g : P — B such that the diagram

P
S
B¢>£

is commutative (that is, f = ¥g = ¥(g)).
(b) = (c) 4.10.5

(c) = (b) Given an epimorphism ¢ : B — (|, let A = ker and apply (c) to the short exact
sequence

0—>A%BE>C—>O.

Proposition 4.10.1. The following conditions on a module J over a ring R are equivalent:
a. J is injective;
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b. if Y : A — B is any R-module monomorphism, then
" : Homg(B, J) — Hompg(A, J)
is an epimorphism of abelian groups;

c. if
0—>Ai>B—>C—>O

is any short exact sequence of R-modules, then

0 — Homg(C, J) — Homg(B, J) AN Hompg(A,J) =0

is an exact sequence of abelian groups.

Proof. The proof is dual to the last theorem and is left as an exercise. [

4.11 Dual Modules
Definition 4.11.1. Let R be a ring and A be an R - module. The set A* = Hompg(A, R) is called
the dual module. If A is a left R-module, then A* is a right R-module.

Theorem 4.11.1. Let A, B, C be left modules over a ring R.
a. If o : A — C is a homomorphism of left R-modules, then the induced map
¢ : C* = Hompg(C, R) — Hompg(A, R) = A*
is a homomorphism of right R-modules.

b. There is an R-module isomorphism (A & C)* = A* & C*.

c. If Ris a divisionringand0 - A & B ¥, C' = 0is a short exact sequence of left vector

spaces, then 0 — C* Y B* % A* — 0is a short exact sequence of right vector spaces.

4.12 Tensor Product

Let R be a commutative ring and A, B, C' be R-modules. A map f : A x B — ('is bilinear if it
is linear in each factor. A x B has a natural R-module structure given by

r(a,b) = (ra,rd),

and note that a bilinear map is not linear.
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Example 4.12.1. If R=Z,and A = B = C = Z, we get
ZXxXZ—17, (a,b)— ab

is bilinear.

Definition 4.12.1. If R is not commutative and A, B, C' are R-modules, then f : A x B — C'is
middle linear if the condition f(ra,b), f(a,b) = f(a,rb) is replaced by f(ar,b) = f(a,rb).

The tensor product is characterized by a universal property: Let R be commutative and A, B
two R-modules. There exists an R-module A ® B and a bilinear map

AxBS Ao B

such that for any bilinear map f : Ax B — C, there exists a unique R-linear map f:A®QrB = C
such that f = f o i. Equivalently, the following diagram commutes :

AXBL)C’

A®rB

Let A, B be R-modules, and we consider R4* 5, the free module with basis A x B. An element of

RA*B s a finite sum
n

Z ri - (a;, b;).

i=1
Let Z be the submodule generated by elements of the form:

1. (a1 + a2, b) — (ay1,b) — (as,b),

2. (a,by 4+ bg) — (a,by) — (a, bs),

3. (ra,b) —r(a,b),

4. (a,rb) — (ar,b).
We define the tensor product of A and B be the quotient A ® B := RA*8 /2. A coset of (a,b)

in A ®g B is denoted by a ® b. These are called pure tensors. An element of A ®r B can be
represented as a sum

n n n

Zri(ai ® bz) = Z(riai) ® bz = Z a; ® (szz)

=1 =1 i=1

Now define a map
i:Ax B— A®grB, i(a,b) = a®b.

This map is bilinear by the definition of Z.
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Theorem 4.12.1 (Universal Property of Tensor Product). Let i be a commutative ring and A, B, C
be R-modules. If f : A x B — C'is bilinear, then there exists a unique map f : A®gr B — C
such that f = f o, i.e. the following diagram commutes:

AXBL)C

//W
zl el
o0 3f

A®grB

Proof. We define the map ' : R**P — C with F(a,b) = f(a,b) and extend R-linearly. We
notice f is bilinear if and only if Z C ker F. So F induces amap f : A ®g B — C such that
f oi = f. Moreover, suppose h : A ®r B — C satisfies hoi = f. To prove h = f it is enough
to check on pure tensors:

ha®b) =hoi(a,b) = f(a,b) = foi(a,b) = fla®D).

Example 4.12.2. We can show that
7 Q7 =7,

by showing that the map Z ® Z — Z, with a ® b — ab is an isomorphism.

Example 4.12.3. We consider the tensor product Z, ®z Z3 which is generated by
(090,091,002, 100, 10T, 002 }.

One can checks thata @ b =0, forall ¢ € Zs and b € Z5. So Zy Rz Zs 1S zero.

Properties of Tensor Products

Example 4.12.4 (Tensor Production of Vector Spaces). We consider two vector spaces V' and W
over a field k with basis {e;},.; and { f;};e; for V and W respectively. Then 2 = {¢; ® f;}, , is
a basis for V ®; W.

Proof. We can easily show that {e; ® f;} spans by using bilinearity. Later we shall show that
dim (V ®, W) = n - m, from which we conclude that Z is actually a basis of V' ®; W. Now
we need to show {e; ® f;};; are linearly independent. For each (k, ) consider the map which is

bilinear:
VxW— K, (Zaiei, Zb]fj) — akbg.
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This induces a map @, ¢): V @, W — k, denoted (e, ® fr)* € (V ® W)*, and act in the basis
elements as following :

1 (k>€) = (i,j),
(ex ® fo)* (e ® f;) =

0 otherwise.
Suppose > ¢;je; @ fj = 0. We show ¢;; = 0, forall 7 € I and j € J. If we apply (ex ® fi)* to

Z Cijei X fj =0
then Cry = 0. ]

Theorem 4.12.2. A is an R-module. The bilinear map defined as
RxA— A, (r,a)—ra
gives an isomorphism R ®r A = A. Likewise, if A is a right R-module, this induces an isomor-
phism A ®p R = A.
Proof. Take the pair of linear maps :
¢p:R®A— A, or®a)=ra,

and
VA= R®A YPla)=1®a.

]

Example 4.12.5. G is an abelian group. Then the map Z ® G — G defined as n ® g — ng is an
isomorphism of abelian groups and Z ® G = G.

Theorem 4.12.3. The tensor product commutes with direct limits, i.e. there is a canonical isomor-

phism
(@ Ai> ® B @(Ai ® B).

el i€l

Likewise, there is a canonica isomorphism :

A® (@BJ) ~P(A® B)).

jeJ jeJ
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Theorem 4.12.4. Risaring, A is an R-module, F'is a free module. Then every element of AR g I
can be written uniquely as

u:ZaiG@yi, a; € A, y; € F.

In particular, this implies A @ F =2 A7),

Proof. We choose a basis Y = {y; };c; for F'. This gives an a natural isomorphism

Fg@R, Y; — €;.

i€l

But by the Theorem 4.12.3 and 4.12.2 we get :

A®RF§@A®RR§@A.

iel icl
Now each element of A ® F can be written as
SUEIO DRI 9 SUETES 9 SETED o] 0 S Y
j=1 icl j=1 iel icl j=1 icl \ j
Finally, the last calculation gives that each element of A ®z F' can be written as
j=1 el il

The uniqueness comes from the fact that the linear map

AQp F — @ierA, Zai ® yi > {aitier

iel

is an isomorphism. [

Corollary 4.12.1. If F; and F5 are two free R-modules with basis X and Y respectively, then
I ® F; is a free R-module with basis

B={rey|lreX, yeY}
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Exactness properties of tensor product
If f: A— Bisan R-module homomorphism and D is any R-module, there is an induced homo-

morphism

D®RAﬁD®RB, d®@ar d® f(a).

Definition is simple but has surprising properties.

Example 4.12.6. We take the Z - linear map f: 7Z 2 Zand D = Z;. Then 1 ® f is a bijection :

727 22 7.7

lg l%

Zg+2>Z3

If D =74, then 1 ® f is neither an injection and surjection :

7.27 22 7.7

lg lg

Z4 —2> Z4
If D = Zs, then 1 ® f is the zero map.

Proposition 4.12.1. If R is a ring, and the sequence A Iy B4 ¢ = 0s exact for any module D
the induced sequence of modules

DopA Doy, B% DorC =0

1s exact.

Proof. Looking at the pure tensor we conclude that 1 ® g is onto. Now is straightforward to show
that (1 ® g) o (1 ® f) = 0 at the level of pure tensors, since g o f = 0, hence

Im(1® f) C ker(1 ® g).

Thus, we know that there isamap ¢: D ®z B/ Im(1® f) — D ®x C. Want to show that this has
an inverse. We need a bilinear map

DxC—-D®pB/Im(1® f), (d,c)—d&b,

where ¢ = g(b.). This map is bilinear since ker g = Im f, therefore there existsamap ¢: DRrC —
D ®r B/Im(1 ® f) which is the inverse of the map D ®z B/Im(1 ® f) — D ®g C. Therefore,
© is injective. Hence, for all b € ker g, we have that

p(d®b)=dzg(b)=0

and since ¢ is injective we get d ® b = 0, i.e. d ® b € Im(1 ® f) and we are done. O

73



Definition 4.12.2. An R-module D is flat if for every injection f : A — B, then induced map
1® f: D®r A— D ®g B is injective.

Example 4.12.7.  a. From the Theorem 4.12.2 we have that the ring R is a flat module. Using

the Theorem 4.12.3 we obtain that any free R - module is flat.

b. Since each projective module is a direct summand of a free module we obtain that every
projective module is flat.

c. An abelian group is a flat Z module if and only if is torsion free.

Adjoint property of Hom and ®

Let R be a commutative ring, A, B, C' three R-modules. The abelian group Hompz(A ®r B, C) is
an R-module homomorphism A®r B — C, which is equivalent to a bilinearmap ® : Ax B — C.
Given such ®, we can define

U: A — Homg(B,C), aw VY(a), Y(a)b) = P(a,b).
By the bilinearity of ®, we get that ¥ € Homp (A, Homg (B, C )) This produces an R-linear map

Homp(A ®g B,C) — Hompg (A, Homg(B, C)).

Theorem 4.12.5. This natural map Homp(A ®5 B,C) — Hompg (A, Homg(B,()) is an iso-
morphism of R-modules

Homp(A ®@x B,C) = Homg (A, Homg(B,C)).

Sketch. To define the inverse map Homp (A, Hompg(B, C)) — Hompg(A ®r B,C), given U :
A — Homg(B, C), define

:AxB—C, ®(a,b)=U(a)b).

Then @ is bilinear, and by considering the induced R - linear map A @z B — C gives the desired
inverse. [

4.13 Finitely generated modules over a PID

This theory is developed for two important example.
a. R =7 and A be a finitely generated abelian group. Then
Al ®Zy @ D Ly,

where 1 < ay |- | as.
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b. R = k[x], k a field, A is a finitely generated module over R. Thus,

klz] klz]
A~ R & B---P ,
(a1(z)) (ar())
where a; # 0, a; | - - - | a; which are called the invariant factors of A. This is important for

the theory of the canonical forms.

Recall that for 7" € End(V/), the pair (V,T") has a k[z]-module structure via z - v := T'(v). (V,T')
is a torsion k[x] - module because there is p(x) € k[x] such that p(T) = 0.

Definition 4.13.1 (rank of a module). Let A be an R-module. The rank of A denoted by rank(A)
is the maximum number of linearly independent elements in A. This is well-defined because if

S ={ay,...,a;} is a maximal linearly independent set, then any other maximal independent set
has the same cardinality.
Then ay, ..., a; are maximal linearly independent in A ® g Frac(R), which is a Frac(R)-vector

space. For example, If I C R is an ideal, then rank(/) = 1. In general, for B C A is true that
rank(B) < rank(A).

Theorem 4.13.1. Let R be a PID, F'is a free module of rank n, G C F' any submodule. Then
a. G is free, of rank, rank(G) < rank(F’),

b. thereisabasis yi, ..., y, of F'and elements a4 . .. |a; in R such that a1y, . . ., a;y; is a basis
for G.

Proof. F is free, F* = Homg(F,R), G C F submodule. If ¢ € F*, then ¢(G) C Ris a
submodule, i.e. an ideal. Since R is a PID, ¢(G) = (a,,), for a, € R. We consider the family of
ideals :

Yo ={{ap) [ ¢ € F}.

Since R is a PID, any ascending chain of ideals stabilizes. By Zorn’s Lemma, > has a maximal
element (a;) corresponding to amap v: F' — Rsuchthata, = v(y), forsomey € G. If G # 0 we
show that a; # 0. Let x4, ..., x,, be any basis for F. Then elements of F' have unique expansions

z = E a;x;.

Define 7; : FF — Rby m;i(z) = a;. If G # 0, then 7;(G) # 0 for some 4, so the ideal associated
to 7r; is nonzero, hence (a;) # 0. For all ¢ € F*, we have that a; | ¢(y), i.e. (G) C (a;). Let

d = ged(v(y), »(y)). So
d=r1v(y) + r20(y)

for some 11,79 € R. Let ¢ € F*, 1) = riv + ryp, so we obtain that ¢)(y) = d. Thus
(G) 2 {d) 2 (v(y)) = (a1)-
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By maximality of (a;), we get ¥(G) = (a1), so a1 | ¢(y). Hence, since y = > .*, b;x;, and
b; = m;(y), where m;: F' — R is the projection. We know a; | b; forall i = 1,...,m, hence

Yy = aiyi,
Y1 = Z Qi Ty,
i=1
and v(y;) = 1. Consider the s.e.s. :
0 — kerv — F 5 R.
Since R is free, the sequence splits, so
F~R&kerv.

Since Imv = Ry, we get
Ry, @ kerv = F (internal sum).

Thus G ~ (kerv N G) @ Ry. However, we do not know if ker v is free, and we do not know if
ker(v) N G is free. We use induction on the rank of the submodule. To show G is free, it suffices
to show that ker(v) N G is free. To apply induction, we need

rank(ker(v) N G) < rank(G).

Letr,...,rs € ker(v) N G be a maximal set of linearly independent elements. Then ry, ..., 7,y
are linearly independent in GG. Thus we have shown that a submodule G of F' is free. We know

F ~ Ry, ¢ kerv.
So now ker(v) C F'is free (by (1)) and
rank(ker v) = rank(F') — 1.

By induction, there exists a basis s, . . . , ¥, of ker(v),and 0 # as | - - - | a; such that asys, . . ., ay;
is a basis for ker(v) N G. Since
G ~ Ry & (ker(v) N G),

1t follows that
Yy = a1¥y1, a2y, ..., 0l

is a basis of GG. Moreover, y1, ya, - - - , Y 1S a basis of F'. To finish the proof, we need to show that
aj | as. Let ¢ € F* be the functional ¢ = 7 (y1) + m1(y2), so that

() = p(y2) = 1, o(y;) =0 fori > 2.

Then, ¢(asy2) = as € p(G). Hence (az) C ¢(G) C v(G), so a1 | as. N
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Theorem 4.13.2. Let R be a PID, A a finitely generated R-module. Then we have the following
decomposition :

F'is free, T; is a cyclic torsion module, i.e. T; = R/(a;), where a; # 0 and

(a1) 2 (az) 2 -+ 2 (ayr).

Proof. Let R be a PID and A a finitely generated R-module, generated by a4, ..., a,,. Then we
can define a surjection 7 : F' = R™ — A. Now ker is free and A = R™/ ker(m). Moreover,
there exists a basis 41, . . . , ¥, of F'and elements a; | - - - | a; such that a1, . . ., a;y; is a basis for
ker 7. Thus,

A=( <yi>/@<az-yi>%%@---@%@Rm—t

4.14 Problems

Problem 4.2. If R has an identity, then every unitary cyclic R-module is isomorphic to an R-
module of the form R/.J, where J is a left ideal of R.

Problem 4.3. If R has an identity, then a nonzero unitary R-module A is simple if its only sub-
modules are 0 and A.

a. Every simple R-module is cyclic.

b. If Aissimple, every R-module endomorphism of A is either the zero map or an isomorphism.

Problem 4.4.  a. If A is a module over a commutative ring R and a € A, then
Op={reR|ra=0}
is an ideal of R. If 0, # 0, a is said to be a torsion element of A.

b. If R is an integral domain, then the set 7'(A) of all torsion elements of A is a submodule of
A. (T(A) is called the torsion submodule.)

c. Show that (b) may be false for a commutative ring R which is not an integral domain.

In (d)—(f) R is an integral domain.
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d. If f : A — B is an R-module homomorphism, then f(7(A)) C T'(B); hence the restriction
fr of fto T(A) is an R-module homomorphism

fr: T(A) — T(B).

e. If0 » ALy B % C'is an exact sequence of R-modules, then so is
0 — T(A) L5 7(B) 25 7(C).

f. Ifg : B — C'is an R-module epimorphism, then g7 : T(B) — T(C) need not be an
epimorphism.
Problem 4.5. a. If
05A—=BLC>0 and 05C 5D E—0

are short exact sequences of modules, then the sequence

05 A-BL DS ESO
is exact.

b. Show that every exact sequence may be obtained by splicing together suitable short exact
sequences as in (a).

Problem 4.6. Let f : A — Band g : B — A be R-module homomorphisms such that go f = 14.
Show that
B =1Imf &kerg.

Problem 4.7. Let f : A — B be an R-module homomorphism.

a. f is a monomorphism if and only if for every pair of R-module homomorphisms g, h : D —
A such that fg = fh, we have g = h.

b. fisanepimorphism if and only if for every pair of R-module homomorphisms &,/ : B — C'
such that kf = /f, we have k = /.

Problem 4.8.  a. If A and B are R-modules, then the set Homg (A, B) of all R-module homo-
morphisms A — B is an abelian group with f + g given on a € A by

(f +9)(a) = f(a) + g(a) € B.

The identity element is the zero map.
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b. Hompg(A, A) is aring with identity, where multiplication is composition of functions. Hompg (A, A)
is called the endomorphism ring of A.

c. Aisaleft Homg(A, A)-module with fa defined to be

fa= f(a) (a € A, f € Homg(A, A)).

Problem 4.9. Describe the set of simple Z-modules.

Problem 4.10. Let f : A — B be a homomorphism of R-modules.

* Show that if C' is any R-module, then there are natural maps of abelian groups

Homp(C, A) - Homg(C,B) and Homg(B,C) — Homg(A,C).

» Show that f is a monomorphism if and only if the natural map of groups
Homp(C, A) — Hompg(C, B)
is injective for every R-module C'.
» Show that f is an epimorphism if and only if the natural map of groups
Hompg(B,C) — Hompg(A, C)

is injective for every R-module C'.

Problem 4.11. We give three example of different R[x]-module structures on the vector space
V = IR? corresponding to three different linear transformations 7" : R? — R2.

a. Show that if 7" is the linear transformation that rotates a vector by /2, then (V, T') is a simple
R[z]-module.

b. Show that if 7" is the linear transformation (x,y) — (0, y), then the x-axis and y-axis are the
only proper R[z|-submodules of V.

c. Show thatifT is the linear transformation that rotates a vector by , then every one-dimensional
subspace of V' is a proper submodule.

Problem 4.12. If F' is a free module over a ring with identity such that /' has a basis of finite
cardinality n > 1 and another basis of cardinality n + 1, then F' has a basis of cardinality m for
every m > n (m € N¥).
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Problem 4.13. Let f : VV — V" be a linear transformation of finite-dimensional vector spaces V'
and V"’ such that dim V' = dim V’. Then the following conditions are equivalent:

i. f is an isomorphism;
ii. f is an epimorphism,;

iii. f is a monomorphism.

Problem 4.14.  a. For each prime p, Z(p™) (see Exercise 1.1.10) is a divisible group.
b. No nonzero finite abelian group is divisible.
c. No nonzero free abelian group is divisible.

d. Q is a divisible abelian group.

Problem 4.15. Prove that QQ is not a projective Z - module.

Problem 4.16.  a. If D is an abelian group with torsion subgroup D;, then D/ D; is torsion free.
b. If D is divisible, then so is D,, whence
D=D,®dF,

with F torsion free.

Problem 4.17. If F} and F; are free modules over a ring with the invariant dimension property,
then
rank(F; & Fy) = rank(Fy) + rank(Fy).

Problem 4.18. Every torsion-free divisible abelian group D is a direct sum of copies of the rationals
Q.
Problem 4.19. Prove that :

a. Every homomorphic image of a divisible abelian group is divisible.

b. Every direct summand (Exercise 1.8.12) of a divisible abelian group is divisible.

c. A direct sum of divisible abelian groups is divisible.
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Problem 4.20. Let p be a prime and D a divisible abelian p-group. Then D is a direct sum of
copies of Z(p*).

Problem 4.21. Every divisible abelian group is a direct sum of copies of the rationals (Q and copies
of Z(p*) for various primes p.

Problem 4.22. Let G be a finite group and let R = k[G] be the group ring of G. (Recall that an
element of R is a k-linear combination ), | A;[g;] and multiplication is given by [¢;][g;] = [9:9;].)
An R-module is a k-vector space together with a linear action of G meaning

g(v1 +v2) = gu1 + gua, g(Av) = Agv.

An R-module homomorphism f : V' — W is a k-linear map which satisfies the additional property
that

flgv) =g f(v)  forallg e G.

a. Show that if the characteristic of & does not divide |G| then every short exact sequence of
R-modules splits. Conclude that every R-module is projective.

Hint: Any short exact sequence of R-modules splits as an exact sequence of vector spaces.
If f:V — W is an epimorphism of R-modules and i : W — V is any k-linear map such
that f o h = 1y, replace h by the average

1
P
where (gh) : W — V is defined by
(gh)(w) = gh(g~"w).
The fact that 1/|G| € k requires us to assume that the characteristic of k& does not divide |G]|.

b. Show that every finitely generated R-module is finitely generated as a k-vector space.
Hint: R is a k-vector space of rank equal to |G/|.

c. Show that every finitely generated R-module is the direct sum of a finite number of simple
R-modules. This result is called Maschke s theorem.

d. Show that every simple R-module is isomorphic to a summand in the free R-module R.
Conclude that, up to isomorphism, there are only a finite number of simple Z-modules.

Hint: Use the fact that Homg (R, V') is isomorphic to V' and is therefore non-zero if V' is
non-zero.
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e. (Challenge) Decompose C[S3] into a sum of simple R-modules; i.e. give explicit bases for
the various simple Ss-invariant subspaces of the 6-dimensional vector space C[S3]. How
many non-isomorphic simple R-modules are there?

Problem 4.23.  a. For any abelian group A and positive integer m,

Hom(Z,,, A) =2 Alm] = {a € A | ma = 0}.

b. Hom(Zy,, Zy) = L n)-
Problem 4.24. Let S be a nonempty subset of a vector space V' over a division ring. The annihilator
of S is the subset S° of V* given by
SO={feV*| (s, f)=0forall s € S}.
a. °=V* V=0, S#0 and S#{0}=S"#£V*

b. If W is a subspace of V/, then TW? is a subspace of V*.

Problem 4.25. If V' is a vector space over a divisionring and f € V*,let W = {a € V' | (a, f) =
0}. Then W is a subspace of V. If dim V' is finite, determine dim WW.

Problem 4.26. If R has an identity and P is a finitely generated projective unitary left R-module,
then

a. P* is a finitely generated projective right R-module.

b. P is reflexive.

Problem 4.27. If A is a torsion abelian group and Q the (additive) group of rationals, then
a. AR Q =0,
b. Q®Q=Q.

Problem 4.28. Let 12 be a commutative ring. Show that there is a ring isomorphism

R[z] ®r Rly] = R[z,y].
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Problem 4.29. Give example to show that each of the following may actually occur for suitable
rings R and modules rA, g B:

a. AQr B#* A®yz B.
b. u€ ARr B,butu #a®bforanya € A, b € B.

C. a®b=a; ®b; buta # a; and b # by.

Problem 4.30. For any abelian group A and positive integer m:
(a) Hom(Z,,,A) = Alm] = {a € A| ma = 0}.
(b) Hom(Z,, Zy,) = L ).
(¢) The Z-module Z,, has Z; = 0.

(d) Foreach k > 1, Z,, 1s a Z,,,-module; as a Z,,,-module, Z; = Z,,.

Problem 4.31. If A, B are abelian groups and m, n are integers such that mA = 0 = nB, then
every element of Hom(A, B) has order dividing (m, n).

Problem 4.32. Let 7 : Z — 75 be the canonical epimorphism. The induced map
7 : Hom(Zy, Z.) — Hom(Zy, Z2)

is the zero map. Since Hom(Zy, Z2) # 0, T is not an epimorphism.

Problem 4.33. Let S be a nonempty subset of a vector space V' over a division ring. The annihi-
lator of S is the subset S° of VV* given by

SO ={feV*| (s f)=0forall s € S}.
(@) 0°=V* V0 =0;if S # {0}, then S° #£ V*.
(b) If W is a subspace of V, then W' is a subspace of V*.
(c) If W is a subspace of V and dim V is finite, then dim W° = dimV — dim V.
(d) Let W,V be as in (c). There is an isomorphism W* = V* /T¥/0,

Problem 4.34. Let A and B be abelian groups.
(a) Foreachm > 0, A ® Z,, =2 A/mA.
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(b) Zpy @ 2y, = Z., where ¢ = (m,n).

(c) Describe A ® B when A and B are finitely generated.

Problem 4.35. The usual injection o : Zy — Z,4 1s a monomorphism of abelian groups. Show that
1®QIZQ®Z2%Z2®Z4
is the zero map (but Zy ® Zy # 0 and Zy ® Z4 # 0; see Exercise 2).

Problem 4.36.  a. Show that a projective module is flat.
b. Show that Q is a flat Z-module which is not projective.
c. Show that the divisible group QQ/Z is not a flat Z-module. Is Z[p>] flat?
d. Prove thatif A, B are R-modules, then A ®p B* is naturally isomorphic to Homg(A, B*).

Problem 4.37. R is a non-zero commutative ring with identity and every submodule of every free
R-module is free. Then R is a principal domain.

Problem 4.38. Let T be the matrix

T =

O = O

01
0 0
10
a. Determine the invariant factors for the R[z]-module (R?, T).

b. Determine the invariant factors for the C[z]-module (C3, T).

c. Determine the invariant factors for the k[z]-module (k*, T), where k is a field of characteristic
3.

Problem 4.39. Let R be a principal ideal domain. For each positive integer r and sequence of
nonzero ideals
L2oLo- 21,

choose a sequence dy,...,d, € R suchthat (d;) = I;andd; | dy | --- | d,. For a given pair of
positive integers (n, m), let S be the set of all n x m matrices of the form

L, 0
0 0)’

where 7 = 1,2,... ,min(n,m) and L, is an r X r diagonal matrix with main diagonal one of the
chosen sequences dy, . .., d,.

Show that S is a set of canonical forms under equivalence for the set of all n x m matrices over
R.
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Problem 4.40. Prove of give a counter—example.
a. Every non-zero submodule of a free module is free.

b. If A — B — 0 is a surjective morphism of R-modules, then Homg(C, A) — Homg(C, B)
is surjective for any R-module C.

c. Every non-zero submodule of a projective module is projective.
d. A Z-module is projective if and only if it is free.
e. Every finite basis of a free module has the same cardinality.

f. Every finite basis of a vector space has the same cardinality.
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Chapter 5

Linear Algebra

5.1 Rank - Nullity Theorem

Let R be commutative. Let I/ and F' be free R-modules of ranks n and m, respectively. Each
choice of ordered bases

(ug,...,u,) of E, (v1,..., V) of F

defines an isomorphism
Hompg(E, F) & Mxn(R).

Theorem 5.1.1. Let E, F, G be free R-modules of ranks n, m, p, respectively, and fix bases for
E F.G.If

f € Homg(E, F) has matrix A, g € Homg(F,G) has matrix B,
then the composition g o f € Homg(E, G) has matrix AB.

Remark 5.1.1. Let £ be an R-module. Then Endg(E) is a ring with the composition. Endg(F)
is not typically commutative even if R is commutative.

Corollary 5.1.1. Let R be a commutative ring, and £ be an R-free module. Then a choice of basis
U ={uq,...,u,} defines an isomorphism
f:Endg(E) — M,(R), ¢— A,

where A, is the matrix of ¢ with respect to the basis % .

Remark 5.1.2. The multiplicative group of invertible matrices is denoted by G L, (R).
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Example 5.1.1. We have that A € GL,,(R) <= det(A) # 0. Also A € GL,(Z) if and only if

det A € {—1,1}. So (_21 }) € GL,(R), but not in GLy(Z), while G D € GL(2).

Definition 5.1.1. Two matrices A, B € M, ,,(R) are equivalent if there exist matrices P €
GL,(R) and Q € GL,,(R) such that B = PAQ. We also A € M, ,,(R) is similar to B if there
exists P € GL,(R) such that B = PAP !,

Theorem 5.1.2.  a. Let p : £ — F be a map of free R-modules. Let A and B be the matrices
of o with respect to ordered bases % and (%) respectively. Then A is equivalent to B.

b. If A € M,«m(R) is equivalent to a matrix B, then if A corresponds to an R-linear map
w: R" — R™, there are bases %7 and 7 of R™ and R™ respectively such that B is the matrix
of ¢ with respect to these bases.

Proof. a. We consider the following maps:
id:E—E, P=(Gd:% —),
d:F—F, Q=(d: ¥ =Y.
Then, by considering the composition ¢ : F — F' = (idr op o idg), we get B=PAQ.

b. Part (b) is left as an exercise.

Example 5.1.2. Let R = Z, E = Z*. Consider the ordered bases

{00} »-{6)-0)

Now we consider the map id : Z? — Z2.

(1)~ ()-2are ()= ()=ree

A:(id:%%%’):(i D

So

Now for the inverse:
id: 72> =>7% U — %,
with
€1 > Uy — U, e — —uUj + 2ug,

SO

Gd: %' — u) = (_11 ‘21).

88



Corollary 5.1.2. If %, %’ are two bases for an R-free module F and ¢ : £ — F is a linear
transformation, then if

A=(p: U —U), B=(p:U —=U"),

then A and B are similar.

Definition 5.1.2. Let £ be a field and f : £ — F' be a k-linear map. We define:
rank(f) := rank(Im f) = dim(Im f),

null( f) := rank(ker f) = dim(ker f).

Theorem 5.1.3 (null-rank for vector spaces). If k£ is a field and f : E — F'is k-linear, then:

dim(E) = null(f) + rank(f).

Proof. We consider the short exact sequence:
0—kerf—-FE—Imf—0.

Since Im f is a free k-module, this sequence splits so: £ ~ ker f & Im f, and we are done. O

Definition 5.1.3. (rank of a linear map of modules) Let f : £ — F be a linear map of modules
over an integral domain R. Then we define:

rank(f) = rank(Im f), null(f) = rank(ker f).

Theorem 5.1.4 (general rank-null theorem). If R is an integral domain and f : £ — M is a linear
map, then:

rank(E) = rank(f) + null(f).

Proof. See Homework VI. [
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5.2 Row/Column Rank of a matrix

Definition 5.2.1. Let R be a domain and A € M,,.,,,(R). We define colrank(A) to be the rank of
the submodule of R™ generated by the columns of A. Similarly, the rowrank(A) is defined as the
rank of the submodule of R generated by the rows of A.

Remark 5.2.1. A matrix A € M,,,,(R) defines a map of free R-modules
¢:R™ — R", e;— Ae; (thei-th column of A).

If ¢(A) denotes the span of the columns of A, then colrank(A) = rank(y).
Proposition 5.2.1. With the above assumptions, rowrank(A) = colrank(A).

Proof. Letvy, ..., v, betherows of A. Then the row rank is the rank of the span (v, ..., vy C R™.
Passing to the field of fractions £ = Frac(R), we consider then (v; ® 1,...,v, ® 1) C R" @k =
k™. which is a k - vector space. Thus, rowrank(A) = rowrank(A ® 1). Similarly, colrank(A) =
colrank(A ® 1), where A ® 1 is the matrix A with entries in k. Hence it suffices to prove the result
over a field. O]

Proposition 5.2.2. If k is a field and A € M,,,,,(k), then
colrank(A) = rowrank(A) = colrank(A").
Lemma 5.2.1. If A represents a linear map o : £ — F, then A’ represents the dual map
P FT = BN 0N (f) = foe

Proof. Let{ui,...,uy}and {vq,...,v,} be bases of F and F, with dual bases {u], ..., u} } and
{vf,...,v}. Fori =1,...,n we have that

Now for arbitrary k € {1,...,m} we get p(uy) = >, arevy, then p*(v;)(ug) = biy. Addition-
ally,

©" (v]) (ue) = v} ((ur)) = v; <Z akﬂ%) = ag; = biy.

(=1

Hence the matrix of p* is A’. O

Proposition 5.2.3. If o : £ — Fis linear (over a field), then rank(y) = rank(p*).
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Proof. From the rank-nullity theorem,
rank(p) = dim F — dimnullp and rank ¢* = rank F* — null ¢*
For a vector space W C E we define Ann(W) = {f € E* | f|lw = 0}. Considering the map
E*—=W*  fw flw
from rank - nullity theorem we get :
rank(E*) = Ann(W) + rank(F™).

Applying the last relationship for W' = Im ¢ and notice that null * = Ann(Im ¢). [

Elementary Row and Column Operations

Definition 5.2.2. Elementary row (column) operations on a matrix A € M, (R) are:
1. Exchange two rows (columns).
2. Multiply a row (column) by a unit.
3. Replace a row (column) by a linear combination with another row (column).

Remark 5.2.2. Row operations correspond to replacing A with KA, where E is an elementary
matrix obtained by applying the operation to /,,. Analogously, column operations correspond to
replacing A with AE, where E is an elementary matrix. Elementary matrices are invertible over
any ring R.

Proposition 5.2.4. If B € M,,,,(R) has been obtained from A by elementary row and column
operations, then B is equivalent to A.

Proposition 5.2.5 (Smith normal form). Let R be a P.I.D., then after a sequence of row/column
operations for A € M,,.,(R), A can be put in Smith Normal Form

dy
di |- | ds

An important case is when R = k field Smith Normal Form:
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Corollary 5.2.1. A € M, (k) is equivalent to B € M, ., (k) iff rank(A) = rank(B).
Proposition 5.2.6. A € M, (k), k field. The following are equivalent:

a. rank(A) =n

b. Aisequivalent to [,

c. Aisinvertible

d. A is a product of elementary matrices

e. I, can be obtained by A using only row (column) operations.

5.3 Eigenvalues and Diagonalization

Definition 5.3.1. Let T : E — FE be a linear transformation. A nonzero vector v € FE is called an
eigenvector with eigenvalue A € K if Tv = \v.

GivenT' : £ — F a linear transformation on a finite-dimensional vector space F, we want to
find (if possible) a basis of E consisting of eigenvectors of 7. This is called the diagonalization
problem.

Definition 5.3.2. The endomorphism 7": £ — FE is called diagonalizable if £/ has a basis of
eigenvectors of 7. Equivalently, A € M, (K) is diagonalizable if K™ has a basis of eigenvectors
of A.

Proposition 5.3.1. A € M, (K) is diagonalizable if and only if A is similar to a diagonal matrix.
How to find eigenvalues/eigenvectors

LetdimE =nand T : E — FE be linear. A nonzero vector v is an eigenvector with eigenvalue
A € K ifand only if
Tv=M <= (T'—X)v=0.

Thus,
veker(T'—AN) <= det(T—\)=0.

If A is a matrix representing 7', then
det(T" — M) = det(A — \I).

If B= PAP!, then
B— M =P(A-X)P".

Proposition 5.3.2. The eigenvalues of 7" are the roots of the polynomial cr(z) = det(T — z1).
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Definition 5.3.3. The polynomial cr(z) = det(7" — xI) is called the characteristic polynomial
of T'.

If A € K is aroot of cr(z), then ker(7'— AI) is the eigenspace corresponding to A. For A = 0,
the eigenspace is ker(7") = null(7").

Proposition 5.3.3. If K is algebraically closed (e.g. K = C), then every linear transformation has
at least one eigenvalue.

Proof. The characteristic polynomial ¢y (z) has at least one root by the Fundamental Theorem of
Algebra. [

0 1

Example 5.3.1. Let A = <_1 0

) € M2><2(R). Then

det(A — 1) = det (:f —1x> =2 +1,

which has no real roots. Hence A is not diagonalizable over R. Over C, the eigenvalues are A = +1,
so A is diagonalizable over C. To compute eigenvectors:

(A — i) (‘;) — (:i _1Z) (5) = —iz+y=0=y =iz,

gives so (1,4)7 is an eigenvector for A = i. Similarly, (1, —i)” is an eigenvector for A = —i. Thus

A is similar to
i 0
0 —¢/)°

Proposition 5.3.4. If ¢y (x) has n distinct roots Ay, .. ., A, (where n = dim E), then T is diagonal-
izable. !

Proposition 5.3.5. Let vy, .. ., v, be eigenvectors with distinct eigenvalues A1, ..., A,,. Thenwvy, ... v,
are linearly independent.

Proof. Suppose
avy + -+ apv, =0

Apply T
AU+ -+ ap AU = 0.

Subtract \; times the original relation:
CLQ()\Q — )\1)1)2 + -+ am(>\m — )\1)Um = 0,

and use induction. O

'The converse is not true. For example A = I,, is diagonalizable, but all its eigenvalues are equal.
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Example 5.3.2. (Power of diagonalization) Let

3 0 0
A=[-2 1 0
5 1 -1
Then, det(A — zI) = (3 — z)(1 — x)(—1 — z), so the eigenvalues are 3,1, —1. Thus A is diago-
nalizable:
0
0
—1

A=PDP™', D=

S O W

0
1
0

Hence
AY = PDYP

5.4 Minimal Polynomial

Theorem 5.4.1. Let 7' : E — E be a linear transformation on an n-dimensional vector space over
k. There exists a unique monic polynomial ¢r € k[z] such that ¢r(7") = 0, and if f(7') = 0, then
qr | f. Moreover, deg gr < n.

Theorem 5.4.2. For A € M,,(k), there exists a polynomial g4 € k[z] such that g4(A) = 0, and if
f(A) =0,then g4 | f. If A is similar to B, then g4 = ¢p.

Proof. Define
(I)T : k’[l‘] — Endk(E), z—T.

This is a homomorphism of K-algebras. Since k] is infinite-dimensional and End,(E) has di-
mension n?, ker(®r) # 0. Since k[x] is a PID, ker(®r) = (gr) for a unique monic polynomial
qr. O

5.5 Cayley—Hamilton Theorem

Theorem 5.5.1 (Cayley—Hamilton). Let 7' : & — FE be a linear transformation on a finite-
dimensional vector space. Then gr | c¢r, where ¢r denotes the minimal polynomial of 7" and
cr the characteristic polynomial of 7'.

Remark 5.5.1. For A € M, (R) (with R commutative), c4(A) = 0, where c4(z) = det(A — z1).
In fact, we will prove a slightly stronger statement.

Proposition 5.5.1. Let R be a commutative ring and let A € M,,»,,(R). Then c4(A) = 0, where
ca(x) = det(A — xI).
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Proof. Let B = A — 21 € M,».,(R[z]). Recall that BB*Y = (det B) - I,,. Since det(B) = ca(z),
we get B*Y(A — x1) = c4(z)I. We now interpret each entry of this matrix as an operator on R",
where the R[z]-module structure on R" is given by = - v = Awv. Let

Bij = (5@'27 — Aij c R[I]

Viewed as an operator on R", we have B;;v = (0;;A— A;;I)v. Letey, ..., e, be the standard basis
of R"™. Then
Bijei = 513/1(61) — Aijei.

Since A(e;) = > 1, Ajjei, it follows that

i Bijei = A(Gj) — iAijei = 0.
i=1 =1

Now apply the operator B;gj to this equality: B;gj (>°% | Bije;) = 0. Summing over 7, we obtain
adj adj
-3 (o) -3 (L an, ) e
i=1 j=1 i=1 \j=1
But B B = (det B)I, hence by looking the entry (k, ) of the previous inequality we get :
> BiiBj =6y det(B) = 0= Y 6y det(B)e; = det(B)ey.
=1 i=1

Therefore, Since this holds for every k, we conclude that det(B) acts as the zero operator on R".
Hence c4(A) = 0. O

5.6 Invariant Factors
Definition 5.6.1. Let 7' : & — FE be a linear transformation. A subspace ' C E is called 7-

invariant if T(F') C F.

Example 5.6.1. The following subspaces are T-invariant: ker(7"),im(7"), and more generally every
eigenspace
ker(T'— M), Xe K.

Proposition 5.6.1. The operator 7" is diagonalizable if and only if E has a basis of eigenvectors.
Equivalently, F splits as a direct sum of one-dimensional invariant subspaces.

Proposition 5.6.2. If K is algebraically closed, then every invariant subspace is a sum of eigenspaces.
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010
Example 5.6.2. Letk =Cand A= |0 0 1. Then
1 00
r —1 0
gl—A=|0 z —1|=casx)=det(zl - A)=2>-1.
-1 0 =

Thus the eigenvalues are 1, w,w?, where w = €2™/3. Hence the one-dimensional invariant sub-
spaces are

Va(l) = ((1,1,1)), Valw) = {(1,w,w?)), Va (w2) = ((1,w? w)).

Now, if we consider the same matrix over the rational number we have c4(z) = (z—1) (% + = + 1).
There is only one eigenspace over Q, namely V4(1) = ((1,1,1)). Moreover,

Q*=((1,1,1))® F, where F={(a,b,c)€Q’|a+b+c=0}.
A basis for F'is {(1,—1,0),(1,0,—1)}.
0 1

-1 0
over QQ, then Q? has no non-trivial A-invariant subspaces.

Example 5.6.3. Let A = ( ) Then c4(x) = z* 4 1. Since this polynomial is irreducible

Definition 5.6.2. Let 7' : £ — FE and let /' C E be a T-invariant subspace. We say that F' is
T-cyelic if there exists v € F such that {v, T'(v), T?*(v),...,T"(v),..., } spans F. Such a vector
v is called a cyclic vector.

Lemma 5.6.1. View F as a k[z]-module via z - v = T'(v). Then a subspace F' C E is T-cyclic if
and only if F' is a cyclic k[z]-module.

Proof. Suppose first that F' is T-cyclic with cyclic vector v. Then every element of F' is of the
form
(@, T" + -+ aT + apl)v.

Equivalently, each element can be written as p(7")v, for some polynomial p(z) € k[z]|. Viewing F’
as a k[z|-module, this means that every element of F is of the form p(z) - v. Hence v generates F’
as a k[z]-module. The converse is left as an exercise. U

. Then both @Q? and C3 are cyclic,

o = O

0 1
Example 5.6.4. Consider again the matrix A = [0 0
10
since they are generated by e; = (1,0, 0) as k[x] - modules.

96



Example 5.6.5. Let V = Q3% and A = . Consider the invariant subspace

_ O O
O O =
O = O

F:{(a,b,c)€Q3|a+b—l—c:0}.

Abasisis v; = (1,—1,0) and vy = (1,0, —1). We compute:

010 1 —1
Avl = 0 0 1 —1 = 0 = —U9,
1 00 0 1
and
010 1 0
Avs =10 0 1 0Ol =1|-1]=v1—vs.
1 00 -1 1

Hence the matrix of 7'y p in the basis (vq,v7) is <_01 _11) . Its characteristic polynomial is 22 +

T+ 1.

Invariant Factor Decomposition
Theorem 5.6.1. Let ¢ : © — FE be a linear transformation on a finite-dimensional vector space

over k. Then:

i. There exist monic polynomials ¢, ..., q € k[z] satisfying ¢; | ¢2 | -+ | @, and p-invariant
subspaces E, ..., F; such that:
a. each F; = k[x]/{(q;(q)) is cyclic,
b. the minimal polynomial of ¢|g, is g;,

c. E=E&---® L.

The polynomials ¢, . . ., ¢; are called the invariant factors of ¢.
ii. There exist irreducible monic polynomials p, ..., ps € k[z], m;; > 1, and cyclic invariant
subspaces

Ella"‘aE1k17"'7E51a"~7ESks

such that the minimal polynomial of ¢|p,; is p;", and E = @, ; Ei;. This decomposition is
called the elementary divisor decomposition.
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Proof. We view F as a k[z]-module via

fru= f(90)<u>> fe /{J[l’], ue k.

Since dim;, £ < oo and k& C k[z], it follows that E is finitely generated over k[z]. Let ¢, be the
minimal polynomial of . Then

g4o(¢) =0 = ¢, -E=0,

so E is a torsion k[z|-module. Since k[x] is a principal ideal domain, the structure theorem for
finitely generated torsion modules gives:

£= @ e/ (a)

where q; | g2 | - -+ | ;- Each summand corresponds to a cyclic k[x]-submodule E;, so
E=FE & L.

Each FE; is cyclic, hence of the form E; = k[x]/(q;). Thus E; is generated by some v; € F and
E; = k[z]-v; = E(p,v;), so each E; is a p-cyclic subspace. Letv; € F; correspondto 1 € k[x]/(¢:)
under the isomorphism E; = k[z]/(q;). Then v; generates E; as a k[z]-module, so E; = k[x] - v;.
Now, if f € k[z], then under this isomorphism

f@) v = f(@)(vi) «— f(x) - T= f(x).

Therefore,

f@)-v=0 < fp)(v;) =0 <= [f(x) =0inK[z]/(¢:) == [€ (@) < ¢l

Since v; generates F;, this means that the polynomials annihilating |z, are exactly the multiples
of ¢;. Hence ¢; is the minimal polynomial of ¢|g,. From the decomposition,

4o(0)E = q(p)Ey & -+ ® q,(p)E; = 0,

so ¢, annihilates each E;, hence ¢; | ¢, forall© = 1,...,¢. Conversely, since ¢,(y) annihilates
all components, then ¢,(z) - £ = 0. Hence ¢, = ¢;. The uniqueness follows from the uniqueness
part of the structure theorem for modules over a PID, together with the divisibility condition ¢; |
¢ | -+ | ;- We obtain a decomposition £ = FE; @ - - - @ E, into p-cyclic subspaces with invariant
factors ¢1 | ¢2 | - -+ | @, and ¢ = q,. Use the Chinese remainder theorem for part (b). 0

Proposition 5.6.3. Let 7' : [’ — F be a linear transformation. Then F'is a cyclic T-module if and
only if g7 = cp.
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Proof. Suppose first that (F,T") is cyclic. By the Cayley—Hamilton theorem, g7 | ¢r. Let dy =
deg(qr) and d; = degcr. Show that F' = span{7™(v) | n € Zx¢}, is generated as a k - v.s. by
v, T(v),...,T"(v), hence

dy = dimy E = degcr(x) = ds

hence considering that C is monic, we are done. Conversely, suppose that g = ¢y. Consider the
invariant factor decomposition
E:El@...@Et,

where each E; is cyclic with minimal polynomial ¢;, and ¢; | ¢2 | - - - | ¢ The minimal polynomial
of T'is ¢ = qr. Moreover, dim(E;) = deg(g;), since each E; is cyclic and its characteristic
polynomial equals its minimal polynomial. Hence

dim(E) = deg(q1) + - - - + deg(q;).
Since gr = cr, we get deg(q;) = deg(cy) = dim(E). Therefore

deg(q1) + - - + deg(q:) = deg(qy),
which implies ¢ = 1, and in particular F itself is cyclic. [

Proposition 5.6.4. Suppose 7' : £ — E has invariant factors ¢y, ...,q. Thencr = q - - - ¢

Proof. By the invariant factor decomposition, £ = F; & --- & E;, where each £ is cyclic with
minimal polynomial ¢;. Choose a basis #; = (v;1, . .., Vi, ) for each E;, and concatenate them into
a basis

Vo= (V11 Vlng, V21, -« U2ngs « o« s Utly « -+ Uty )

for . If A; is the matrix representing 7}z, with respect to 7, then the matrix of 7" with respect to
¥ is block diagonal:
Ay 0
A= .
0 Ay
Therefore, cr(z) = det(xI — A). Since 1 — A is block diagonal,
cr(z) =det(zl — Ay) - - -det(z] — Ay).

But each £ is cyclic, so cry, (x) = qi(z). Hence ¢ = q1 - - - 4. O

Corollary 5.6.1. The roots of the minimal polynomial ¢ are precisely the eigenvalues of 7'.

Proof. The eigenvalues of 1" are the roots of the characteristic polynomial ¢r. From the previous

proposition, ¢z = ¢y ---q;, Where ¢1 | ¢2 | -+ | ¢ = gr. Thus, every root of ¢y is a root of
qr. Conversely, since g7 | cr, every root of ¢r is a root of ¢p. Therefore the two sets of roots
coincide. ]
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Theorem 5.6.2. The operator 7' : Y — FE is diagonalizable if and only if the minimal polynomial
qr splits as a product of distinct linear factors.

Proof. Suppose first that 7" is diagonalizable. Then £ = E; & - -- @& E,, where each E; = (v;)
is one-dimensional and T'v; = A;v;. The minimal polynomial of 7|, is x — \;. Hence, as a k|[x]-
module,

Mol o Ml
(x — ) (x — )
The minimal polynomial of 7" is therefore gr = (x — ) --- (z — A.), where Ay, ..., \. are the
distinct eigenvalues of T". Thus qr splits into distinct linear factors. Conversely, suppose

qr = (= A1) (x = Ao),
with distinct \;. Every invariant factor divides g7, hence each invariant factor is also a product of

distinct linear factors: ¢; = (v — A;;) -+ (¥ — A;, ). By the Chinese remainder theorem,

kle] o Klz] kfz]
Y] e —-
(@) (z—Ay) (= Ai,,)
Therefore £ decomposes as a direct sum of one-dimensional invariant subspaces. Hence 7T is
diagonalizable. [

F =

Example 5.6.6. Suppose 7™ = I. Then the minimal polynomial ¢ divides ™ — 1. If £ = C, then
2™ — 1 has distinct roots. Hence ¢ also has distinct roots, so 7" is diagonalizable.

Corollary 5.6.2. Let VV be a complex representation of a finite group G. Then for every g € G,
the matrix representing ¢ in GL(V') is diagonalizable.

Proof. Problem 5.10. O

5.7 Canonical Forms and Companion Matrices

Theorem 5.7.1. Let 7' : £ — E be a linear transformation such that (¥, T') is cyclic with cyclic
vector v. Suppose the minimal polynomial of 7" is

qT(I) = ZEn + (ln_ll’n_l + -4 ag.

Then {v, Tv, T?v, ..., T" 'v} is a basis for E. Moreover, with respect to this basis, the matrix of
T is
0 1 0 e 0
0 1 0
Ap = 0 0 0 0
—Gp —ap -t —Ap—2 —ap-1

This matrix is called the companion matrix of ¢;.
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Proof. Problem 5.7.1. O

Corollary 5.7.1. Suppose (E,T) is cyclic with minimal polynomial (z — \)™. Then there exists a
basis of F in which T’ is represented by the matrix

1 A - 0
01
: A

This matrix is called a Jordan block.

Proof. Let ¢ = 1) —blg. Then ¢ = ¢+ bl. We first observe that g, (z) = (v —b)" is the minimal
polynomial of ¢ if and only if ¢,(z) = 2" is the minimal polynomial of ¢. Notice also that £ is
@ - cyclic if and only if ¥ - cyclic. By Theorem 4.3, E is p-cyclic with minimal polynomial 2" if
and only if dimyg E' = r and there is an ordered basis

B ={v,0(v),...,¢" " (v)}

relative to which the matrix of ¢ is the companion matrix of 2", namely

010 0
00 1 0
A= :
000 1
000 0

Since ¥ = ¢ + bl g, the matrix of v relative to the same basis is B = A + bI,.. Therefore

b 1 0 0
0 b 1 0
B=|: L
000 --- 1
000 --- b

Conversely, suppose that dimy £ = r and that the matrix of ¢ relative to some ordered basis is

b 1 0 0
0 b1 0
B — . .
000 1
000 b
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Then the matrix of ¢ = ¢ — bl relative to the same basis is

010 0
0 0 1 0
A=B-bl.=|: S
O 00 --- 1
O 00 --- 0

By Theorem 4.3, E is ¢-cyclic and the minimal polynomial of ¢ is z". Therefore E is also ¢-cyclic,
and the minimal polynomial of ¢ is (z — b)". This proves the corollary. O

Remark 5.7.1. The matrix above is not the companion matrix of (z — \)", but it is similar to it.

Remark 5.7.2. i. The rational canonical form is obtained by using companion matrices com-
ing from the invariant factor decomposition of 7". This construction is independent of the
field.

ii. The primary canonical form is obtained by using companion matrices coming from the
elementary divisor decomposition. This depends on the field.

iii. If the field k is algebraically closed, the elementary divisors are powers of linear factors,
and the corresponding companion matrices become Jordan blocks. This gives the Jordan
canonical form.

5.8 Simultaneous Diagonalization

Remark 5.8.1. The fact that A, B are diagonalizable does not imply that AB is diagonalizable.

For example, consider
1 1 10
Az(o 1/2), and B—(O 2).

! 2) , which is not diagonalizable.

Both A and B are diagonalizable, but AB = ( 01

Proposition 5.8.1. Let A, B € M, (k), where k = k, and assume that AB = BA. Then A and B
have a common eigenvector.

Proof. Let v be an eigenvector of A with eigenvalue A, i.e. Av = \v. Consider
F = span{v, Bv, ..., B" 'v}.
Clearly F'is B-invariant. Moreover, for every ¢ > 0,

AB'v = B'Av = B(\) = AB"v.
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Hence each B‘v is also an eigenvector of A with eigenvalue \. Therefore I C Ej(A), where
E,\(A) denotes the \-eigenspace of A. Since k = k, the operator B|r has an eigenvector w € F,
so Bw = pw, for some p € k. Because w € F C FE,(A), we also have Aw = Aw. Thus w is a
common eigenvector of A and B. [

Theorem 5.8.1. Let A, B € M, (k) be diagonalizable matrices such that AB = BA. Then there
exists a basis of k™ consisting of simultaneous eigenvectors of A and B. Equivalently, there exists
an invertible matrix P such that

PAP™' and PBP™' areboth diagonal.

Proof. Since A is diagonalizable, if \{, ..., \; are the distinct eigenvalues of A, then
kn:E)\l@"'@EAm

where E,, denotes the eigenspace corresponding to \;. Now let v € E).. Then Av = \;v. Using
the commutativity assumption,

A(Bv) = B(Av) = B(\v) = \;Bw.

Hence Bv € E,,. Therefore each eigenspace E, is B-invariant. Since B is diagonalizable, the re-
striction B|g, is also diagonalizable. Hence, for each i we may choose a basis %, = {v;1, ..., Vi, }
of E, consis{ing of eigenvectors of B. But every vector in E), is automatically an eigenvector of
A with eigenvalue \;. Therefore each v;; is simultaneously an eigenvector of A and 5. Collecting
all these bases together gives a basis of k™ consisting of simultaneous eigenvectors of Aand B. [

Corollary 5.8.1. If A, B € M, (k) are diagonalizable and commute, then AB is diagonalizable.
Moreover, A + B is also diagonalizable.

Proof. By the theorem, there exists a basis vy, . .., v, consisting of simultaneous eigenvectors of
A and B. Suppose
A?}i = )\ﬂ]i, and B'Ui = M;V;.

Then

Hence each v; is an eigenvector of AB, so AB is diagonalizable. Similarly,
(A + B)U,L = AUZ' + B'UZ' = ()\Z + Mi)Ui,

so A + B is diagonalizable as well. O

Remark 5.8.2. More generally, if A and B are commuting diagonalizable matrices, then every
polynomial expression f(A, B) is diagonalizable.
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5.9 Problems

Problem 5.1. Let f,g: £ — E,h: E — F, k: F — G be linear transformations of left vector
spaces over a division ring D with dimp E = n, dimp F' = m, dimp G = p.

a. rank(f + g) < rank f + rank g.

b. rank(kh) < min{rank h, rank k}.

c. nullity(kh) < nullity h + nullity &.

d. rank f 4 rank g — n < rank(fg) < min{rank f,rank g}.
e. max{nullity g, nullity 1} < nullity(hg).

f. If m # n, then (e) is false for h and k.

Problem 5.2. Let R be a principal ideal domain. For each positive integer » and sequence of
nonzero ideals
L2oL2o- 21,

choose a sequence dy,...,d,. € R suchthat (d;) = I;and d; | dy | --- | d,. For a given pair of
positive integers (n, m), let S be the set of all n x m matrices of the form

L. 0

0 0)°
where r = 1,2,...,min(n,m) and L, is an r x r diagonal matrix with main diagonal one of the
chosen sequences dy, . . ., d,.

Show that S'is a set of canonical forms under equivalence for the set of all n x m matrices over
R.

Problem 5.3.  a. Show that if R is a commutative ring, A is and R-module and R — S is
homomorphism of commutative rings then A ®5 S is an S-module.

b. Prove that if F' is a free R-module then F' ®y S is a free S-module

c. Show that if R is an integral domain with fraction field K, then K is a flat R algebra. (Hint.
You just need to show that if A — B is an injective homomorphism of R-modules then
A®r K — B®pg K is injective.)

d. Show that if a4, ..., a, are linearly independent elements in A then a; ® 1,...,a; ® 1 are
linearly independent elements in the vector space A ®r K.
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e. Prove that if a;7 € I is a maximal linearly independent set of elements then a; ® 17 € [ is a
basis for the vector space A ®@r K by showing that these elements form a maximal linearly
independent subset. Conclude that all maximal linearly independent subsets of A have the
same cardinality so the linear rank is well defined.

f. State and prove the rank nullity theorem for a map of finitely generated R-modules A — B
when R is an integral domain.

Problem 5.4. (a) If m > n, then every alternating R-multilinear form on (R™)™ is zero.

(b) If m < n, then there exists a nonzero alternating R-multilinear form on (R")™.

Problem 5.5. Let R be an integral domain and let & = Frac(R). If A : R" — R™ is an R-module
homomorphism, we know that the rank of A is

rank(A) = rank(im(A)) = dimy, (im(A) Qg k)

a. Prove that tensoring the exact sequence

m

TLA m
R" = R _>im(A)

—0

with £ yields an exact sequence

Rm
R"@pk 22 Mok > — @pk — 0.
im(A)

b. Deduce that
imA®E) = (imA) Qg k.

c. Show that rank(A) = rank; (A ® k), where the right-hand side denotes the ordinary rank of
the induced K -linear map

A®]€Rn®Rk—>Rm®Rk

d. Suppose that B = PAQ), where P € GL,,(R), and Q € GL,(R). Prove that rank(A) =
rank(B).

Problem 5.6. Find all possible primary rational canonical forms for a matrix A € Mat, (Q) such
that:

(i) Ais6 x 6 with minimal polynomial (x — 2)?(x + 3);

(i) Ais 7 x 7 with minimal polynomial (z* + 1)(z — 7).
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Find all possible Jordan canonical forms of A considered as a matrix over C.

Problem 5.7. A matrix A € Mat, (K) is called idempotent if A2 = A. Show that two idempotent
matrices in Mat,, (K) are similar if and only if they are equivalent.

Problem 5.8. (a) Exhibit three 3 x 3 matrices over Q, no two of which are similar, such that —2
is the only eigenvalue of each of the matrices.

(b) Exhibit a 4 x 4 matrix whose eigenvalues over R are +1 and whose eigenvalues over C are
+1 and +z.

Problem 5.9. Let & be a field and A € Mat,, (k).
(a) If A is nilpotent (that is, A™ = 0 for some m), then Tr(A") = 0 for all » > 1.

[Hint: the minimal polynomial of A™ has the form x' and A" is similar to a matrix in rational
Jordan canonical form.]

(b) If char K = 0 and Tr(A") = 0 for all » > 1, then A is nilpotent.

Problem 5.10. Prove Corollary 5.6.2.

Problem 5.11. Prove directly that if there is an R-module isomorphism R™ = R", then m = n.

Problem 5.12. Prove Theorem 5.7.1.

Problem 5.13. If R is a field and A, B € Mat, (R) are invertible, then the matrix A + B is
invertible for all but finitely many r € R.

Problem 5.14. Let F’ be an extension field of K. The invariant factors in K [x] of a matrix A €
Mat,, (K) are the same as the invariant factors in F'[z] of A considered as a matrix over F'.
Hint: A K-basis of K" is an ['-basis of /'". Use linear transformations.

Problem 5.15. Let K be a field and A € Mat,,(K).

(a) 0is an eigenvalue of A if and only if A is not invertible.

(b) If ky,..., k. € K are the (not necessarily distinct) eigenvalues of A and f € K|[x], then
f(A) € Mat,(K) has eigenvalues f(ki),..., f(k,).

Problem 5.16. If ¢ and ¢ are endomorphisms of a finite-dimensional vector space over an alge-
braically closed field K such that 1) = ¢, then ¢ and ¥ have a common eigenvector.
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